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jaaa. j]| (j^»i jll Aiil ^uu 
i 4 <jl jSl lilLa 4 4jU^ai Jj^JJ Wjn V tfill t*15i t>a (_La*j| IjlA (J*^.l ^glll 

<jj — £j 4 <j'- u1 ^ ^ ' "V - 4 (j^j^J j> j jij lS^^ l>° ' . ilV^ll I^a ^.ssli 

4im dI La ^\\ ojjAa. Jj-oj (_£.ill 4 ^j^Lua i_iLxj!luI Ali^xl] liLal cLuV Li jfc 

.c_ijL*-all j ^» jLJI ^jjji ^ o^LjjII (jl jAJ 4 (jji i nil LujJaLa ^ .il.Ia.Vl 

( _ J lc tlb-a^^p. Ij^Jj 4 La .la. ^1 AjLlaC Aj-aLtll ojLa]l jl£al (jl .Sjj 4 i_jLa£ _a& 

j JC. ^ 1c. 4 1 g-iLujj L$-a.^uo ^ dUjlVimli 4 4jla. (jjAl^jll (j_$£j (jl 

. J Ml J_JI LaJj Jj ' J^l VI jUll Aiiail liljil ^Ja 4 4-a.islaJI c_±&ll t_jjfri (_i jlL 
f-* ' CS^ £ _jxi«j]lj ^-IajVI ^jjojULaJ £=Jj-a]lj l_ii£ll 4 iVV^.a (j-a (jjAl^l jj-^'l duSa 

.lilli (jl La. J^aj j-aVl .lljl 

oJj__a-a ^»l.laJj uil tlij jT (jl J) xj ^ 1c Laljj] ^- Ji ,-il JU3 ^- 1 )-i i r-i nil <> j- V>* (jc. Lalj 

J V>flj J S"\\\ (J M < ill" (jl_ai»J (jlS J (jjjLui ^ "set" S^jLaJ <Aa.^£ "4£jn7> n 

J £ ^ (jLiSI _oA i JlA j " grOUp " oJjLa] "Laa^jj LiA " sj-a j " e.SjLa ~ ^'...l J "^JaaJl 

. 4 A\ VLj-a j 4 jj-<a-o ^ LiA aLi^ii La-a (j^ij'sill ^ylc 4Lp^ALi ^jjJI AjjjxII Liil-iL 

A aa.jJ "<Cj-aa-a" 4 " Set " 4 «M A-tta.jj " 4j3 " oJjLa (jj-a^aJLmj e.^La.S/1 LujjLuil (jL^S 

." group" ^aKl 

ds kj till j a L^jSj i-a3 (jjil'^ll (jj^l l4.',,iS/l jjSjj-a _o-ajA" aJ^jLa dxaAiauilj 

" "'II V " ' till jlj I fl J > (j-a I ' -j "LajjSjj^ jjijit" 

jj3jj-a_aj_a^i" ^ 3 li* (J !La (J 3j .4 jl i ^il Aj& l_J jL_a tj^!j ^ (j^)^^ 

i*),, 4 ^ tlyj I'l^^-i.'i uilj ." ^jjSjj ojjjl " ^ a\^\\ 4^a.^p "(j£Lij" o^jLa IjiiS 

.tlllAl ul^USI j < . I 'l^ll (_j a LaA^iS fr L> ^Sa 4 n <JJjll (j* ^Lalall oj-ajll (jc. JJJ*^11 

(jj 1 *'JJ* 4 oj-aj^l (_}iiij (jCjJJjtill n'^^ ^"^~*" u '^ l — HJ 2 "- ^(.s^^ « "lU^J 



■ * i-> , ( . 4 jjiill la <— ij>>illj (jjj jJ)I\ '^1 ^! fg lsU*.lj 

UlSs . f(X) *_jtSll j f :LtSJI ^ jja V J (formal proof) ^KJill cM j^i 



4 L_ll jSIL <."\ u^ll (J—aJU Ala. <j jlLij 4 I_u5lj ci^ <J jUJ ' L_^La (Jjlfi jjj _jl 

t_>a_ - ) ».} jA . Uil (jUI ^H^^ J — U>Jnr.t i <-i e,\\ j — e\ > AjJjJjJI j 

I jll — a. A_jjidj ^'i - ^j j 4 (fields) J j— laJl t (rings) cjLJLJ 4 (groups) j — « jll 

(Golois Theory) 



1 



Group Theory ^Ik^ki 



Ldl 



♦ 

Compositions and Semigroups j^Jl oU«iil,3 > - > 

(M J> J M (^ic ajLc ) M ^ U«j M Jl M X M t> jll (i) 

JL . : MxM — > M lujlt (v) 
(a, 6) I— » a.Z> 

a,b,ce.M (ab)c=a(b.c)o^- (associative) ( ^-y ^ J ^l^j ) ^ 

. a,be M £^ a.b = b.a : ^] (commutative) ^l-i?) 

.: MxM — > M 
(a,&) I— > a.6 

: jjUJ jll ae M JSJ 
t a :M-*M , r a :M->M 
x I— > a.x x i— > x.« 

a Jj^ (M,.) _1 (m£ JS1I t» Jiifl i <V&t JSui) jk^ 

(right translation, resp. left translation about a) 

Va,Z>eM : =£„(>£„ : ^ lij 

: ^ 

V«,6eM : t, b =^ 

<^ Va,b,ceM : ^(c) = (^)( C ) 
O \/a,b,ceM : (a.b).c =€ a (^(c)) 

= a.(pjo) 

i IjTjo-y) Lj£jLij Uajj "." (jSJ j t <JLa. jjc. Sr-.jA-v // jjSjJ ; > « ■ ^LS t — ^ — \ 
■ (Semigroup) 5 >> j *Uui (7/,.) £ jjl! • <^ (W- 4 - 2 ) 



A 



Group Theory ^jJli^jjiij ( jji/l^2)l) 



>uJ ^jla-a yA>£- <i\eEH juVmll JUL . "t>j*j (H,.)cfi£ : t-ij 0-\-\ 

. en-a : aeH J£J : jl£ IjJ lasaj li) (#,.) -J (left neutral element) 
: (jlS I jj JaSaj lil (/£.)—! (right neutral element) t'yui .iA*.a >uaj& <jj JULj 
(neutral element) lAa^ ^uaj& <j] eeH ji ^wll JULj .ae—a : a&H <J£1 

e = e . e = e 

6 jj JUL . e ajUJI j.oi«\l t Sjxj A±i (i/,.) 0^ : <-a»^ V— ^ — > 
ae //—I ^jjj Jill (^ic ((right inverse) i'vm tyijSaia ) (left inverse) >uu] ^ 

. ^xujiil (o . b -e) b.a = e IjJ Us j) ^ lj) 

: AlU A- ^ - ^ 

o^lj • V.nWl Atj^ N : {0,1,2,...} : \ Jtl» 
+ :NxN -» N 
(m,n) h-> m + « 

: £^al j I . "0" JjU-all juVull l$J j Sj-o j -Uil (N,+) .^UII ^-aaJI AjL^ 

Vm,n,£eN:(m + n) + £ = m + (n + £), 
Vm g N : 0+m=m=m+0 

. ((monoid) -i? »j.y> tg-j) j. ^v . L$j ^l Sj* jll JUL) 

M t>« ^joiI jjll Ac jay* Map(M) j AjlLi. jjc. Ac M <j£il : Y JH» 

•■ cMj -M ^ 

o:Map(M)xMap(M) — > Map(M) 
(f,g) -> /og 



? — J irfj^ J — Uj »^iir. j {Map(M),6) '&>jc . ^jIjjB 

Vf,g,he Map{M) : (/og)o/z = fo(goh), 
V/ e Map(M) : w/ w o/ = f = fo id M 

: (jUJ j5l . AjLaa. i^cl VgiS ((entries) U^>j-aLi& j nxn 

*:M„ x „(M)xM nx „(IR) -» M nxn (R) 
(45) AB + BA 
J :^WxM M (E) -> M nx „(M) 
(4 B) AB-BA 

(^jUI ililijiwaAll ^^jaj AB) 



fx 0^ 




(I 


0^ 




ro 


2 ) 




, B = 












,10, 















C:= 



(A*B)*C-A*(B*C) = 



(2 2\ 




*\ 




ro 


-21 






\2 


2j 








V 



(A 

o oj 



(A*B)*C-A*(B*C) = 



f-2 2^ 




(-2 


°1 




ro 


2 1 




ro 


°1 


,1 V 






2, 















r« ^ 





: a,6e 



HxH -> H 



Group Theory j-.jJl^^ (Jj^t^jill) 



^ ^V) * J — «sj (i/,.) ^Li j_lljc. .ClU ji^ a!1 4jjU1I i_i j^l AjLaC. 



















fx 








A 







a 6 




ax ay 




^ f a 



\/a,bs R:ax = a,ay = b 



Oj 



lift j 



Groups >*>II V- 1 

. t .:GxG->G 

(G,.) (j**^ . AjLc. t AJLi. jjc. yt^ua G oSj] : (_L ^ - 1- ) 

(a,6) — > <z& 

Va,6,ce G : {a.b).c = a.(b.c) ( t ) 

3e e G Vae G: e.a = a 

Vas G 3 be G:b.a=e ( r ) 

a.b i> V^j ab t (G,.) t> V^j G ^ t.r^i... 

: CjUaoal^ Y — Y — > 
(\ -y-\ ) ^ US 3i j»x e 4 Sj-j G 
\/a,beG: ab = e => ba = e ( i ) 
• Aj^-j ^4* (1-^ - ^ ) ^ j G ^ AiU-a ^»ic. ja e 
■ VagG 3,Z>e G ( b& G -ku^lL ^Ij ^) :ba = e (-^) 



.a 1 — j a (jjj^x-a jc. jjjti^j t( inverse) a lw b (^-^ 

Va,beG: (ab)' x = b~ x a x , (a'Y = a ( j ) 
\/a, x,ye G: ax — ay=>x = y 
xa = j/a => x = y 
Va,k G 3,xeG: ax = b A3 { ye G : ya = b (j) 
VaeG: ^ a ,r fl ( j) 

• tij^ ujj^ d^jj^ M ' ( ' ) : ^ 
ba-e a ca = e => b-eb- (ca)b = c(afr) = c(Z>a) = ce = c (-^) 

<>) ^j^Il oVj • (b' ] a- l )(ab) = b- , (a- l a)b = b~ l eb = e ( j ) 

(aby x =b- x a x J ^ 



a l a = e Aaa [ = e=> aa x = e aci 'a = e 



ax = ay => a"' (ax) = a" 1 (ay) => (a~ l a)x = (a~'a)y => ex = ey => x = y ( — *) 

. xa-ya JlalLj 
: <jti z jal Ja tilti* jl£ I jj . ax = b (jSaj x := a~ x b ( j ) 

az = b=> a~ x (az) = a -I & => {a~ x d)z = a~ '6 => z = a~ x b 

• Jjij x= of Jail J 1 d 
■ ya — b jja. j Ja y := JlaSLj 

• ( J ) 1 <C.Ui-a a-itcl ( J ) 

(commutative) AJI^jI G . («><0 <^ J) » j G : <-L T-1-S 
Va,6eG: ab = ba '• (abelian) 

. jLill dya. t> "4-"^ AjLJI J ^iJ a~ x cy^^ -a < ai> 



Group Theory ^jjic^lii ( JjVl|«— ify 



: 4iU fl-r-^ 

+ AjjiUJI <iLic 4 Z ^-vj-^.^l JlocVl Ac : \ (Jll» 

+ :ZxZ -> Z 
(a,b) — > a + b 

'. (jV £CjJa! j I^Aj . aJIAjI a^>"sj 

Va,Z>,ceZ: (a + 6) + c = a + (Z? + c) 
30eZ VaeZ: + a = a( = a + 0) 

(Z,+) ^ ajUaII j.^wll y> 

VaeZ 3(-a) eZ: -a + a = = a + (-a) 

(Z, +) ^ a jA —a 

Va,Z>eZ: a + b = b + a 

(K,+) t AjjUSI £-?JI AjLc (Ajiuiill) Ajj^I JlJtVl Ac^o^o (Q+) L&^Wj 
£-«s jljcVl AC (C,+) 4 AjjLJ! 2^>ll AjLsC £^ AjLSiJI jl.SC.Vl Ac 

. aJju) Ijxj tjjS l$K AjSjJI jIjic6U ^.>SI AjLc 

.:K>1' + -» R* + 
(a,Z?) h-» 

: ^V aJIaj) Sj-j . AjjUI ajLc 

Va,b,ce R* + : (a.b).c = a.{b.c) 

3 1gE* + VaeIR* + : l.a = c(=fl.l) 

VaeR; 3a-'eM* + : a" 1 .a = l(=a^ _1 ) 

Cl (_^j^*-o jA <2 

Va,Z?eIR* + : a.b = b.a 

.aJUI^joj* (C\{0}„) , (R\{0}„) , (Q\{0}„) cMJ^j 



:7(X)xK^) -> 

. ((A-V)) ^ Y Jll. . Sj-j (KX),o) CP 

id v :X -» X 



^ °f = f(=f oid x) 



: ^ ( f Jl ^ £ ^(X) ^ / £ ^(X) 

r'o /= ^( =/ o/-') 

^UUI 5 >. a 7„ ^ • ){X) CP r„ • X={1,2,...,«} oSSl uVt j 

5 n _> jll piVunj i_u£Jl ^ ) (Symmetric Group of Order n) n 3jj jll <>> 

. n t ... i 2 i 1 jl-aeVl (_yic. (Permutations) O^-j^i ^^-axuj y n j*Ajc 
• X = {1,2, ...,n} Ag-ja+A jj^alic. / n t... t / 2 t /j Ijj : £Ma*a\ 



f:X -> X 



n 2 



»'<•■■■■ Lijli 



: $ ' n>3 — I M^j ft J 





2 


3 1 


A 


2 


3 1 




ri 


2 


3 1 




1 


3, 




2 


K 




,3 


1 


2> 


ri 


2 




h 


2 


3^ 




ri 


2 




,3 


2 


I 


,2 


1 


3> 




,2 


3 


K 



\ i 



Group Theory >.jJljo>^i (JjVl^at) 



^ 2 -> 1 . l->2 u^j -2->2^ 1->2<^I : V j^l" e^A? 

j£\ ^ . 3 -> 1 uij • 3 -» 1 ^ 3 -> 3 ! j^ij . 2 -> 3 u •>) • 1 -> 3 
. 2->l cA) • 2->l ^ 2->2 . l->3 u^j -3->3 ^ l->3 

. 3->2 o$ -l-»2 ^ 3->l 



ri 


2 


3 N 




ri 


2 


3 N 




ri 


2 3' 


,2 


1 


3, 




,3 


2 


I 




,2 


3 1, 



s 2->3 cuSjs 1 > 3^2 — > 1 i 1 — > 2 ujld 2->2 ^ l->2 J J 
M ^^11 <jLc. A^u-b jJI ^LjlJl UJtf U£] . 3 — > 1 3 — > 1 <»j 3 — > 3 

fl 2 3 4 5^ 



(1 3 5 2 4) 



3 4 5 1 2 



t 5 3 "o jy-*> ' 3 (_jA 1 "aj_jj^a" 



(1 2 4) 



12 3 4 



(1 2) (3 5) 



. 2 4 3 

(l^ij ^ 3 "aj_>*-a" (jV J$ij 3) 

1 2 3 4 5^ 



t 



v 2 1 5 4 3 y 



(4^4 "S <J 4) 

£Laa. Map(X, G) i o J* j G t AjJU. JJC- <& jAa^a X (j£i3 : t Jilt 

fgeMap(X,G) ^ij^ f,g&Map{X,G) JS1 . G X ^IjjJi 

VxgX: (/g)W^/WgW 

: yfttS Map(X,G) "." e_i oVIj 

.:Map(X,G)xMap(X,G) -> Mop(X,G) 

(/,<?) 



: <jV . s >»j (Ma/?(X,G),.) jlfl ijAifr 

Vxe X Vf,g,he Map(X,G) : 

((fg)h)(x) := (fg)(x)h(x) := (/(x)g(x))/z(x) = /(x)(g(x)A(x)) 

s J-o j G 

=>(/*)*=/(**) 

: Ma^(X,G) ^ ^ 
• Vx e X : l Map(XtG) (x) = e (G J 4^ e ) 

V/e Map(X,G)Vxe X : (1^,/Xx) 
= = /(x) => V/ g Ma/KX, G) : l Map(x , G) f = f 

. Map(X,G) J 4~JI >-»^ j* 1a/ V (^.g) J J 
. ^jiuo -> ^»jc J£ s j G u 5 ^ 1 J^=" • / g Map(X, G) c£4 u^ 1 j 

Vxe X B^e Map(X,G) : (gf )(x) := g(x)/(x) = e = l^ ( ^(x) 
=> V/ e Map(X, G)3g <= Map(X ,G) : gf = l MapiX C) 

. geMap(X,G) ^ /e Map(X,G) JS1 J ^ 

: *Sal£l. Aiftl CI:! jjjSUI . <ui (G,.) 0^3 : 4j Jsu 

■ *»J-J (<?,.) 0) 
Va e G [G 3 Z> h» abs G ^iJ jfcls (X) 

a,. 

Gdb \-> baG G cs-jLJ jklfi] 

Va e G [G 9 Z> 1-4 ab&G (J-U) ^Jj (r) 

a, 

G 3 Z> m> 6a e G (^ja) j-lc. ^-l J 
(trivial) AiU : "(r) <=(Y)" : 
: oV j* a, _S ^1 ^Jjil : "(Y)<= (>)" 

G3b \-+ a b g G 

n 



Group Theory ^jjijojlii ( d#l|»— 2M> 



a 



b\ — — — ► ab 



a, 



*> a (ab) = (a a)b = b 



£ 1 a ' ► | ^ ► a(a~ l b) = (aa l )b = b 



■ a e ^JJ& iS ^»l\ ^\J\ J*iSb a" 1 J ^ a e a~' = l G < a~ l a ( = l G J bJj- 

. jjU jJI lifrS ULoJ AjLix jjU jJI j jA fl f 1 (^-u&tll fJi jll 

: ajUJI jx^iJI (I) : '(^) «= (r)" 
ee G -oli (J*U)jxlc ^1 j a, tjV . (G ^ 0^° liA ) G 

. ae = a ojfe 

ca = b uj c g G ^.jj Ajli (^js) ^1 j a r • 6 e G oSJ 
=> Z>e = cae — ca — b 
=> VZ>g G : 6e = 6 

VZ>e G : e7> = & 



=> e —ee = e 



. ee G ajU^ll ^aixJI jVI . ae G 
a f (t^ja) cU^i => 3a' e G : ad - e 
a r ji) jxli =^> Ba* g G : a*a = e 

: ^VIS a' = a* (j Cjjoj 



a = a e - a aa —ea —a 

. a g G ja (>-ji><-a a & G <jSl uj^j 





a, 


a 2 


a 

n 


a x 


a v a x 


a r a 2 


■ a v a n 


a 2 


a 2 .a x 


a 2 .a 2 


.. a 2 .a n 


a n 


a n .a x 


a n .a 2 . 


- a n M n 



(JjJaw ^ .} j»ac. (JS j <■ «>/-i (j£ G J>^»li& l}& dl^^Ja lil JaSSj cll^jgJa I ij aj-o j G 

(jLajail J ' O t £)\ alia-a <J£j <_L^a <j£> ^ G J»«il ift <J£ JJ$-la .' ^jU ^1 

. S^a j (G,.) (jj^J ) AjjIkjJ! .((jXaUi) jl jAa 

JjaC (JSj t ii^i (JS ^ G J ■ —1 '"*- j-a jxVlf. (J£ jj^JaS ^Jfl'' 1 - G jV 4-il 

(jLuuJ J Cl t <■ (X r (ji olix-a (jij t '< » <■» ^ jJJ ji ^iic . Jj^-la 

. ( jtoU.! jl jJil2 ^ t a. jV liA j . jl 

Group Homomorphisms >»>il QU>>j)^^<^A f-t 

. <p:G—>Gr L&ij -(j^j-j 45%^) uA>*J (<j,0 ' (G,.) j&5 : <-Lj£i \-r-\ 

$=> : (G',.') (jij (G,.) kiLLi±i±i* ^ tr*^ 
Va,beG: (p{a.b) = (p(a)!(p(b) 
(<p{ab) = q)(a)(p(b) : -Ult- Ui a! j^JI t/^i... : <ti 
t OjU^all G jj-^ajc. j* e j£jJ J ' OP J"0 G,G* j&J (I) : t'jUia.tal* t— V— ^ 

: (jji jj^jc. . jjUaH G' j-^'"- e' 



Group Theory ^jJijo^ (Jj^f(^i)l) 



(p(e) = e 

VflieG: (p{a x ) = (p{a)~ x 

• j fjpjj* j* ^> : G — > G * • uji . j 
<p(e) = (p{ee) = (p{e)(p{e) ( 1 ) : ^UjJ 

=> e = ^e)" 1 9<e) =. (p{ey (y(e)<p(e)) = ((pie)' 1 <p(e))<p(e) = e'<p(e) = (pie) 

: ae G jSl-ola lilltt 

e = (p(e) = <p(a~ x a) = <p(a~*)<p(a) 

Va,6 e G : {y/o<p){ab) := y/{(p{ab)) = y/{(p(a)(p{b)) 
= r(<P(aW(<P(b))=:(yso(p)(a)(ip-o(p)(b) 
e'e G' . j* J ^jja jA (p:G^>Cr < Ojj _>0 G',G u&J : ubj«j V-V-^ 

^ j«S ( Kernel (^) ) (p) 5ljj 

Ker((p) := {a e G : = e'} 

( Image {(p)) {(p) Sjjt** 

Im(^) := {ae G' : 3a e G, #>(a) = a'} 
: u). <-5^ • j-j fj^jj-j-j* <p.G-*G' u£j*jG', Go^jI : <-Lj«j t-f-^ 

j L&J j ^) jl£ lit f y** ■ (monomorphism) 
(I ^li. 4 X>Li) tdja ^9 jl£ i il j> >j3 q (epimorphism) 
LjjU.1 I jJilii ^> jl£ I jj (<J£L£j ji) ^^j^.jjjj (isomorphism) 
(endomorphism) ? >4 j ^1 : C5 ajou ^9 G' = G <jl£ '^jj 
(automorphism) f >i (p jl Jliis ^ j£jy> j ' G^=G '^j j 



lil ((j^jysjj^jjyv (isomorphic) <jUKLiia G', G ojjj- j <jj J^j 
. G = G' aJUH oIa (^i t.iWuaj (jSLii jl) j»jjaj>a j jJ (p:G — > G' 

ee G ' _>« j j> Jya j-a ja G— >G* ' u£ j-° j G*, G *. ijUiasala o—T— \ 

Ker((p) = {e} <=> ( ' ) 

: »=>" ( 1 ) : t -,U yfl 

Va, be G: <p(a) = 

=> ^(aZT 1 ) := (p{a)(pQ)-' ) = (p(a)(p(bT l = (p(b)(p{by l = e 
=> aZT 1 g Ker((p) = {e) => aZT 1 - e 

r-r-i 

=$a = ae = a(b~ ] b) = (ab~ l )b = eb = b => ^ jl ^.1 

J J eeKer((p) J 1i* j (p(e)=e J ^ (Y-r-^) <y> ■ "<=" 

. (p(a) = e 3 lj* aeKer(<p) 6^ u^'j • (1) {e}<zKer(<p) 

fj^j^j^ p • ^(a) = ^(e) a 14 J^J ■(( y ~ r ~ s ) i>) <p(e) = e 

. s ^iU* t_i jlkJI ^ (2) » (1) o* • (2)Ker(p) c {e} 

. #7(6) = 6" UJ^J b € G -kfJalLi .lajj.la.jjjt ) — 



Group Theory j^jJi^jjtu ( jjVl^2K) 



(p-\a'b') = (p-\cp{a)(p(b)) = (p-\(p{ab)) = {(p- x o(p){ab) 
= \ c {ab) = ab=(p-\a')(p-\b') 

( G ^ oJ^jll 

aBfl 

: t> as o^ij » j*j = 1,2,3,4) •• 
: ju^e • ^Jya j /? : G 3 G 4 * g : G, -> G 3 i / : G, -» G 2 

. l c :G,. -»G, . 
f J^jj-j* jd 1 ' ' ( 1 ) 

(hog)of =ho(gof) (m) 
gol G2 =g «l C2 o/=/ M 
: Jfl j . ci^i >U& 1 G J ^ ( 1 ) : ^ 
Va,Z> e G ( : l c (ao) = ab = \ G (a)\ G (b) 

• (( Y - r_ ^) c> f j^j^^j* (hog)of J Ji*V) 
VaeG, :(l C2 o/)(«) = 1^ (a)) =/(«)=> 1^0/.=/ (-*) 
Va e G 2 : (go l Cj )(a) = g (1 C2 (a)) = g (a) => go 1 C2 = g 

^uil jll . sj^j G (j&S : t-li jau V— V— \ 

Vae :G->G 

x (-> axa~ l 

_, : G — > G 

VxeG: (^ fl iO X* ) = C* )) = -! )=a'\axa" x )a 

= (a _1 a):c (a _1 a) = x , 

1) 



(%° ^-i X* ) = ^ (^-' ( x )) = % fa ~'*«) = a(a x xa)a x 
= (oa~')x (aof 1 ) = x 
.=> W fl - =l c (2) 

jVij . ts-iUi jtua J ^ (2) ' (l) t> 
Vx, e G : ^ a (xy) = axya' { — axa~ x aya x = (p a {x)(p a (y) 
f jPjjAjiJ _>* lP) G J) G jiiUj ja j ^jjajj^j-jA ^ J 

• G J* 

(inner automorphism) Lf I^I J f >jfl ; £ pi ^^-a^u G j^le. ^? jj J u^' J 

• <P a =( P ae G I il G — 1 

: A-r-1 
: H J we Z : ^ Jll* 

?> m :Z^Z 
« t—> mn 

V«,/?eZ:^ (« + p) = m(n + p) = mn + mp = (p m (n) + (p m (p) 

V/?,#€ Z : ^ m (/7) = ^(4) ^>mp = mq^p = q 

: ^ Vl fJ jll : r Jll. 

c-:(R,+)->(R* + ,.) 

Vx, >> e K : e" (x + y) = e x+y = e V = e (x)e (y) 

: jAj 



Group Theory jsjS^j&i (jjfr\fu*2M) 



Iog.-:(R* + ,.)-»(R,+) 

x h-> Log e x 

^-:(r;,.)-^(]r;,+) 



e L0S '~=L. (1) 



Log e e:(R,+)->(R,+) 

x h» Log e e x = xLog e e = x 



Log e e'=l u (2) 
Jl is j J &m% J Log e -:R* + -»K ^ J J ^xifij (2) < (1) '<> 

• cMj^ j>Ji>j' I jklii uj^J ^ ui* <^^j ' e '■ R — > R+ 

G jSSl : r Jl* 
a = e <=> f jjSjj-j-ja ^ a j^Vl jSill ( I ) 

a — e <=> {.jAjjajaja r Cy$\ 

a 

aJUI G lit iSaj iiulS |jj 
xh ax 

Vx^e G : axy - ^ a (xy) = ^ (xK a O>) = axay 
=> a = e 



= * => Z a M = * e (xy) = e*y = exey = i e ^Y e {y) = ^„ (x)£ a (y) 
(j cm ujIkJI J c (p{ah)-(p{d)(p{b) J clu\ Mj lkJ a,beG c££ M 
Vxe G : ^ a6 (x) = (afe)j: = = l.{l b (x)) = (V »)(*) 



: (_^) 

^ (O^jj^j-ja => Va,6e G:y/(ab) = ys(a)yr(b) 

\fa,bGG:r ab =rr b 
Va,Z?,*e G : r,(x) = (r fl rj(x) = r> 6 (x)) = r a (xb) = (xb)a = x(fca) 
■ \/a,beG:ab=ba J ^ (G ^ jjU^II x=e iiL . r A (x)=x(ab) LiJ 

. G J t^' 
: J ^.xWj I jA ^.uj G oSil : " " 
Va,6e G:ab = ba=>Va,b,xe G:xab-xba 

=> Va,b,x& G : r ab (x) = x(a&) = x(6a) = (xfc)a = r (xZ>) = r s (r 6 (x)) = (r r 6 )(x) 

=> r ab = r a r b => = ¥ifl)W{b) Iff f jjSjj-j-jA 

^ V«J! ^ "o" ^ ror 6 ^ r,r h ^Sj < t a oi b > ^ _j Jj^l 

• 7(G) Sj-jB 
/ : C -> K J c> 0* ji : * cjii* 

x + /y f-> x 

T (j-lfc) J-Li f J* (f) ilji . (R,+) J) (C,+) <> f jjij^j-j* 

Vx, + 1>, , x 2 + iy 2 e C : /(*, + 1>, + x 2 + iy 2 ) = /(x, + x 2 + i{y, + y 2 )) = x, + x 2 

= /(*. +'>,) + /(*, +(y 2 ) 



Group Theory >.jJt£j>lii (Jjiftj*— 2JI> 



JCe/"(/) = {jc + />e C: f(x + iy) = x = 0} 
= {iy\yeR} 

/:C\{0}^R\{0} J J* o*j>-- ^ 
z\->\z\ 

43ljS^jlj (K\{0} } .) (C\{0}„) o*?j*jj*j*j* 

Vz,,z 2 e C \ {0} : /(z,z 2 ) =| z,z 2 1=| z, || z 2 |= f(z x )f(z 2 ) 

*er(/) = {zeC\{0}:/(z) = l} 

= {zgC\{0}:|z|=1} 

/:C^C\{0} : ,-,1 ,> ,v> p ; i 

z h-> e z 

. -Ciljj ^jlj (C\{0},.) J\ (C,+) c> f j* 



Vz 1 ,z 2 GC:/(z 1 +z 2 ) = e ^ = e z 'e z > = /(z,)/(z 2 )=>/ f 
tfer(0 = {zeC|/(z) = e --=l} 

= {z e C | e x (cos;; + z sin y ) = 1} 
= {z e C | e* cosy = \,e x siny = 0} 

e x sin y = => sin y = => y = htt, «eZ 

e* cosy = 1=> cos .y>0 => y = 2kft,ke Z => e x = 1 => x = 

=> z = 2/&#" 
= { z e C | z = 2i/c7T, k e Z} 



JttLj f(Log e w) = e i%w = w a] ^ £og e we C ^weC\{0} ^ 

(?:C\{0}->C\{0} 



X 1-4 X 



V^gC\ {0} : p(*y) = (xy) 4 = x j; = (p(x)(p(y) => ^ ^jj-j-ja 

£er(?>) = {x | X G C \ {0} , = 1} 
= {xeC\{0},x 4 =l} 

x =l = cosO + zsinO=>x = cos 1- J sin , k = 0,1,2,3 



( jal J* ci- 5 ^J^) 



A; = => x = cos + /sin = 1 

, , 2n . . 2n . 
A: = 1 => x = cos 1- ism — = ; 

4 4 
k = 2=> x = cosff + isinft = -\ 

, - 3;r . 3tt 

k - 3 => x = cos 1- 1 sin — = -i 

2 2 

tfer(p) = {U-l -il olj 
/:R-»Z 

(Z,+) i> e jjajj-_^jA . : jl : A J&4 

X I ^ I X 

(floor x (j-*^ x > . ^ joc. jjSI : |^xj ) 
: jLiM Jl!La . La j^j^j^j* y • J ^ 



1 1 

-+— 
V2 2. 



=/o)=lij=i 



Lulu 



(1) 


+ f 


rn 




1 




1 










+ 




,2) 


,2) 




_2_ 




_2_ 



=0+0=0 



Group Theory j-OJiC^Jo&j (Jj¥1|»-Jtfl) 



jV j . ^ b'a ci a,b f € H j^-jj <Jt ajJ jjc. <jV .^jji jj- jJj! 

. (p{b) = b' ,q)(a) = d 

a'Z/ = (p(a)(p(b) = (p(ab) = = (p(b)(p{a) 

= b'a o^^" 

jjc. G . AjIIaiJ H t AjII^j] jjc. G ji aj^l (_K»Jjij : ,g <L ^ 

<f(ab)&q(ba) ula jj- (p oij.ab^ ba uj£j tiijaj qbeG -^jj cpj 
= (p(a)(p(b) = q>(b)(p(a) = <p(ba) : <>»aLu 

(Z,+) Jb. (Q,+) t> f jjijj^j Ja.jJ J <ji o*J! : 1±J&* 

0j£* ^ xeQ ^ c$ • p:(Q,+)-»(Z,+) a** 1 : t' M ,^ 

cjVlj. p(x) = l 



l = p(x) = fl> 



— + — 

2 2 y 



2; 



+<p 



= 2(p 



<p — = -<£ (Z,+) L)^^" 

\2) 2 

(Q\{0},.) c> (Q,+) 0- f >JJ-*» ^Ji J U^V AJI Jo o*J^ :1LJ^ 

• ^:(Q,+)->(Q\{0},.) uSJ : t'jU.jJ 

<jVl j . #>(x) = 3 j dipu XG Q AjU (j-Ac-) lU^ 97 



3 = ^(x) = 0> 



fx x^ 






(x> 


r 


— + — 


= P 






V 


U 2j 


,2j 





Subgroups ^y>ail >»>Ji t - 1 

: (ji^j til G <> (Subgroup) a // <j) JUL 

. abeH: a,b<-H JS1 ( i ) 

HxH^H 

{a,b)\-*ab ^ ' v/ 

{e} t l^ij G L*A (jjj^itj) (jjjjj ja. (jjj ^jlc ^ jS^j G o >o j (jl i^Li 

. .Ijl -> oil Lfc_jj^aic g ' 

• G (j-a (^5^- j^c.) ^ « -ftT ■ "t>j* j G (j^il : Aj n'i t — t — \ 

. ab~ x e H : a,b& H Oij^ 3 ^- -^j G t> s j-j // 

aZT 1 gH a,b~ l e H <=a,bs H < Sj*j : /T " : >4I 
e = bb 1 g H <= b & H y^. ^ <^= jjc : i/" => " 
(ee/f uV) b- l =eb~ l GH : Z>e# J£I jVlj 
ab = a(b- 1 y 1 eHt=a,b- l eH:a,beH J^j 
jli jiiiic. . j ^ Jya jja_^jA <p:G G' il£jJ : 4jay>l» : V— t — ^ 

LS^J • G' t> "SP j?" »>» j <= G t> V ja. aj^ j i/ ( I ) 

. G' j> s j (Im(^)) Sjj^. oifl o~ 
(p~ x (H') :={asG : <p(a) e <= G' <> ^> s^* j ( M ) 
V> • >» j (Ker(<p)) (q>) si ji ^la o^j^ 1 t^J • G (> »j- j 

• G 

eGH^(p(e)G<p(H) (\):d*J& 
. UlL j±, (p(H) 3 J 
a, b' e (p(H) ^3a,beH:a= (p(a), b' = (p(b) : jVl j 

=> a'(Z)')' 1 = (p(a)<p(by = (p{d)(pQ,- x ) = ^(aZ)- 1 ) e 
( 1 ) \-r-i 



YA 



Group Theory j^jJic^j^ki (Jj^l^— 2H) 



^ G' l> *M * J-O <P(H) 

G c G * >0 => Im(^) = #>(G) c G' '» _>0 : uVl j 

p(e) = eeH'^eG(p- l (H') 
( I ) Y-r-A 

4JL=k jjc. 4c j*-} <\ (p l (H') {} <j\ 

a,Z>e ^"'(^O => (p(a),(p(b)e H' <p(ab~') = 
= (p(a)(Aby&H'^ab- x e(p\H') => G i> V> j ^'(^') 
(!) Y-V-1 Y-£-> 

. G t> V> j Ker(<p) = (p\{e}) : Cr't> (M 3 ) {e'}jVj 

: 3JU j — t — ^ 

a j-aj G t-ua. G ^jJe- cilia jjSjj-i jj ji\ Ac j-aa-o Aut(G) ACja^A] ( i ) : > 

. ((o-y-^ ) Jlio >3l) (7(G),o) Sj-jll 6- ^> Sj-j uj^ 
<z> : G -> Aut(G) 

Hi H 

• t> ^> "°J- J J^Wj ^(G) s>. jB 

Aut{G) J^j f G ' J ( > ) = t'M w» 

. ' " ' ■ «^ Ac a 

<p,y/eAut(G) => (p,y/~ x e Aut(G) => <poys~ l e Aut(G) => Aut{G) 
o-r-\ ( v ) Y-V-^ Y-£-1 

Y *\ 



. (y(G),o) t ><p>'»j*j 
\/a,b,xG G : (p(ab)(x) = <p ab (x) = abx(ab)~ 1 = a(bxb~ x )a~ x 
= 9a (bxb ) = {(p a o <p b )(x ) = (<p(a)o <pQ> ))(x ) 
=>Va,beG (p(ob ) = (p(a)o q>(b ) 



1 G 



(-*) 



x l— > x = exe 
=> l G eInt(G) 

fi l eInt(G) Ujxi 

Vx eG : (p' x (x ) := «~'xa. (^r'o 0> a = a~ x axa' x a = x => <p~ x o (p a = \ G 

(<P a o<Pa)(x ) = aa~ x xaa- x = x => ftop; 1 = 1 G 
: . <p a u-jSjm jA g?" 1 J tft 
V> a ,^ 6 e /^(G) VxeG: (<p a o(pl x )(x) = ab~ x xba x = ab' x x{ab' x )~ x 
- <P ab -i ( x ) <P a 0( Pl ' e /»*((/) => Aut(G) i> *jj> » J- j Int(G) 

A 2 3 A 2 3 4") 

.-a^ ^ 4 4 i 2 J . ^ i 4 3 J & 

^o^' = <j(?<7 = (^(9<j)o(^o(T) = l ? , 4 (l. n = y 4 tj >^*-N) 

: aU »fl 



/rocr = 



<?07t = 



1 2 3 4 > 

2 14 3 



12 3 4 
3 4 12 



A 2 3 4"\ A 2 3 4^ 
o 



3 4 12 



2 14 3 



'1 2 3 4' 

^4 3 2 1 

'1 2 3 4"\ 

,4 3 2 1 



-Koa 



r. 



Group Theory _y,ji\^&i 2J»> 
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4 ) 




'1 
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4 ] 




( \ 
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4 l 








7C07T = 


^2 1 


A 

4 




o 


V 2 


1 


A 

4 


i 

■V 




i 


z 


3 


/i 

4 J 








f 1 2 


3 


4' 




ri 


2 


3 






ri 


2 


3 


4" 




K 




GOO - 


,3 4 


1 







I 3 


4 


1 


2 v 




\S 


2 


3 


4y 












ri 


2 


3 






fl 


2 


3 






ri 


2 


3 




\KO<J)0 KKOO) 




,4 


3 


2 




o 


,4 


3 


2 


K 






2 


3 


4, 



^4 3 2 \) yA 3 2 1J 1,1 2 3 4 J ly4 
{no(j)o(j = tc , {kog)o7i: = (go7t)o7T -o 

go(ttog) = O0{(J07t) = 71 , 7to{KO&) = 
a 2 — b 1 =c 2 =e : (3*=^ i // = {a,b,c,e} ^»U& a*jJ cjli J£) 

(Klein 4-group) 3-j&L f ijAS 5 » j ^g^Jj 

. H = mZ:={mk:kE Z} J 
j» wgZ ,cV : "=>" : 

A :Z^Z 
k I— > wA: 

mZ = // m (Z) ^ f 5 0-j • J 1 ^ (A-r-^) (Z,+) _1 jj-j*] 

((1)(r-£-^)>il) Z u-^-.j-j 

= m.O g mZ => mL ^(j) : <_s ^jj^ 
\/mk,miGmL: mk—m£ = m(k—£)emL => Z t> <u ja. i j*j mL 

1 jj . m = t // = {0} 131 . (Z,+) 6- V> Sj-J # : " <= " 
jIjc! ^ Lj // ^ibu I^jj -k(=H<=keH J Jia^li * 7/ * {0} culS 
. // = wZ <ji djAi . H i_gi t_La. j-o ■ f-i j^c. ^^ijL^ai jA m cfidj • <^us 

(1) mZcH <= m£tf <V>»j-j i/cZ: "3" 
. x=Am+r t 0<r<m <-u=h A:,re Z j^jj ^jli ijiki . xe H c£4 '■ 

r = x — kmG H (} Z t> <u j?. « j 7/ j 6 ^ J 



(2) HamL JJi x = kme mZ & J^J . r = J g-^ -oli 

. H = mZ (2)( (1) t> 



fx 0^ 




(i ^ 




f° 




(0 




,J:= 




,K:= 











'» j* jl! <> <i!^] jit. <u> s jx j := {E, -E X ,I-1 X ,J -J ,K, -K} A^j^Ji 

(l^lktia) Uji-abcj (jSr]\ <Lli3l 2x2 <>» Cjliji^all ^aa. a j/ij GL(2,Q 

(The quaternion group) <Ucb fi\ a >a jll S j-a jll oiA <ajuij ja jI.sc.1 







/ 


J 


K 






/ 


J 


K 




/ 


-£ 


K 


-J 


J 


J 


-K 


-E 


I 




A" 


J 


-I 


-E 



: <_sjl jl (jAjj : o 

(Q,+) <>^>ftJ-j (Z,+) (1) 

(Q,+) o-V>*»j-j (N,+) M 

(C,+) a-V>»j-j (Q,+) M 

(Q\{0},.) o-^>*j-J (Z,+) (0 

(C\{0}„) <>^>*>o (Q\{0},0 M 

a + byf2*0 , a,beQ 



rr 



Group Theory ^jJi^iii (jjt\fu*2») 



Va,b(=Z:a-bEZ => (Q,+) ^ s^j (Z,+) 
jli JUijj -lg N u^l • -1 ja +Uo*U v-ilL 1 ,,,, j leNcQ (m) 

• (Q,+) i> (N,+) 
jj-ok: t C (> Sjj j?- ^ t^j'Q^^ <J ^ ' g Q g C (— ?>) 

. \/a,beQ:a-bEQ => (C,+) o- *>0 (Q,+) 
V-iJi^" Z "+" <MI (Q\{0},.) <>^>'»j-j^ (Z,+)( j) 

. Q Jc "." ^LJI Cf- 

aA**X 2 uV cP^V 1 c> * j-J ^ (Z\{0},.) J ^ ^ 

OjS J ^ (Z\{0},.) a u J&Lj • ^ Z oil 2g Z. i ja "." 

- aJU ^ Q\{0} J J i 1g Q\{0}cC\{0}(^) 

. C\{0} <>- 

Va,ZjGQ\{0}:^-'GQ\{0} 

. C \ {0} } t> ^> i j- j ^ J3Lj 
VaeQ\{0}:a = a + 0V2 : a li ^ $M Q\ {0} ( j ) 

Q\{0}c{a + W2|a,£eQ,a + 6>/2*0} J 

Va,beQ\{0}:ab- l EQ\{0} 

({a+bsfl | a,Z>G Qa+bjl *0},.)i j- jll t> V> *• j- j (Q \ {0} ,.) uj£ J^L, 

(*jLLJI jt-icbU i_i ^Jall AjLc Cl^J a j jjSj a + 

• G c> Vj?- J* <J °J"0 t> UAH j?- j ti^ £^21 ( 1 ) 

rr 



: jUjJ . ^a— a jjjSi ( i ) : J — aJt 
^j! gjh . ^jLxaII Ia j^ojc e G G o^J G i>" qjIu Ja. jjj jx j K <.H ijSJ 

. ab~ l EHnK <= ab' x e K « a,b~ x eHt=a,beK * a > bEH<^=a,beHnK 

• jl i ^xrt Jlla . J_ r laLa. JJJ4J (<— l) 
» J"0 wZ V JH« UjI J LaS Z (j-a (jljjjja. tjlj>aj 3Z < 2Z 

. (me Z Z j> Ajjja. 
l = 3-2e2Zu3Z : jjSl 2g2Z <3g3Z Jfl, 

iST «i/ jUjI <jl ^jA jj . G S _>« j (j* (ju^jsL O^J-O H, K (jSl : V Jlla 

. (_S ja.Vl (j* "SPj>> s_>»j ijJJJ^jll Ci-^j <— Ja**J <^ul£ ti] G (j* ^j?- »J*j 

/ful C ► G«tf £ ► K v ►// 

(G » jil ^j?. -ff ► G) 

. t .11 1 <t 

^alj . <= 

.biHibeK i a£ K « // o] ^ a,beHvK c& ■ " <=" 

aZT 1 e K j ah"* e H o\* £ u-j -(Hud ► df x eH\jK J ^ 

ab~ x eH=^ba' x = (ab~ x )~ x <=H=*b = ba x a e # 

aZT 1 g K=>a = ab~ x b e AT .<jU jJI <A$j 

Z := {g g G : gx = xg Vxe G) c& j i j*j G c£A : A Jlla 

((Centre or Central of G ) Z 

c>V eeZ : tit >A\ 

Vjc g G : ex — x = xe (1) 
g g Z Vxg G : gx = xg => Vxg G : x~ "g" 1 = (gx)" 1 = (xg)" 1 = g~ x x' x 
=> Vy g G : .yg-' = g'V => g" 1 g Z (2) 



i Group Theory >yJii^ji>&j (4jiri^-2fl) 

g,h& Z =>Vxe G:hgx = hxg = xhg=> hge. Z (3) 

geZ ImZ 

<^zy" =et=yeH uSJ .e"=e <jV : ^Ljb 

: a li <&&j y~ l eH J (Ji i (y-y = (y n y x =e x =e 
x,yeH=>x" =e,y" =e=>(xy)" =(xy).(xy)...(xy) = x^x . y...y 

cAjA n G Ci\j*l\ qa n *i>\jaI\ {y> n 

= x"y n = e.e = e => xy e H 

((y n r= (y^yT = =(y- l T -J^) 

: <-Jul jl (jAjJ '• \ * 

(H,.) {H-{xeR\{0}\x=lvx{^ j*)*^ ► ? ) 

(K,.) mm L > (K := {x e K \ {0} | x > 1}) (R\fl)},.) (m) 

2 = yl2StH f& « . f>U n£ ( i ) : JaJ 

. >aJI" "." aAoJI l^Jcj jjUxII Uj,^ e c aJU s j G : * > ^* 
. G ^ V> Hjje&ji • H :={x 2 \xgG} J&j 

: pU »fl 

es G=>e = e 2 E # 

x 2 e # ^ xe G => x" 1 e G => (x 2 )" 1 = (jT 1 ) 2 e // 
x 2 ,/e#=>xe G,ys G => xv6G=>xV = (xyf e H 

6JAJ (jr 

► G 



A*Jjl dlli G (j-» 'SPJ^- '"J^j H ' rt\ \f. Alui tllli &_>«j G (jSjS '. >4I 

: xHC\H—(f) i) j . xH7=frh\heH} ojfr • ■ xeG .>^U& 

liAj z = xge xH,z,gG H j] <-u=o z j g jij xHr\H^(j) J^^l 
xH j^aUc jjic j x# c G ' H aG o^j • o^ 1 -" x=zg' l eH : J (V^j 

4ii li& ^^Ja-aS H Jj^alifr J^C. (jx <Jji xH Ji^l'ir. die. jl£ lil) H jj-olifc JJfc (^jtuiJ 

=g 2 '■ d v ^ C&j xg x =xg 2 o\ ^ g^g 2 'g„g 2 e# ^y, 

. ( 6 = G jj-alk. .isc) (j^alii 8 - xH jj-abc ^^c. +H j^Uc. ^^c. jil 

(_5jikii . aj-ojll Jj-aljc. J.}*S LojluIS (jjSj oj^oj (3^ J i <"»! 'if- ^-IC A-olc A<l, 



a b 



.? 



c d 



t a,b,c,deZ} jSsl : Jll. 
|a+6+c+d = 0! 



U 1 g&i 



g hj\c &j 



(0 <f\ 




gH 



gH 6^ • ''""^ H cSi • 
: u^j e + f + g + h = , a + b + c + d = 

gH 



r a — e 


b 


-f) 




fa 










d 


-hj 













a-e + Z?-/ + c-g + c/-A = a + Z? + c + ^-(e + / + g + A) = 

j^-aiJI AxjJ (jl " _J 1 ULjU lij . (G,+) (> <jj Jp. ej-a j (H ,+) J> 

'0 0\ 



0^ 

rn 



Group Theory ^jJtj^JDiii (JjVtn— 2)1) 



bo^j 2x2 ^jill t> ^laji.nJ ^j^-) G:=GL(2,W) = ^ ^ 
OA jj . i/ := {A g G | det(A) = 2",n g Z} o^j -(The general linear group 

• Gl> ^ _>?• * j 0^ 

: ,-)U »fl 



6^ -de: 



0^ 
,0 1, 



= 1 = 2° 



'1 (A 



e H 



det(^) = 2",det(5) = 2 m ,n,mEZe= A,Be H 
detiAB-' ) = det(^) det^" 1 ) = det(^)(det( J B))" 1 = 2".2- m = 2"- m ,n-meZ 

. AB~ l g H 3 J 

.K:={2 a \aeH} ( ^1 ^ M o* ^> J # = ±±j& 

. i_l jjJaJI AjLafr IR \ {0} t>« <JJ » J<« j K (} OA JJ 

a,beH ^ 2 a ,2"eK : ^ • l = 2°e £ * 0e// : 
0-^>'^j * J J {a-bGHjl) 2 a (2 b y =2"- b GK : J 



// : jl o* • # := 



b 



|«,fe e Z\{0}j ' G:=GZ(2,M) c& 



•Pi . 



^2-* ^ 



'l 0^ 
v 1, 
'2 0^ 
v 2 y 



. G O* V » J* j 

jA G AiLa^JI j. lull : J— aJ 



f\ 0^ 

v 1, 



V> Sj- j # : *Jkjl j! o*j^ -H :={a + bi\a,bE R, ab > 0} o^ = >V Ji« 

. £-a?JI AjLoC tllaJ (C O 4 



rv 



c^-yl i/ uij -l+4/=(-3-0+(2+50«//' Lu« ' -3-i, 2+5ieH : J-^JI 

, ^aaJI AjLoC C *_)*0 

i/ : tail jt o* jj .//:={a + 6/|a,Z>eK,a 2 +6 2 =l} o^i : U Jll> 

. L )mi ,. 1 . ' i A jtrt\ If. (, ito . i_J__)j^al! AjLaC. C \ {0} t>» 4jj ja. 

• (C\{0},.) J *U-H jA j « 1 2 +0 2 =1 oV l + 0ie/f : JaJl 

c+£#=cos#H-/sin#> i(a 2 +J 2 =l o'i) tf + Zh = cos# + z'sin# o^ 3 

(a + Z>z')(c + di) = cos(0 + <p) + i sin(0 + <p) e H j\ ^hH ^ oij^'^- 
cos(-#) + z sin(-#) ja Aju. (jli // ^ \ a+bi=cc60+isin0 cP> ^jj 

ojjl.ll! -laSj ^jo-^ Lg A H j - ^ 

. |z|=i sj3u ci^ 2 +y =1 

1 + OieH :r) 

a + bi . a + biG H c££ 

(a + Zn) -1 j* 



/*l = i 




(a + bi)' 



a 2 +b 2 



a — bi 
1 



a 



a 2 +b 2 



+ 



-Z> 



a 2 +Z> 2 



a 



+ - 



(a 2 +Z> 2 ) 2 (a 2 +Z> 2 ) 2 



= l=>(tf + Z>0 -1 e77 



(a 2 +b 2 ) 2 a 2 +b 2 

a 2 +b 2 =l,c 2 +d 2 =1 a + bi,c + di<=H u^'j 

(a + Z>/)(c + eft) = ac-bd + i(ad + be), 
(ac - bdf + (ad + be) 2 = a 2 c 2 - lacbd + b 2 d 2 + a 2 d 2 + ladbc + b 2 c 2 

= a 2 c 2 +b 2 d 2 +a 2 d 2 +b 2 c 2 
= (a 2 +b 2 )c 2 + (b 2 + a 2 )d 2 =c 2 +d 2 =l 
=>(a + bi)(c + di)eH=*(C\{0},.) <>V>»j-j H 



Group Theory >.jJi jo>Jaj 

Cosets 4SjUtl QU^aall 0-S 

Ac j^-all <_ij*j . a e G 'G a* ^ j?> »j"0 ' » >»j G : ^ > -o- ^ 
// 4^1) a , g >uull AS jUUI 4j. »a3ua]1 IgjL a// := {a/z | if} 
^ //a := {/*a | h e //} ^ j-a-JI ^ . (The left coset of a w.r.t. //) 

. (The right coset of a w.r.t. Z/)^] <^ulW a i> (j^i 4£ ;LL>3I 4c 
. a,beG <J4j . G c> <p> # < G u^i3 : ^^US T-»-^ 

aH = bH (t) 
fee ofl" (m) 
a-'fcetf (-?■) 

:"(-) «= (')" 

2> = £ee W7 = aff 

= "M <= M " 

be aH =^>3he H :b = ah 

=>3heH: a x b = a -1 (a/z) = {a x d)h = eh = heH 

: " 3 " :"( t ) <= (_-) " 

a~ x b e H ^>3he H : a~ x b = he H =>3he H :b = ah (1) 

xebH=>3keH:x = bk = ahkeaH=>bHc:aH (2) 

a) 

xeaH^3£eH:x = a£. "<=" 
.(G <> uV h' x eH<=heH)a = bh~ x ,K X e H M (1) c>j 

J SjiU. x = bh~ x £ ebH : cP J^j 
aH c bH (3) 

. e^jiLla (_) jlUoll £UJJ (3) ' (2) (>« 

. a,beG jSJj .G ^^ Sj-j i/ c&j ■ G c& • ^ ^ r ~ ~^ 



a = b modi/ jj- _>JU :(a congruent to b modulo H) Hl >»bi* b -J ,jjlka g 

. (Y-O-1 ) (1> jjiSB JUbj) Ja jJl (jiaAj Uijft 

. a J^»3 jA aH a£ G iJQj ■ G <Jc 3$1£j iS^c ^ "H o-L£° (jjjUxo" 
.(reflexive) aaJS^ a&UII J J\ a=aveodH <= aH=aH:a&G JSl >4I 

Va,be G:a = bmodH aH = bH =>bH = aH ^>b = a modH 

. (symmetric) aJjLu* aOjJI ,J 

\fa,b,c & G : a = bmodH, b = cmodH aH = bH,bH = cH 

=> aH = cH a = cmodH 

. (equivalence relation) a£jU. ^ £ j (transitive) a£U1\ J ^ 
^ .(+ <iL*ii ^Audlj) Z 6- ^ji> S jxj mZ <jj£ we Z JS1 : Jilt 

£^modmZ <=> mZ 

<=> m ^yic. A-ft*«Sll J!jU. jj| 3 „.„ql | l<^j £ ? ^> 

: o\* m <Jc k 6- v^j^l -5— SSI ^Li n iceZ 

A: + mZ = r + mZ 

csj-ull a^jLUI cjltj^l At ^ {r + mZ : r e N,0 < r <| m |} ujSjj 

• WZ A>uSIj Z >-ali*J 

j*^- ^ ' G o* '» j // t s j* j G '■ ^^Ui 
t5 i a jll <SjLLJI <iAc jo-^ oil acj^ <_SJ"^ 

f:%-*G\H 
aH i-> Ha 1 

(V-o-\) Lylj . (well-defined) U» <J yx^ >II J Vjl : >J 

• G ^ Ajjja. ilua. aH = bH a*b t a,bs G ^jj <ji 

i . 



Group Theory >4>JljNj>lij ( Jj^t(»— Sfl) 

(jla aH = bH cP> I i] -ui iimi t? *jjj Ial?. la j** jll (jjfu 
jjl, # ^jj Aji ^.nflj bH = aH : ^VIS ^jj iHa~ l =Hb~* 

jjjiill) #Z> _1 = //a" 1 uU JtilLij ZT 1 = ;<f V 1 e #a~' ^ O-j • & = ax 

J\ .aH=bHj gly (Y-o-^) a~ l beH o\i <>j i /iei/ ^ a" 1 =/z&~ 5 

Normal subgroups <U**JaM **Q^ >*>^ 

aeG y-aJ aH = Ha 
cgG ^ aHa x <zH (Y) 
. G o* (p djU jijj- jVl c 7/ (V) 

aeG ^ aHa x =H (£) 
. G o* (p *<&±.\£\ ^ j 3 5^ #>(^0 = (°) 

:"(Y)<= (\)> i^Ujd 
xg aT/a -1 => 3h& H:x = aha~\ aH = Ha =>3£ e H : ah = £a 
=> x = aha' 1 - iaa~ x =£e H aHa~ x c H 

VaeGioHa- 1 aH 4= <p ^klJ j3 jVl ^ q(H)czH (4)": <^ (r)' 

\/a&G:aHa- x = #<J=Vae G:H a aHa~ x <=Vae G:ar x HaaH <= 

« (p(H)c:H : Ola JUL, « tffflcH « (f{H)aH ojfi^G i> 

■ aeG a/fa" 1 = ) = # J 2^ • H=(p(<p x (H))(z<piH) 

. x = ah ol^hsH ^ <= *e off (1)" : «= (*)" 



J\ <Ln=^ £<=H <= aha =£ <j) <= aHa -H 

(*) aH czHa <= x = £ae Ha xa" 1 = £g H 
.i^jj <= a//af 1 = H.x = ha <jj£j tiijaj he H jce //a 

(jj diiaj f g // ^.jj Ajla ^ (>j fl^a -1 = /z djjij £ g H 
(**) //a c ai/ <= x = ha-a£e aH 

. aH = Ha J {**) ' (*) t> 
A n nti 4-u S >a j 4 _ s -o-"ij G 0^ jll (j-o i/ Ajj jaJI Sjx jJI : (-L >*j Y — *% — > 
. -"\-\ ) ^ (ia j^Jil! J£ ^ ^>j) IL jJi daaa. lij (normal subgroup) 
Qii^ilj (j /n^j.iU ojjjj j?. jjj j jiao G sj-J <_£ ( ^ ) : 

. (AiLawall G j> «-<n". jA e i'n^ i |e} t 1$ niVi G L»a 

• G (j-a AjxJjJa 4jj_^a. 0^0 j <jj^J G A_l31 AjJ (j- 4 AjJ_)a. '"^j (-K (^) 

• G'aj^jil i^\G aj-ajil t>» ("jJSjj^j^j* (p\G — >(j frada £— *\ — ^ 

(j-a 4 jtjjK Ajj ja> s^o j ^9 1 ( A/*) (jj^i G' ^-"'J.'^" 1 ^JJ j?- » J-° j A/' (J^ ( i ) 

. G (3* AjTjil-i ajj ja. »^>*j Ker(jp) a^.j ^^Acj . G 

#>(7V) (jli t G i> ^uia Ajj Jp. Sj*j Af ' (^j*) Uuil j £l£ I jj 

. G t>« AjxJjJa Ajj^a> j OJ^i 

aeG JS1 JiMj • G <jj> Sj*j ^ -1 (A/0 (r-i-y ) c> ( t ) : f-jUfc 

: jcg qf\N') J^j 

(piaxa' 1 ) - (p(a)(p(x)(p{a~ x ) = <p(a)<p(x)<p(ay l e (p(a)~N' (p(dy x c N' 

j»jj3 jjxj^i jA (p (j ^ Aj*jjia Ajj^?- *^>*j -AT' 

^ axa~ l G (p~ ] (N') => G ^ aj*jjL ajj> i j-j (A/^ 
uVj .q){x)-x' 0} djjau jcg A 7 ' i?.jj . o'g G' t x'e <p(N) u^J (m) 

: JiMj . = J d^ao ae G a>jj Ajli (J-Ui) ^! 
aVa' -1 = <p(a)<p(x)<p(ay~ = <p(a)(p(x)(p(a~ x ) = <p(axa~ l )e (p(N) 

^jj3 J>a>a jA (p 

G (J-a AjaJfla AjJ ja, S^ya j A^ 



Group Theory >.jJi (JjVtn— 5H> 



• G' <_ji 4jT,nU Ajjja. ajj_>iJallj t'uiijl • G Ajajila <Jj3^ *->"j 

. 1$j3 AjxjaL Ajjj^ J ' " 1 ' "-'^ G ^ '"J* j H *^''" 

• ^j^JJ^J^J^ I '. H (■ ► G (jjAjJaill juoitj 

flHfl 

\/a,be H : z(afr) = ab = i(a)i(b) 

j.,Vi»\l e) H = {e,(12)} < G = % X- i-ipa aJIoI qjjS c£*}j 

(13)(12)(13) = (23)g{ e ,(12)} 

i j*j G o^il : uL jiu n-n-M 

M?r(#) {a e G : aT^T 1 = H) 

. G ^ ( Normalizer) // frtk* 
# Nor(H) t G i> aj}> Sj- j i/ * s>. j G : V-1-> 

: (jli juAic. . G ^ 
.G t> j Nor(H) (^) 

Nor(H) t> ^nJb ^5 ja. s j # (X) 
. K(zNor(H) Kb* ^> s j- j H <.G Cy V> '» j*J ^ ^] ( r ) 
• ^ s j # OjSj G ^ j?. j jjSi ^ Nor(H) <J d 

xi— >ara 1 

=> \/aGG:azNor(H)&(p a (H)=H (*) 



a,b^Nor(H)^<p a (H) = H,( Pb {H)=H=>( Pab {H) = { ( p a o(p b )(H) = 
<PM(P)) = <P a m = H=>ab g Non(H) 

a g Afor(#) => ^„ (H) = H=> <P _, {H) = H=> a 1 e JVbr(#) : M3 

. (j^i ^jJa! j (Y) 

:aGA" JS1 <= aHa x -H: aeK J£5 **y^ *• j* j # (r) 

KczNor(H) <= a& Nor(H) 

Factor groups *U»UJI>»jJI V-t 

Ajj ja> o_>-<> j iV ' °.>0 G tjSil : 4-i >laj ^ —V— ^ 

p.G^> G/N ^ ^ ^ G ^ ^julJI cAcj***ll JS 

ah^ aN 

• (%,) ( 1 ) 

. aN o*j^ ja fl-'JV . (%,-) 

/? 4 S j : (uniqueness) Jafjll M-^j 0) : >dl 

:a,b&G <wJ -uli (%,.) G i> ^jj-j-ja 

tW.WV = p(a).p(b) = p(ab) = (ab)N 
t>jj (exists) <uf cjl lit?. <_ij«-a 0) <J c^ 3 *^' -^J*' <J <*'.'*'■" (Y) 

IjA ^ is^-j lA*^*-* a, be G tjlj^ic. o^jj <sl (Y— ©— ^) 

. G » j-a jll » j = bH <j_& 

' aN = a'N '^J ^ '''J*' 1 ^ -l^jll J t'ini J^. <jU Ij^Jj 

^Wtf iujll u) J*j) abN = a'b'N a,a',b,b'eG ^ bN = b'N 
AajJa » J-O -N li] N <G t .iflim .(The representative) JioJI 

• G 6 jil ^ 



Group Theory >«jJl£j>Jii ( JjiH^2K) 



feG^ nb' = b'£ : o,^ ^'eG * n&N<G ^ VJ 

(1') ( aN = Na :aeG J£ld t5 iu^<G j^) 
. aeG aH=H JpG a* ^> * j*j # ^ a&Hc)^ 13! <d Lj£ i^U j 
(2') (aeH <^e x a&H & eH - aH H = aH 

Y-o-1 

aN = aN, bN = b'N, a, a, b,b'&G 

=> 3n, me N :a — an,b = 6'm 

aZ>AT = a 'nb'mN = ab'tmN = ab'N,t& N 

m (2') 

Va,b,ce G : (aN.bN).cN = (abN).cN = (ab)cN 
= a(6c)N = aNbcN = aN.{bN.cN) 

Va e G : AT.aN = eA^.flA^ = eaN = aAA 

(%>•) J* A 7 J cii 

VaeG: a^aN = af W = eN = N 

. aN (J»j$jua jA aT'TV J ij^i 

(p) slji ^er(/7) = {as G : /?(a) = AT} = {a e G:aN = N} 

= {aE G:ae N} = N 

- G/N(J& G—l (The canonical epimoiphism) Lf *->4*it f >4 j. fr^V 1 p.G^GIN 

a h-» a/A 7 " 

to 



4*tfU2f ,**AttU: Ji^fMUl 



(\-\-\) '^j^c^^h : " <= " : j4) 
(t) i> Sj^ilj* dlliS gS^ : "=>" 

^ t_jL*aJI <jj£jj »>• jJI ^ WG ZcsV Ajli Ajjja. 



VMeZ:(£ + mZ) + (^ + mZ) = (£ + ^) + mZ 

Y mZ = {{k}:kGZ} o&m = VUJ 

= {& + mZ:A;E Z} 

/mZ . ^ ^ 

A: H-> {k} = k + mZ 

((0-0-)) jn, ^|) £ + mZ,£e {0,...,jm|-l} 

The Isomorphism Theorems |g>fcij^»$>l%l *aWl>lai A- 1 

The Homomorphism Theorem ^ >jfl 1 »« »* 4j ftj \ -A- ^ 

G o^v* jil G o j ^ jya jj^i j^ja f :G —> G' d£J 



Group Theory ^jJli^jJai (JjiM,»-Ji]l) 



^ : % e r(/)^^ 
a£er(/) t-» f(a) 
VaeG:<p(aKer(f)):=f(a) 
giij aKer(f) = bKer(f) a,b<=G JSJ -.1^ t-i j*- ^ jS\ (^) 

^e^(/)=>/(a)- 1 /(6)=:/(fl- 1 )/(6)=/(a- 1 6)=e (G'^ j-U «') 
=>/(*) = /(6) 

i^uV AjV Ijja. lijx- jil Ci& (p(aKer(f)) = q>{bKer(f)) : J ^ 

. (The representative) Ji^l j^ic. 

. <piaKer(f)) = f(a) ojk <V* aKerif)^^^ ^ & f( a ) 
J J « \/a,beG:<p(aKer(f)) = <p(bKer(f)) : #>00 

• /(«) = /(*) 

f{a x b) = f(a x )f(b) = f(ay l f(b) = e^a l beKer(f) 
Y-r-^ 

=>aATer(/) = iAer(/) 
Y-o-1 

: fj^Jj^J* ^ (*) 

Ma,bzG:(p{aKer{f).bKer{f)) = <p(abKer(f)) 

((£-1-^) (? t> <h> *>0 #<?K/) J J&) 
= /(a*) = /(«)/(*) = 9>(aKer(f))<p(bKer(f)) 

IV 



The First Isomorphism Theorem f j.v> j >£U L J Al 4-? ^aill Y -A- ^ 

. G' * .>» jll (jJI G o j ^ jaa j_^»j-ajA f \ G G' cfid 

. j-o ^4fi= "Mj?* N <G t (Gt>° "Shj?- °.>0) ^ ► G 

^U/ = UN/ 
^ /UnN- /N 

UN:={un/u&U,tiE N] ^ 

: f 'iU 

t5 HjSj j 4 e = e.e e LW jti ^I^Ljj N <U ^ G ^ jjU-oSI e 

: u x n x ,u 2 n 2 &UN ut\j-UN*0 
u x n v u 2 n 2 = u x u 2 n } n 2 e UN,n 3 e 

•(O-^)c^j) 

VuneUN: (mm)" 1 = /TV = i/V eUN,n'eN 
G jjfl 4jj ja. '* j*j N ' N a UN J u\ Vne N : n = ene UN o^j 

■ ~°J*j ts^ : UJ^J ' WV" (> <u ja. 'a j ^ ^ j>j 

ai-> aN 

Va,Z> e [/ : <p{ab) = abN = aN.bN = (p(a)(p{b) 



Group Theory j-.jJtc^jjlaj ( jjVl^-2H) 



Ker(<p) = {a<= U:cp(a) = N} 

= {a&U:aN = N} = {aeU:ae N} = UnN 

(( i ) i-l-^U J WuL<u>- a>a j C/n# J^t 
: (> — A— > ) fjAjjAjAj^ Ajjkj JjJaj Jtflj 

U AjnN = U /Ker{(p)^ <p ^ U>i = ^Vn 

The Second Isomorphism Theorem ^ ^i^y^U X-h-S 
:jl ^ujj . N a M iG (jjljjtjJa (jjlujik ^ jxj M,iV t s G (j£i3 

GIN/ ~ G/ 

(J ^ula 4jj_> ''J*j ^/ft UJ& d Is 1 ** UJ% : 



aN h-> aM 



Va,bEG:aN = bN => a l bGN=>a l bGM : a> ()) 



^-1-1 

\/a,bGG:<p(aN.bN) = (p(abN) = abM = aMbM 

= (p{aN)(p{bN) 

:( <p) i\j (£) 

£1 



Ker(<p) = {aNeG/ N : <p(aN) = M) 

= {aNe<y N :aM =M} = {aNe%:aeM}= M / N 

: (^-A-^) ^jjajj^jxj^JI Ajjiu (JjJaj U^'j 

GIN/ -GIN/ =m(G/) = G/ 
/MIN~ /Ker{(p) n Zn> /M 

Categorical Kernels & Categorical Cokernels 

. H "t> j<*j$ G « jil (>« j c jja jj* jAj&f'.G—$H o^jI : uL . jXj S— S — \ 
. (Cotegorical kernel) v St »j g :K G ? j£jj*j*> K I j^j < _ r ^ 

: Jiai iil f-J 

(\/azK:fg{a) = e H 3 J) fg = \ (\) 
■ (^h$J& <jS l^j fog J»j fg <H <J JjUJI >^u*SI jA e„) 
: jxj j»jja h :L — > G J^J ' -£ » j-O <JSi (Y) 
[7% = 1 3jA: : Z, ^ .ST f jj3jj-^jA : /z = gfc] 



3, k 



h 



H 



9 . f 

. ( gk = h »U*-> ^Ja*-^ JS-ill • (commutative) 



Group Theory ^jJii^jjiii ( Jj^t^«2Ji) 



2 \<1 ,y A\ U cjLols. (jj-lj ' ^j^.?- ty^J*^ bl_yiJI ' jlaj Y~^~ \ 

(unique up to isomorphism) 

(Existence) : : flU j4 

g:Ker(f)^G i K ._ Ker(f) : g t * 

(The inclusion mapping ^ j^ . ^M I ^1 j) g = i jf 

Vxg tfer(/) : (£)(*) = f(g(x)) = f(x) = e H 
J J\ . Vxg L :f(h(x)) = e H J tj\ i Vxe L:(fh)(x) = e H : »U*-« fh = \ 
k uj^j \fxGL: k(x) := /((*) : A: <-i j*j li^Sj . fc(jc)e Ker(f) 

k(x)GK = Ker(f) uV ^ U j~ 
Vxg Z : (gAr)(x) = = l(h(x)) = h(x) ^>gk = h 

J J\ ik = it 3 
VxeL: i(k (x )) = (ik )(x ) = (i£)(x ) = i(£(x )) 
=> Vx eL:k(x) = £(x)=>k = £ 

(Uniqueness) jSI 

Lpj f <&J* '^J 3 K,g (jj ^ t> . <ui>o aljj Kg 

cP) • fg = 1 u! k f — 1 s, .>> ^'>g' u] t>j • ^ = 1 

sljj (jVlj . g'h = g uj h:K—>K' ^jjsjj-j-ja .i^jj 




■> H 



(jl diss, jj-a : AjJIj o . gk = g' jj « * lj-^ J k : K' — > AT f JJ3 JJ-« jA 

a J — * j K if — 1 Ajjj otjj K',g' j\ dya. . ^ = I (jjj . / — ! <AU al jj 

•g'h = g uj <■■ * ■ ' h:K K' -^jj uA ! -fg = l uj < -y^ 

1 .K-tK 

(1) £0/2 =1^ : a U 

JSjil! J*^j :K' K' aja. j ^» jjijjx >oja a=wjj Alirr. nil ,j« t*Ili£ 

b 1 — > 

. (2) = 1^. : £ t>J 



Group Theory j^Jlc^lii (( jjVln-«21t) 



: (jlaj Ijj/— 1 (Categorical Cokernel) 
(VaGH:(gf)(a) = e K dJ)gf = l 0) 

[/z/" = l=>3,A::Ar— >Z, ^jja^ja, :kg = h] 



H 



f 



+ G 



4 > 



t A' 



K 



LI <_jLuia. (jj^j aAj^j <_?*3 ' * J J^J^ 1 A^jLuuJI LI jjJI : 4j jiaj t~^~ ^ 

. (unique up to isomorphism) AKLiUI a£ jLU 

Im(/)£ ►G :G ( >Aj3>S > .j {f)'»jy-* :(r-£-^)t> : <*A-J> w» 

5 := n{7V |7V<G, Im(/) c#} 5 uj^ uVi j 

ate" 1 g TV . ie5 * a&G JilAjji i^UiS . G <> ajj j=. » j 5 cJp £ i>j 
Ajjja. » j^j 5 J aba l &B uji ^ c>j (G ^ <ujaJI _>»jil) TV 

« (G/ B J ^ j* B) (gf)(x) = g(b) = B:xGH JS1 : oVIj 

^ liA jSiU£ g(b) = bB = B & JVhj b = f(x)e Im(f) $ b&B) 

. gf — \ (} ij\ ( AioUSI jll Aj jkj 

: J ^ > >»"'»,' I^a • A/^ = 1 jj ' "','- > .' ^» jj9 jjxj^j* h:G —> L (L lij^J l/^j 

<=L J 4^ e L ^ A(Im(/)) = {eJ 

or 



. B c jSTer(A) J^Lj # 0- V> *»>0 , Ker(h)^ln{f) 

-. (jja. <_* j« & J uVl ^ J ^Jal^ . ce G jj**! k(cB)—h(c) <-ij*j 

J ^jJiuLj liA . c,c'e G cB = c'B c£A 

h(c) = h(c) <= /*(cV) = e L <= eVe 5 c £er(/z) 

Vc,c e G : k(cB.c'B) = k(ccB) = h(cc) = h(c)h(c) 

= k(cB)k(c'B) 

: kg = h J 

Vc e G : (te)(c) = *(g(<0) = k(cB) = h(c) 

J£l <ji «li«-a |j* . k'g = kg = h uj lA^ : A: Aailia, j tluijj 

. k' = k j 



H 




oi 



Group Theory j^jjic^lij (jjVl^a5H) 



jj ilua. j^j . gf — \ j^j f ^VJ* 4$J^* d (J*- ^jg' (jj L> 

f lP) • g^"=l a! ' s ->0 ^ '/— 5 aSjUIo sijj 

• hg = g' jj h:K^K f ^.j 
Ar',g' jj •A? 3 ' t>j • = 1 u^j • / — * -Sjfjj-^ sljj jVlj 
•^j (O^j^^j* -^Ji tlPj • = 1 jj s J - j K <f — * "S^j* 4£J-^ 

si jj AT', g' jj j* : » _>«j • ^g' — g uj 1 * 'j^ : k : K' — > K 
K' if —1 <4jj ^£ jUix sljj ^T,g jj dii*. j-j . g'f = 1 jjj / _1 

jj diiaj /j : K — > i^' Aj^J j» jjS Jjxj-ajA A5kjJ jij : g^f = 1 jj > *IJ^.l » _>o j 
jj^J ; A:0/z '. K —) K ^-J ^jl&jjji ya jA .!> jj 4il li* a j . hg — g' 

Liu JfLil! J*^> 1/: : ^ ^ j>.j-j«JI j£lj . \$4 GKK'K JSJII 

is.jj Ajl aLLuiII ^jllill 4l.^^o j* liliiS .koh=l K (l) jij :t*lll£ 
<j£l . Ul^j GK'KK' cJ^I hok-.K'-^K' a^j fjjSjj-j-j* 

. hok=\ K , (2) ji! ..LJI^jI <illi£ Ajoiii (JS*i3! r ' f j^jj-j-j^ 1 

Z? i — > Z> 

£ j' (2) j*j • pjjajjAul & ' f jiijj-jjj* A jl ^iy (1) j- 

Sljill jjSj jt-jjSjj-jjJ k th jla ^^Wj -f j^J-r^j A i ^jjajj-jjj* 
. (<KL£LJ U jill cjLoia. jj^j) S^j /_! ^uj^I a£ jLUI 



Order and Index JJ AJI$ ~**dji\ S * - S 

: J&M (X) AiSj . Ac I (i) : <Juj£i ^ .-^ 

Aj^X^K lil X j^.Uft iacTj = : (Old (AT) {X) j 

AJglia jjft X lllilS I jj 4 oo I 
CLllftjA^all Aft n ^^J_J Cfi^J G Cy* '^j^ *J"0 H j^J ' G 0^ ( L r 1 ) 

^ <UllJ . Jl AiuulL) G jx (_£^uull A£jl nlflll 

[G:H]:=Ord(%) 

(The index of// in G) . G L j H 

f*>\ jll aG G J^J • G t> Ajjja. a j-a j // 4 aj-aj G j£iS : Ala »a>l» Y- \ *-\ 

<p~ } :aH ->H , . , , v • . (p:H -^aH 

. T ^o£*JI J a! jV) ujjUI jtua ^ 

fl/z m> a" 1 (a/*) = A hv^ ah 

VaeG: CW(aA) = Qrrf(#) : jli ? 0-j 

Lagrange's Theorem gj| »V Aj j& V- ^ « -\ 

: jli ijAic . G jx Ajj_)^ j H i A jflVio a j-a j G j£^J 
jj£j // Jl <iuii!Ll j^jijiA AfijULaJI dllft AftjAa^a (jl V ji I'llVlm : t'^X ^\ 

■ G (J* (partition) Ajjaj 

: <j^ LS J 1 '*! ^ jLi<o Aft_aA=»-a Jl — JaVl Jc — ^^^lijGJ J "Vie J£ ji — Vji — £6jJalj 

Vge G : g = gee gH (G J ^A^A _^ai«]| e) 
,iA J g = g'h'h' 1 g g'H ji . gHr\g'H3gh=g'ti c£4 ■ 
JlalUj . gHag'H ji <0&-y ' gh"=gh'h- x h'GgH:h"&H J£i Aii 

AS jLUI tlllftj^a-ttll ji <ji . g// = g'/f jU jxj . g'i/ C g// ji tllfU 

^jjj V jl j* j ' (jjjLkjj ji (empty) LJLi. Ig-ailii jjSj jl Lai // Jl a^uIL ^^juII 

. G — S aj jaj jjSj Lpi 



Group Theory >.jJljvjijlij (jj^t^SJl) 



2% ((y-y . -) ) a± jal.) Ord(gH) = Ord{H) jjS, gs G <ij ^ t>j 

. 6^)iiLla AjjJaj]! (JjJala 

j> u G cM y J G Sj* jll (Order) *iSj lil : t- W-^ 

. jJdgiUJI V] ajj jail jil 
: J ^ji ^jl j^V ^jj^j o* • P tjj^ J* (G) ^ J : t'M >>II 
Ord(H) = p . H={e} J (W(H)=\ . Ord(H)=p J Ord{H)=\ 

. H — G <J < ^ 1 ^'"J 

Cyclic Groups <y>UJI>»>Jl 11-1 

[X ] := n{// :// ^ ► G ij-j) j IcG} 

(The subgroup of G generated from .Y) X t> 54 $1*31 G ^ 'jaJI a >a ill 

• [{«}] i> ^ [a] <_uiiw aeG tfV 
: ^VIS a £ (j juVnll <Lu ^ 
(«) 44 j Qr</(a) := Ord([a\) 
: (jli iiiit •(<£_>?■ ^ j^?- ) X <zG i oj^j G jSjl : 4jAj^aj Y - \ \-\ 
X Jtc ijj^ Gc>V_>?- s -^j J*^ 1 u£ [X] (^) 
[X] = {aGG\3nEN\{0},x v ...,x n eX,£ l ,...,£ n e{l,-l}:a = x«..jg} (X) 

• Xu{x"' | XG X) jjuaLic jj* AA^slA i_j j^Jall Jjual ja. j£ <fc j^a^a ^ [A!] jl 
a j jA S^a j (j«a Ajj_^sJI O' Acjn-\ « ^KU'l jjl e ^iiLi-a ( ^ ) : , 41 

. (1 ( i — i — \ ) .>^jl) » jll (_>«ij 4JJ_>?■ 
# ( Y ) (> lW^ J^ 1 cs^ 1 <c><^l <^u^ (Y) 

x n i... i x, j^liJI ^ lSj 1 ^ ^ G i> ^pj^ j // : "c" 



ab- l =jtf..jg.(y?...yZr\x l ,...,x n ,y l ,...,y^ e X,^,...,^^,...,^ g {1,-1} 

~ x \ - x n y m -y\ e A 

J*- 1 - 3 ' t5* W <-^J • ^ (jt^ LSJ^J G t> V ja. a^o j ^ jjj 
Ji^i'wll . aEG « £ .lAa-*}) LJ oj-aj G O^jl : LAj j«J T— ^ — S 

: ^Sl* (inductively) U j£J ne N ^eG 



a .— e 



k k-\ 

a .- aa 



,&gN\{0} 



: ^YtS Uu^U) a " <> V^j na "+" _j Iwjil J] U ^ blj 
Ofl := 

*a:=a + (fc-l)al,fceN\{0} 
:= 

: m,neZ (ij^jG) aeG (^) 
a a = a ,(a ) —a 

: neZ 4Ai ab = ba a,beG <.G ^ (Y) 

(aZ>)" = 

: (jl ( Y — ^ — ^ ) i jjilxa jjjjj . a G G & j-o j : *Ua o — S \ — } 

[a) = {a n \neZ} 

agG b! (Cyclic) <i Lp] G Sj-jS JUj : <-L »j n-n-^ 

. G —3 (Generator) ^laJI oi* a ■ G = [a] jj^! 

. \A\±\ ^jS 2jjjb sj^j ("l ) : h £u 
. 4jjjb Sj-ojll Lii jl laic. Lc sj-aj tjl£ bl (V) 

^1 jl! £li UJ I .iSj* a u^J ' ^J 3 '- 5 j G <-iil£ bl (f) 



OA 



Group Theory j^jJii^iii ( jjifi,»^jii() 



<p:Z^>G 

«iii=>j »i,nG Z ^.jj ail . «,6e G ajjjIj » j-j G c££ ) : flU ^ 

. G s jU J x ^ ft = x" . a = x m o& 

• M-^ G J J 

(Lljl Ijjc. (JaJ l) Jjl jjo (G) .G Sj-oB j^.wJI ee G (Y) 

. AjjibGo^^ ' [«] = G J 2^ ( £ -^ '-^) 

: l$ f j^J^J-J* (2> (j^jS J £*^J (f) 

Vm,neZ: <p{m +n) = a m+n = a m a n =(p(m)(p{n) 

■ (p d <J 

(Y*) 0° • G — 5 aJ_j* a iG ^pj^ * _>0 ^ ' G ^j^il (£) 

, . #>:Z->G 

« i-» a" 

(jliV^jmeZ dip. qf\H) = mL uj^ (*~*~^) 6*j ((m) 

// = ^- 1 (//)) = ^(mZ) 

= {(a ffl )"(=fl™)|«GZ} (if A*, a") 

Classification of cyclic groups ^jylj^i ^> '^1 Jiuaaj jlaj A-^-^ 

: (jli il^a. w := Ord(G) <G — i 4>* a <■ G j£jJ 



. <p:Z->G . 

Z/ 

. f jjajj-j jJ n e Z Y '/mL ^JJ! <jli m<°°cjj1£1j| (Y) 

/?+mZh-»a" 

<p:Z^G 

. (r) (V-U-^) 6- fjajj-aj : nU jfl 

M> a" 

( ) -A- ^ ) j> j^jj-j-j^l ^Jj^j ci^" U^ 1 J 

• G ="YKer{(p) ^f 5 ^ <p(Z) = G oj^ J J H-> ^ 
Z uj^j G=^=Z Vjj AfK0*jO} Qd(G)=m<oo ^ lij 
m=Od(G)=Q-d(Y r ^)=n jAj Ker(g)) = nZ,neZ d]i JUbj o^als 

• jj^j-b f j^jj-j jtfSn > ^ ' /™z G qjSjj g = ^/ z <= 

<j' o^JV (injective) ^.1 jl 1^.1 j UJ j jjSj <j\fl Ord(G) = °° ^ 
(p(m) = a m = a" = <p(n) , m,neZ,m>n 

£ = kq + r , 0<r<k 

a 1 =a hl+r =(a k ) q a r =e q a r =a r ,0<r<k 

. (jiaaLij : Aj^iia G (ji l _ s ^ li* j 
<= Ker(q>) - {0} <= ^1 jl a^I j j q> J$\j 
o-r-1 

G = ^(Z) = = Z 



Group Theory >.j]i£o>l»i (jjSrin-iK) 



«h> a" 

ijLa-aJI Ia ji^v. e ' ~ a j*j G (jSJ : Aa-uj ^ — ^ ^ — \ 
. k ^ {Ord(a))\a)'^j a a k =e: &eZ ^ asG JS1 (^) 
. (cA-js - ^ a 0rrf(G) = e : aeG JSl (Y) 

-uk UL-a. 45 iJI f jjs ^'YnET^ « Ord(a) = m l&1 (>) : <')U nil 
a* =eoHmZe Ker(y/) = mZ : rf£ ■ (A-U-^) ^ 

^Sj(r-^.-^) gil j^V Ajj^o-- a° rrf(a) =e :(l),>.fleG CJSJ (Y) 
. Od(G)=k.Qd(d) : cX& ^ £eZ ^ <d OrJ (G) ^ (flW(a)) (a) 

iiiic. . Ore/ (a) = m < °° , a e G < s>» j G : ^ 
[a] = {a k :k& {0,...,m-l}} 

^jjaj>ojjjt ■^■jj (A— ^ \— \} ^ : ^jlfe 



A: + mZ H» a k 



[a] = K% z ) = + mZ) : A: g {0, m - 1} } 
iG — S a] jx a 4 w>2 4-uji! 1^1 Aj^Vu ajjjIj Sj-j G o&l '• ^l^lml ^ ^ - \ \ -\ 

Aiu V (3 »JjVi .lie. -1?.J I j] Jaa3j li] G 1 I J* 6 jiiic -b^L G 



I 



: j! ^jjj km+£r = \ '-a& k,te.TL (Elementary Number Theory) 

= 0*"^ =(a")*(fl r )' =e*(fl r y =e(fl r ) < =(a r ) < = ^ 

G = [a]c[6]cG :u^^c>J 
G = [b] 

. b = a r jjid^reN ^ <>* G-J^j- a jV : "<^" 

: J gjij Aila G — 1 hlj* 6 ^ • r = # 
(G .ijU-Jl j^aixll e) 

b = a —a = {a ) — e = e,\ k \> m 
J ^jjj m = kt . (w = (G) ajjj = aSjjjs G _J 4i* b oVj (1- U - ^ ) i>) 

• m 

JSl . m ajjjJI V«J Aj^ila -Sjjj^ »>0 G <jSj3 : ^ Lulml > Y — > ^ - \ 

. t ^+>J$ ^ G (j* o^lj Ajj_^ '"J^j Jaiu<a]Lj ^.JJ /W 1 ^uila / 

. m = tk ol A:gNj G — J I4>« a o^j ' JjLa-JI G y^s- e c£4 '■ t'jU >>fl 

OV : ySlS j j t ? <ij Jl 1^1 G t> // ^[fl*]AjS>ll Sj*jll J c> O*^ 

: tg^ a kM(H) =(a k ) 0nim =e o-j • Ord{H)<t (1) (<ty=<f=e 

k.Ord(H) > Ord(a) = Ord(G) = kt 

v jlkJ ^ (2) . (1) • 0«/(#) > * (2) d* J^j 

£<= N ^jj (i) (V-U-^) j>s * f jll 1^1 G 6- <p> S>. j //" ^ = ^ 

: J (3fui Laxj . = [a e ] (jl < > n*> j 

m 1/TT ,, m 

— = t = OrdiH ) = — 

k £ 

. H = H' ujljj £ = k d£J®hj 



Group Theory ^l^jlij (jjifl^JiH) 



{e} iG <.G* {e} c££ j Uj.nV. e i 't>j*j G : 

• Gi-S^^i^ (j) t *'J* > J /? -^JJ *^ jj^it -G^ tjJJ.2Aa.jll (jjJJjjiJI (jJJJ-jll 

U^j^ 1 U^j^ ^/pZ ^ <-$V jj'j^^ (>) 

(iasa (jii$itjJI 

e * a G G : <jV Jaiia X 1 ^ t> lS G '• lMj^ 

n e N ^jj (A-n -) ) <>j . jj£ G jli JUtjj . [a] = G ujSj 
jxj j^.jj (H-U ) j> <ila Ul J jj^jJ bjc « jl£ I jj .G = : ul '"'J 1 *.' 



. (G ^ e) a 2 = e : a e G J£J <j) <y,' * j-O G tjSSl : ^ 

Va,fte G : t'M »j| 

fta = ebae = (aa)ba(bb) = a(ab)(ab)b = aeft = aft 

a 2 = e,b 2 = e, (ab) 2 = e => a = a" 1 , ft = b~\ab = (aft) -1 = ft"'a _1 = fta 

e - (ab)(ab) = a 2 b 2 - aabb =^>ba = a~ x ababb~ x - a' x aabbb~ x - ab 

e <*i j-> e 4 z ' ' ^ iiSi-all j ^aLic AjujVI <>» j^a Sj-a j G (j&l : pU ^1 

(jl Jj^a — i& lAj — ualic. (j a J illie. • 4-lll-ij] JJC- G ^jSoJj .A)Lv-all ^ j - 

e = xy ^ yx = z jj^J ' V 1 .?**^ ^ uj-^ ' y ' * ' 

. (SiuL-* l«K j; X = ;;,xy = x,xy = 7 
xy = e=>x = j~ 1 =>z = >'x = >vy _1 = e : u^'j 

>>JE=Z 

■ z ^ e <>aaljj 

G o^l .(^) aJ^I ^ l^li ajJi G i^3l£ lil : ,^41^ 

V]j tiV S. Hnnio £ AiSjll) AjjjII laSa IgJ z t J> t X jj-abJ! tjli JIjILj 

• x 2 =_y 2 — z 2 =e c) (j\ t (e jA j..Vi»1I Ji ( _ s j»j ^ Aiijll .Ajjjb Sj*jll ''^.■■^ 

0j£ r-U ) jill ISsj SjjiVl aJUJI ^ -iSa ^il^ll *j3>H j-jB 

1£ 



Group Theory >.jji5u^lij (jjVl^Ul) 



x 2 = y 2 = z 2 = e : J J t j- j ^ (\) 

US, 

. z 2 & e t x 2 = y 2 =e : jjSj ^ua^**!! iia uj^j ' cA^ j> cA>0 (v) 

• j G uj^ o- 3 *^ ' z S (Jjjj^t n (iSLiA Qj&i JUlbj 

. ^e^z 2 4 ac 2 = e :u_& -S^j**^ oj-^j ' -^j^ » j-O -^jj ( — ?■) 

: "<— Ij^Jall" 6jj_)jJalLj lil.ll (jjSj 

72 = e = zy 
xy = z = yx 
xz = y = zx 

. (V> H czG j^iSj 4 (. G j* l^j) ij-j (G,. G ) u^i : T^JO- 
. (The inclusion mapping) qu . ^ l ^1 j jA iz=(H,G,{(a,a)\aG H}) o^j 

iitfc. ^y-u^ ? jja j_j*j*ja z 4 Sj^j (H,. H ) # -Wj l^j 

<Jyj*^i liA ji £ Jli. ^ j> j^) .hL >G j • G ia> S >« j g 

. Va,be H : a . H b = a . G b J>j ^.j Jajjll J ^ <j* jj 

: <jU jiil 

\/a,bs H :a. H b = t(a . H b) = i(a). G i(b) = a . G b 
: jjjSJ! . jat 4j3> 'a^j^ <f)±U <zG l>SI : f JH. 

. (^jLuill V Jtia ^ f jfrLJL (Go-o^jja.oj-sjf/) £7^ > G (l) 

^ja^-uII t> (^-£-^) ?j4**!L Ajjja. e>« j [/) xy~ x G t/ : xjg[/ JS1 (2) 

.((Y-l-1) 

no 



xyeU : x,yeU d&j'X~ l eU: xgU J<Li (3) 
— i \js\S^ a1)U\ jjjl&Sl (> jjjSj jjSj (finite) £/ tiulS lijj 

xyeU : x^et/ JS1 (4) 




(21 




(4) 



VysU 



. r Jll. <> U^I j : "(1) => (3)" « "(1) => (2)" 

. (trivial) ! :"(3)=>(4)" * "(3) => (2) M 

<p:U-^U 

Vxet/ fJt j» : "(4)=>(1)" 

xt-> xy 

^Ui C/xL r 9(jc,>')i-^x>;G {7 : JmjH <jV j • ^ lS^»' ja 

= *y = z(*)iO>) uVlj 

. (r ji. ^ ^ j^u) a t — ► g Jz&u* 

o*j x~ 1 gU ^ (3) o* j xgU ^juAkUtf uV : "(3) => (1)" 
(t^Uil) i/xt/9(x,j;)H>^;el/ . xx' 1 =eeU (3) 

■ i{xy) = xy - i(x)i(y) IS <illi£ .Sjx j £/ <J gjjjj 

. (r jn. j f j^ljl) [/£ ► G J^ii 

x<=U=>x,xzU=>e = xx- l EU : n (2)=>(3)" 

(2) 

nn 



Group Theory >..}]l5o>lii ( J#t|»-ait) 

e,x&U=>ex~ x =x~ x gU (*) 

(2) 

x,ye U=>x,y~ l e U=>x(y~ l )~ x = xyeU. 

J (*) (2) 

. Ajjjb Ciual (Q,+) oj-jlt J tjc- : a Jtl» 

' n ^0 ' m,«e Z tiip. — e Q ^1 j^jj .<>jjb (Q,+) <j£j] : pU>J 

ffl 

■ u^h • q = k.— jl tljjaj AreZ e Q <_sV «ul 

n 

Q9 — = £— , £eZ^l = 2m£, m,£eZ 
2n n 

. AjjSb e^ul (Q,+) Jj] 

: fj\ ^jjja. o J-O KcGt {G t>>) 4 j» s>0 //cG uSii : n JUa 

HczKczG 

• ^j*^ ^j?- H czK c) ls^ o*j! 

. <}J_)^ * J* j L CZ G i Aj«jiL j H a G ' *^>-0 ^ u-^ • V JtL* 

• t>») ^ jy. 1 ^ 1 » .>■> j H r^L c L ■ 
: (Z <>) <p> *>0 HnLczL J Vj i^Lj : 
ee L,e<= H H nL*0 (G ^ jjU-JI _>^*]l e ) 

Va,Z?e HnLiab' 1 e H,ab~ l ei=> aZT 1 eHnL 

Vxei/nZ WeZ :£xt'eL, £xt x gH 

. (^uL <p> s^j #cG . £gL=^£gG uV) 



<U*U2| ,t**liM : Jiiil-UI 



=>WeL Vxg HnLitxr'eHnL 

. (% z ,+) . (j-ito ^u^i sj-jn) (y 4 ,o) 0) 

(5Z,+) . (Z,+) (Y) 

(Q,+) . (Z,+) (r) 

(C\{0},.) «(R\{0},.) (£) 

. ajjj!^ t^^^Vlj ^jjjIj LcaIasJ 5jj_>3I (_>uij L»$J u^'vm "'*'" (J^J'O (°) 
4: fc-) ^ 24=4! : ^ (r 4 >o)^J oV tjtjyjj 0) : 

rjli* jjisl) aJ^I Ci-ul fo.Q Ui* aJU (^ z ,+) J ^iS J^V 

jJajt) aJIaJ il ^un i ji-Sn j AjS\ AjJ LaAlia.] jjij^J jjJJ ^jjSjj* jjji (jl ij£«>jV J 

(5Z,+) * (Z,+) ox ?j*jj*jJ (*) 

= eft* c>4 

^:Z-»5Z 
z h-> 5z 

^:5Z->Z 
5z h-> z 

(poy/:5Z->5'l y/o(p:Z-^Z 
5z h-> 5z zh)z 

• W = 1 JZ ' ¥ 0( P = h 3 J 

Vz, , z 2 e Z : p(z, + z 2 ) = 5(z, + z 2 ) = 5z, + 5z 2 = ^(z,) + #>(z 2 ) 



Group Theory >«>J!5»j>— > (Jjifl,»__i) 



L^iH « "1"-Jj- U«J ^jSb (^+) (Q+) ^+) u* f >JJ-J^ ^ (^) 

J j ^jV _J Jl_JI l_> t> (o) ejsA\ ^ —uijj 4 (oJ\l«) AjjSb ru,iil (Q,+) 

. Ajjjb ——J J^Vlj ^Jjb jJJjxj (ji <jjj ^ jaSjj-ij Jji 

(.jjj jj <uJ jt U^jV Aji (^ic. liAjJ (A-f-> ) _J ^ ♦ J_s ,^3 <d 

• ^Ji J u^y ^ t»^j (Z,+) tjlft (Q,+) 6* 

. (C\{0}„) < (K\{0},.) f J^jj-jji (£) 

1 . — 1 i 1 b C. LsjS ^J$J— jjfi. AjjSb Ajjja. j ^ JJ M. \ {0} j i s\\c. (J£ 

U . 2 4±>J wi {l jIjj -l w< i AiijSi i*i {1} *£>ii sj-jii ^ 

. 4 ^Lujll 1^1 JgjsiJ ^5>it Sj-jll _jj z j__JI C\{0}. 

(jj i*i sr*s XE G JaJ—a-JL 1 *>l j^j: <Uli _>__• . X € G' jSJ 

. a:' = <7?(x) 

x&G => 3meZ:x = t7 m 
^jjjb G 

x' = <p(a m ) = >(a) m .- (a , ) m 

. ij^aSUu : AjjjIj (7' uj^j G' — ! tjl 
: Aa. j! ( j_>L_ ^ 4£t_J Sjojil) y } ^ : 5 Jll* 

• Vj^ 1 J-jfl 0) 

j4-a_3.il jA e {e,(23)} <u_ib a£ jLU! JS (Y) 

. ^u-ll Ajjj=JI jajll J£ (r) 



(V) <j* Al^Ull 4, a,, ill jx j J£ (£) 

(e,(12)} -1 (The normalizer) '^jkJI (o) 





e 




G 2 


°1 


&4 


°5 


e 


e 






<?3 




°S 


°x 


G x 


°2 


e 


°5 


G 3 


<?4 


G 2 


°2 


e 




<?4 




G } 




°, 


<?< 


<*5 


e 




G 2 








#3 


G 2 


e 


°l 




<?5 


<7 3 


<?4 




<*2 


e 



* <7 3 =(2 3) 4 g 2 = (1 3 2) < g x = (1 2 3) * >^JI ja e di^ 

• <7 5 =(1 2) . <j 4 =(1 3) 
3->l <2->3 < l->2 ^ (12 3) 

. (o-Y-^ ) <> r Jll» <A$j ^ lijJii US sLiLiaa ^ill t_Lj*j]1 tu ^v„ t Ua bit 
r^jllUJ 7 3 ^ <p>]| jll D li 3! = 6^(^ 3 ) 

{e} ^ *j3 jaJI S j* jll j^jS j 1 

{e,(l 2)}, {e,(l 3)}, {e,(2 3)} ^ j ^JU* 2 

2 3), (1 3 2)} ^ s^jll -^3>il *^jB uj£j 3 

Yi 6 
e{e,(2 3)} = {e,(2 3)} (Y) 

(12){ e ,(2 3)} = {(12),(1 2 3)} 

(1 3){e,(2 3)} = {(1 3),(1 3 2)} 



V. 



Group Theory ^i^jSaj ( jjVi^-2J)) 



(2 3){e,(2 3)} = {c,(2 3)} 
(12 3){e,(2 3)} = {(12),(1 2 3)} 
(13 2){e,(2 3)} = {(13),(1 3 2)} 

VaeG: aNa x =N (G = y 3 ) : j^l (r) 
{e,(l 2 3),(1 3 2)}( = A r ) ^ s^jll V>» *J-J> 

({{e , 7 3 j^Ull ji^>JI L»Sj-j» AiL^Vb) 
N={e,(l 2 3), (1 3 2)} ^ TV j^) j ^> s>.j ^.jS (t) 

eiV,(l 2 3)/V, (1 3 2)7V, (1 2)N, (1 3)7V, (2 3)N 

eN= (1 2 3)iV = (13 2)N = iV uSlj 

e, (1 2 3),(1 3 2)£iV jV 

(1 2)7V = (1 3)JV = (2 3)7V = {(1 2),(1 3),(2 3)} U 

IJ» J i^j JV,{Q 2),(1 3),(2 3)} :U* l>ii ou-^ o- ^/ ujSS cA, 
Nn{(\2),(\ 3),(2 3)} = J J^V, . 2 j» ^ >-bo ^ 

. £cj| ^J^aj lM-W t>* 

uj^^f ae^ 3 t> {e,(l 2)} jUjV (°) 
a{e,(l 2)} = {e,(l 2)}a 

a = e,a = (l 2) ^ JjLJIj 
M>r({e,(l 2)}) = {e,(l 2)} J J 

:Ji\Z\*j~ (Q\{0} 5 .) J\ (Z,+) c> Lfcij^jA c& 

<Kx)J 1 ' x 

[-1 , X tfJjJAl-c 

fjyaj^j-j^ 1 ^jJa^j (Ker{0)) (9) 



4**u*f *4Ulf : Jiii yUl 



Ker(0) = {xeZ:0(x) = \} ; J-^l 

= {xeZ: ^ j j joc jc} = 2Z 
0(Z) = {1,-1} Uta . % er( ^ = % z AA, 

(% z ,+) = ({i-i},.)' Jc^-'jj' 

,j4aJ — ojAj. C^gf*} A*" jA 1.-1 + 2Z Uyj ({1 1— jA -1 till*. 

LailJ t 1 = . : ^MJajJ 

1 + 1 = 1 + 2Z + 1 + 2Z 
= 2 + 2Z = 2Z = 

l<->-l 

Vz, , z 2 € Z : 0(2z, + 2z 2 ) = 0(2(z, + z 2 )) = 1 

= l.l = ^(2z 1 ).^(2z 2 ) 
0(2z, + (2z 2 + 1)) = 0(2(z, + z 2 ) + 1) = -1 

= l.(-l) = 0(2z,).0(2z 2 +l) 
0(2z, + 1 + 2z 2 + 1) = 6>(2(z, + z 2 + 1)) = 1 

= (-l).(-l) = 0(2z 1+ l).0(2z 2 +l) 

jSJ : \ Y Jll> 

f:(Q\{0},.)->(Q\{0},.) 
jc t->| jc I 

^jeQ\ {0} : 0{xy) =\xy\=\x\\y\= 0(x).0(y) : ^ 

Ker(0) = {x:xeQ\{0}, (p(x) = 1} 
= {1-1} 

0(Q\{O}) = {x:xeQ,x>O}=:Q' 



Group Theory >4j}ic\ji>iai otfiftfuJfy 



> :(Q/{0 %-n-Q* 

q{lrl}^|q| 
. (well-defined) jl ^Jal j 

V 9l!92 eQ/{0}:^ 1 {l,-l}).(? 2 {l r l}))^ W2 {l ) -l}) 

Hw 2 H^i lk 2 |=^,{i -i}).^ 2 {i -i}) 

: (J-Li) jAc. <p 

I ft 1= <fax {1,-1}) = ^2 0,-1}) =1 ft l=> ft = ±ft 
=>fc{l,-l} = fc{l f -l} 

: Jlill ^1 M(onto) Jft R t> fJjjM j" G oSl : \T Jll> 



or . : K — > 



x\-^ax + b, a^0,a,b,xeR 

e ^ i c^O i a^O <■ a,b,c,d,e,f e R 5^ oc ef ' or C)d * a ab 
a,oa. 

x h->c(ox +&)+c/ = acx +bc+d 

• up J 

a e/ o(a e/l oa aJ ,) :R->R 

x h-» eocx +ed +/ 



(J gJJJ (l) t>> 

«/^=^ ( 2 ) 



(ff e/ oa c >^):K->K 

x I— > ax: +Z> i— > acex +bce +de +f 

J J 

a e/ o(a cM oa aJ> ) = (a ef oa cd )oa aJ> 

tf, : R -> R 
x (— > x 

: (2) <> AiV 

Var^ e G : a X(P a aJb = a halb+Q = a ab 

: oc } _ ± ja a ab o»j£** 

a' a 

Va aJ> eG,^0: a x± oa aJb = or,^ = ar 10 

a* a a a a 

. a ja j (JaiJlj G Ci' 

Va,ce R \ {0} \/b,d e R : 0{a aJ fia e4 ) = e{a acad+b ) 

= <Xac,o = <x afi ° a c* = 0{a a ,i)od{a ci ) 

£er(0) = {a ab | ar a6 e G,0(a ab ) = a l0 ] 
= {a Ub \beR} 

' '• ( ) » j^- 3 -^ju 
Im(0) = {ar aiO |aeR} 

V£ 



Group Theory >.jJi5o>ia3 2D) 



0(G) = G / 



i^Vl R* + ^ ) 0:(R*,.)-»(R,+) J Jc. : U Jll* 

. (M^,.) = (M,+) : jl <^f>V f j£jJ*J*J4^ *3J^ c ^"'"' ! ' J_>^ ' -^jl 

Vx , j; e M* + : 0(x .y ) = log 10 xy = log 10 x + log 10 y = 0(x ) + 0{y ) 

^) = {x6R' + :^(x) = 0} 

= {xGM* + :log 10 x = 0} = {l} 

: ^VlS = R J J* Ji\ u*> 

Vy g K 3 10* g K* : log 10 1(F = >> 

0(ioo = j 

(r+ '%}= (r+ 'X^)^ (r - )=(M ' +) (i) 

^(x) = y/(y) => {x} = { 

=>x = ,y Vx,,yGR* + 



yr(*0') = {x.y} = {x} . {y} = y/{x).y/{y) 

: J gui (1) ^ u^ijxALj 

((A-r-^) ±u ^ y jii. jiui) 
G <J (jl | G \< °° i j»j j»jja jjxjxj* (p:G —> K jl£ I ij : > fl 

. |G| ^uoL (#>(G) Ate tfl) I ^(G) I J U*J^ 

gj| jrf V>i 0-j • I G / K er{qj) H I W 
|G|=|^(^)|.[G:/s:er(^)] 

H**(0l |% er ^| (2) 

: z G Z j < g g Q cjV <uV Q 

X+ZG^=>3/?,2GZ,?*(),(/7,tf) = l (±1 ^^jllo^ljSL^i^^i) 

* + Z = ^ + Z :ul^H 
: &q ^ x + Z ^ijuVlj 
(^ + Z) + ... + (^ + Z) =p+Z=Z) Wrj. J 4^ j-iJI) 

v __ J 

V 

vn 



Group Theory j*j3\Z&lai (Jj^l^JUt) 



p(j + Z) = r, sgZ 
^/ ^4 4*A >j s + Z = Z J li* se Z a 1 * ^ ^) 

?(5 + Z) = Z 

0=0(2) J ^U-fl jA Z) : nAjj-O^ 9> uV uVlj 

= p(r(s + Z)) = t(p(s + Z) = tr*0 

: J ^ ^ • (G,+) : W JH« 
VaeG VneN: -(na) = n(-a) 

: ^bjl! *1jMI : >A\ 

0=0: « = X* 
: « = 1 die. 

j-yVl <-i >ll (L.H.S.) = -a = (R.H.S.) ^ >» 

: n = m + 1 lie <a^-a ^jlc j^l & jjj 

Z J7.S. = -[(m + = -[« + ... + a] = -{a + ma) 

dil jaSI (> m+1 

i 

=~ma —a = m(-a)-a = (m +l)(—a) 

VV 



-(fl + ma) + (fl + mfl) = (1) 

—ma — a + a + ma = —ma + + ma = (2) 
O^j i a+ma <_>■ —ma — a (2) t>j i a+ma <jaj£*x —(a + ma) (1) t> 

. axilla i_> jUiall ^iii3 « (_VJ^» ^ 

s jxj a,maG G c& ( ! ) s jjj^* "^-y^ ^'j 51 <jt* : <k_pla 

. (a^)- 1 =Z>" 1 fl- 1 :(G,.) 
a,beG ^ aN = bN uj& ^/^^ jJ Vli. M • ^ ^ 

. (b) (a) ajj j o&j 

^.Ijll ^ (0) (jSJ 1+Z=Z=0+Z : UjjI % ^ = J»H 

• 00 = (1) ^jj J 

j^Uo . [6] = {0,6,12} c&j < G^y nz : n Jll. 

Z/ 

Z, 

182 

1 [6] _ 

Or</(5 + [6]) < 6 J ^ (5 + [6]) + ... + (5 + [6]) = 30 + [6] = [6] 



18ZA ^(5 +[6]) ^j^jlj. % 

Z/ / 

5 + [6],4+[6],3 + [6],2+[6],l+[6],[6] : ^ /18 %, n = J==« 



dil jx 6 

CW(5 +[6J) =6 a** JUL, jc < 6 (5 + [6]) + ... + (5 + [6]) * [6] 0*1 

v v ' 

• (£-V-^) Jli. jtSI 
VA 



Group Theory j^pic^&i ( jjVl(u-2]t) 

Ofi^jA^ UK jV) xH = Hx cP xeH c^t£ |j) . x<=G c& : j4 

£ij ,jjJI j*^>UjJI AC xH X& H li) ■ (H = (ji&jLiJ! 

: W^J G ^ 

ze xH,x£ H => z = xh,x<£ H,h& H => jc = zh~\he H 

. H (^i jc/f ^> ^jj . ^pasUS xe H cJu ze H 

// AjjaiilLi G (jjjl^JjuiJ (jiiSjLui-a (jjJC.j«-^.a ^.jjV Ajj ('ij-t (j*J 

^ x/J ' j-a-yJI <;ji>j) ajIUJI A£.jAa^aM j* r^H q\ <^-ya> c^j H 

cp] . xH-Hx o& ls^j H ^ j G <J J&\ jx^LuJ! 
ac jj£j j^G ^xoJ xH = Hx o\a xeH i xeH o£lUJ tsIS ^ 

• G t> ^J*^ 3 ^A>- 

G->G :n_ja- 

^fll J^l uj^ % -> G' j-j 



G/N 

. (p = (pop ojfe <J^ J> 

: j (p = qx>p <> : J-aJI 

Vn e N : = = qtp(n)) = ~(p(N) =e ( G' :yU-M 

neN 

=> Nc Ker{(p) 



<L*U*I ^AUll: JiiluUI 



.ku^IL i?> jj Aila iiiie. . (^uWI f jja jj-^Vl p:G-> ^y- <■ N c Ker{q>) 

(p: G / N ^>G' , <p = <pop 
. Ker(p) = Ker< <% « ^^jJjj^j p a^'^JJ-^J P u^'^Jj 

: oV ^Jm-JI Ja>UI Jl^J jj-j-j* Jft ia.jJ ) : ttfl 

<pop = (p=>\/a<EG : <p(a/V ) = <p(p(a)) = /?)(«) = ) 

<z7V h-> (p(a) 

\/a,beG:aN = bN=>b- 1 aeN => e =<p(b- 1 a) = <p(b- 1 )<p(a) = (p(by 1 <p(a) 

N(zKer(p) 

=> (p(a) = <p(b) => !p(aN) = ~(p{bN) ( G' J 4*Ji >-sJI ja e') 
Va,b<=G: p((aN)(bN)) = p(abN) = <p(ab) = (p{a)(p(b) = p(aN)(p(bN). 

* * 

jjSj dijaj aeG a'e G' JSl ji] . (iULi) UJj ^> ^jSJ (£) 

. (j-lt) JxLi ^1 j 0> pj| . = (p( a ) = (p{p(a)) 
Va g G:aNG Ker(<p) <=> p(a/V) = e' = <^ae Ker(<p) (°) 

<*aNe Ker W AT 
o /N 

Ker(f) = K ^iy N J J 



Group Theory j^jJij^j^ii (JjVl(u*21l) 



: oVIj . j-SL- : aNe Ker (% *=ae Ker{(p) : (*) ^ y) 

aN g Keri<(p y N => 36 e iCer(^) :aN = bN^ b~ x a e N a Ker((p) 
a e Ker{(p)) 



bsKer(<p) 

L)li >*J fj^JJ* J* (p-G—vCj c)£> I jj <il ^jic u*jj ^ ^ ^•ialmL : Y V JUL* 

VaGG /Ker((p) 

aKer((p) h-> (p{a) 

(p ^jj3jjx_^jA Ajl ^cjoj YYJlia ^ N = Ker((p) ,*^ajJ : pU ^1 

: J Y Y JllaJI (> i=$lj£ . aUa*JI Aj-aUJI (jaaJ 

tfer(p) = Ker{(p) / Ker{(p) = {aKer((p) \ a e *er(p)} = {tferfoO} 

jjU^li j^iJl jAj Ker(q>) ja .iJ j ji^jc ^ (jjiaj Ker{(p) q\ d 
£ i>j •(( 1 ) °- r "^ ) ^ '^J u_& P o\* JMLj ^Keriq)) %JA ^ 

• lsj^ »>» 

^G/ 

VaeG /(%) ^ (Y) 



G 



G/N 



G/a1 

: oVj . (*) J^l uj ^ : ^ % 



M/ , = / M/ _ =,~7j(G/ \ - G/ 



(aM) y 



'N/ 



h-> aN 



'M 



AY 



Group Theory >.jJli^j>lij (JjVl^-«2Jl) 



H 



'Ker(f) 



■> Im(/) 



<■ xe Im(/) i(x) = x ifleG v(a) = aKer(f) ^ 

f(aKer(f)) = f(a) 



G 



V Ker(fr Co ^ 



r 

Im(/) 



3,f 



f(a) = fta) VaeG 

f(aKer(f)) = f'(a) = f(a) => f ( J-U) ^ 
J(aKer(f)) = ed f'{a) = eda<= Ker(f) 

=> / ^iji^ij ((1) o-r->) 



AT 



7.6.5.4.3.2.1 : j* y 1 j^Ajc Jii J^kj ! « /„ j^licAJe. : >J 

. G (<jjj) j i <il If. JAxJ LojoilS (jj^J G a^a j ja. a^o j 

. a^Jolxa t_J jUolaI! gjjjj • 7 Ji •■■ jl 1 t"l.«>^ V]j 7! jxmijV 1 1 j 
<> a.li _aioll G t> 4jj jaJI Sj* jll jli a^j G I j) ^ t> = tV Jlla 

. G 4 jtjjU 4_uja. a^a j [JjSj G ^i<^l if- diLu^a 
. G Jj-alic dlLxJJx (j-a a^ljlall G (j* Ajjj?-^ * ^ S (j^jl I ^1 

jxAjc CjUjj* 5^ t... i s 2 i s x x = s ] s 2 ...s k : • XG S 

^Ujjx L^. I^jL JjSI! j^ 4* (a 2 )"' =0 -1 ) 2 u^j • ((^-^ 

: jli ijAic. i gG G j£J u^'j • J'^' r - 

g~'*g = ^Vg^g-g" 1 ^ = tA-hA = s~ x Sig. 

: jli a. G G ^ s i = a] jV 
h = g'^g = g'^igg^^g = (g'^g) 2 

• G t> ^ .vj.'k 

(proper) J) ALfcua* l^jj G Ajj ja. S^a j j* i/ 4jj j> ij* jJ JIL : TA Jlla 

. jjUxII G j.^r- >>> e tjja. H *{e) lil 

j3_J ^IS / JS1 Aila (H-^ ^-^) o-j ^ b j C? (Y) (V-^ ^-^) j> : & 
.pi 1 L*A iaia qLuJs Al p . t AjjjII G Cy* j ^ j?. Sj-o j U..ufl; jj 

G jl tjl . G t { e } Ua G jjjJj^^l ojj^jII (ji jxjll <jli JUlLj 



Group Theory ^\^>j3a> (jjSfip— 2J1) 

(£-1 .-1) : < ±\ k 

. Ord(y) = s < Or/(x)=r uj x,>;g G o^l . G o&J : M Jll* 

. Ord(xy) = rs cJp (±1 ^ ^ H ^ ^ s ' r ^ ^ ^ 

: a li U\±\ G : >A\ 

(xy)" = xy.xy...xy = xjc^jc . yo^-y = x n y n VneN 

■ & JUL j 

(xy)" = X ".y n = (x r ) s .(y s Y =e.e = e (G J ^^11 e ) 

(1) . rs ^ Ord(xy) JULj 

( = ) s & f c>J e = (x r ) m =y~ mr c>J • x m =y~ m : J g% 

. m ^aij s jj] t r S ^ji a£ >% 5 o^J ' mr 

i sjZ&a t_j jlkJI giu (2) ' (1) t> • (2) /w ( — i3 
. {a} Xc t> Sal jLJI i ^ AjjjIoJI s ja jil G ^Sl : r» Jilt 

. jtil) * ({a 2 } Atj^l 6- Sjlji-JI Aj3>B Sj-jM c^) # = [a 2 ] 

. G jA A£jLlaS! tlllc j aiA jLsal 

I 2 ,/ 3 } Sj-jSI f <*jj*jJ ^) G = {e,a,a 2 ,a 3 } Sj-jB : iM 

H A^>il Sj* jll j (jjU-ll G >^ > e) ( Sj-jJI i = yf-i 

■ H = {a 2 ,e} : ^ 

eH = e{a 2 ,e} = {a 2 ,e}=H, 
aH = a{a 2 ,e} = {a 3 , a}, 

Ao 



a 2 # = a 2 {a 2 ,e} = {a 4 , a 2 } = {e,a 2 } = H, 
a 3 H = a 3 {a 2 ,e} = {a 5 ,a i } = {a, a 3 } = aH 

: LaA (jUI_>xuj (jlj^jLiLa jrt^> « ^51 jll J ^ i_sl 

# = {e,a 2 }, 
aH = {a,a 3 } 

. HvaH = G * HnaH = 
H*G <G <> *£>il Sj*jB ^ i/ uSSl : n JH» 

/fa = {e}a (G J *U*H j&e) : J* aeG c^^l : 

= {ea) = {«} 

. {Y} Afij^J! ^sjIjUl (Q\{0},.) Jajjj^I S>»jJI ^jl : T1 Jll. 
jli JttLj . 2" 1 jA (mj*^ ^) "•" AjL«JI Jl 4+uull? 2 u-jS«- : J-^l 
. 7i e N ^ 2"" J 2" jjK.^I .jj 1^1 jjjSj {2} 6- sj! jl»ll <u j=JI Sj* jll 

. {1} i> Sj1_£JI (Q,+) J <£j*l\ ^jl : 

— 1-1... — 1 J 1 + 1 + .. . + 1 J^JI cjc- UJ^J ^j?^ oj-jll sjiA jx-aLk. : J— ail 

v v ' ^ v J 

CjI jxJI (ja n CLiI j^ll (jx /j 

. Z S >. jll ^ n e N 4» 

.l^u. j^ifil ^ ^ jijj-jji o^jjV ... ' 7 3 ' 7 2 ' ft d^^ill j-j :_J_^I 

<7 3 ^jli < ft, J I fl 2 3 4^ lij . fa JH. 

[2 1 4 3) 

a 2 = (1 2)(3 4)(1 2)(3 4) jli ^ a = (1 2)(3 4) J : 

= (1 2) 2 (3 4) 2 =ee = e 

An 



Group Theory >vJlC^j>tii (Jjtitl|«— 2Jt> 



. a 3 = aa 2 = ae = o = (1 2)(3 4) : jli ^ o-j 

: (jVlj 



Z, 



J /n 
x + nZ i-» x + />Z 



Z /pZ 



\/x,ye Z :x + «Z = y + nZ 

=>x-yenZ=>3ksZ:x-y = nk 
=>x-y = plk,kl&Z (n ijuZ p\n) 

p\n 

=> x- ye pZ => x + pZ = y + pZ 

f(x+nZ) = f(y + nZ) J J 

Vx,yeZ: f(x + nZ + y + nZ) 

= f(x + y + nZ)-x + y + pZ-x + pZ + y + pZ 
= f(x + nZ) + f(y + nZ) 

(Q,+)*(R,+) «ul rv jii* 

p(l) = A: u^j • ?j*jj*jJ <P : (Q, +) -> (K, +) = t'M^' 

^ = ^(1) = = ^(1 + ... + 1) = b*0 uVlj 

o Jj 5 b 

v 



AV 



VreQ,^0: ^(-) = p(- + ... + -) = = *- 

o b b b h b 



Aj^^ll i^&Vl ^ JaSi (j_jia^ (Im($>)) {(p) u\* k €. Q ty 

<LLi ^7 tjiojV uiilLaJI -ji^ll tjij AiL^aVlj (irrationals <n^l jjc.) 

(R,+)2f(R\{0},.) rl ,> » : rA Jlla 
(j-bi) J-Li ^Ij ^ V -fj^jj-jJ 9»:(R,+)->(K\{0},.) cH ■ 

• <P(y) = -1 ±>j> Ajli 

-1 = ^) = ^ + ^) = [^)] J 

J t^ 6, u* • 2 = G jjfi L^SjIj G t>» ^jj s jaJ i s jaj G <j£ll . T^ JH» 

u*H6£* J*) aHr\H = (j) * aHvH = G : agtf . aeG JSS : ,-)U >4 
■ Ha = aH J ^ S ^L Ioaj (Ha*H jli .dliSj HanaH^a rfi j .2 = G 
u£ ^*jA> s j-J # (J^j • = #a o]* a£ H cP> I i) 

.(! Y. Jli. jliil) . G 



AA 



Group Theory >«>JlC^j>lii (AjHfLvjA) 



Mc\N={e} ol G ^ u fou^ o&j*- o£j*j N <-M c& '• * ' 
. m« — nm : n e A/" <_&lj msM <J£1 o* j> • G ^ AjU-all j^ai*l\ jA e 

n~ x m~ x nm = n x (m~ x nm) E N (G ^ <i*jjL ajj j*. a j Af uV) 
= (n~ x m~ x n)m eM (G ^ ajj s j* j M t#) 
=> rf x m~ x nm = e=> mn = nm 

Mr\N={e} 

jjSj 4-ul$jV "ojaj tj\ (A-^ "\~}) AjjjWI j-O^ J^-aij "SJj^j t> : <*M >4) 

G = {...,a r ,...,a x ,e,a,...,a r ,...} 

tjli jj^jc j t G — 1 ji.li I4>° a' e G oSj! 

G = {...,a" 2, ,af',e,a',a 2 ',...} 

: GGjVj 

=> = e (jjU-ll G j^ e) 

f(l-r) + l = 0=>(r-l)f = l=>f = ±l 

. a -1 j* -ip. j ji.T Aili I .}]>« a ^ 

NM :={nm\nE N,meM} J jp& : 

Vas G: aNMa~ x cz NM 



Vae G V«m g JVM : anma 1 e JVM J J\ 

■ u^j 

a(nm)a x - {an)ma x = (ka)ma~ l ,ke N (G ^ ^utnL i j*j N <jV) 
= k(am)a~ ] = k(£a)a~ ] ,£eM (G Wni> <£j=- s ^ j M <$) 
= (k£)aa~ l = k£e,k£& JVM (G J *U-fl e) 

= He JVM 

c^jllj , Sj-j (G,.)dijl£ lij <d ^ f Uil (^1) a£ jLUI (jjilS (j^xij : if Jlli 

6 i_jiLo j i 'lull o-A^-l 4 i^^^ill (_l^)jJaJI (Jj»<al ja. (J£ (jli (7 ^ j>^il \c Cl n l ... ' flj 

l 

r+l r 

n a i =(n a -) a . + i 
i=i i=i 

r 5 r+s f * 

(n fl /)(n = n : ^ ^> ^ 



1=1 y'=l k=\ 



.5=1 ^jc. l_ijjxjll ^j-a • li& 

(jl <_S> ' S = m .lie. gj-> ■ I^A jjVI (>ajjij 



r+m 

(n «,xn «^)=n 

i=l j=l k=\ 

r nrt-l r m 

(Ti «*xn = en <a<n ■■ & ^ 

;=i j=i i=i y=i 

r m 

r+m+l 

i=l y=l 
r+m r+m+ l 

= (n «*H +m+ i = n a k 



k=l k=\ 



Group Theory ^jSS^^ai 2J1) 



. a n « ... < <3 2 4 a x — 1 0»\ ji6U £j^sj <Ljla (^L <_J ji^JI Ji-aU. Jfiaj (jVlj 

• t> a„ 4 ... « a, +2 ' a, + , J a, ' ... ' a 2 « a, — 1 

• « <> 

Z> = Jj a t ,c = Yl a. : J&V&kj 

i=\ j=l+l 

^bc = (Yl aXU aj ) = f\ a k 

i=l j=i+l k=l 



<j*j* j 4 i 3 i 2 ( 1 o^jJ 
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4 3 2 \ y 
Octic group 4-JLu3) a >a >SI : £ o Jlla 
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jlaljj tPlI 24 '13 <0y 'OX JjLoJ iajka. Axjjl Jja. CjU£*j| AjojI Lai tdliA 

'1 2 3 4^ „ fl 2 3 4"| (1 2 3 4l 



(l 2 3 4^1 
3 2 14 



v l 4 3 2 y 



'4 = 



2 14 3 



4 3 2 1 



Group Theory >.jJl5oi>i*» 2ty 



: 15* jfl Oj^j 

{e, a, a 2 ,a\ J3, a 2 (3, aft, off}} 

m M?- A^.n (ab) n =a n b n uj *j- j G : n ^ 

. ajII^j) G J (jia o*J^ • a,bs G l5^j n + 2 m + \ 

: lipl : »II 

{abf=a n b n (1), (ab) n+1 =a n+] b n+x (2) , (ab) n+2 = a n+2 b n+2 (3) 

: J 2^ (2) t (1) t> 

a" +, Z>" +1 = = (ab)"(ab) = a"b n ab 

=> afe" = Z>"a (4) (ZT 1 'a"" ^ a?a>i3 u^l j jM <> ^ >*^) 

'■ <J (3) ' (1) a* j 

a" +2 Z>" +2 = (ab) n+2 = (ab) n {abf = a"b n abab 

a 2 b n+l = b n aba (5) ( ZT 1 < " ^ a?a>il a^JI j jL-jJI M jjJL) 

: ji jSij (5) i (4) t> uVI j 

a 2 b n+l = Z> n aZ>a = aZ>"Z>a = aZ>" +1 a 

aZ>" +1 = Z>" +I a (6) J*- a -1 ^ jl^l i> <jja jUI lj 

: (^k. J^iaJ (6) ' (4) t>j 

aZ>" +1 =b n+, a = bb"a = bab n 

ab = ba : ^^Je- J> ^->i ZT" ^ tjJAill <>« (jja jUI s-> 

■ G J ^ 

: as G JSlj « a,Z>€ G JS1 (aZ>) 2 = (Z>a) 2 l«i ^ G = * v Ji. 

, (ajU-JI G jju^ik: e) . Ail^jj G ^ 0* • [a 2 =e=> a = e] 

: lial a,Z>e G (jSJ : rtU nil 
a 2 = {{ab~ l )bf = (b(ab- x )) 2 = ba 2 b~ x => a 2 Z> = Z>a 2 

(V 1 ) 2 *"' =Z)" 1 (a- 1 ) 2 (*) : J L^t 

: jli'^iS 

<rVa = (0(a _1 ) 2 )r'a = a{(a x fb- { )a 

= a(b-\a l f)a = ab- l a x (**) 



intuit : uji I 



b-'a- 1 b = ba- ] b 



(***) : CP J^hj 

: ^Jc J*-aaj c := aba x b~ x ^ 



c z .= ab(a- l b- l a)ba- l b~ l = a&(arV><TV = aba{b' x a x b)a x b' x 



= aba(ba- l b- l )a- l b- l =(ab)\a- l b'y=(ba)\a l b-y 



= (baf(bay 2 =e 



aba l b 1 =c = e 



3 Z&i O^J^I 1>J 



ab = ba 

aJIju] G 3 d 
Dihedral groups (4aSUlll) : *A 

a f\ 2 3 ... ri] [12 3 ... n\ 



2/r 




1* 



Group Theory jsjl^j&j (Jjirtn-ijl) 



^cljjll * j* j is* A J • A01 J^-° J ^ J»Aj 
^ t 4^11 jjxjll j-ait e du^. a" =e = J3 2 J . (Y Jll. (t-t-^)) 

: {a,/?} c> 4>" £>„ J J& (jVI t» • or/? = /far 1 J ^1 j 
: cP i a ,P) i> '"^ Jj c?-^ x I j] 
x = cfifiWp h ... (*s- -j^ J-S, i l ,i 2 ,...J i ,j 2 ,...e Z 

0*0", A, fie Z ■■ J\ >^ fia = a l j3 oSl 

fimJii ^Uij » r = 0, 1 * < s < n - 1 ^ a 4 ^' ^ >J.ni^l ^ ill 
i> sjJ s j* jll x J ji Jj li^t list J . a" =e = fi 2 

x = Gr7?',0<s<n-U = (or)jW=l 

: (jV t ^i-gilj it jl ^ 2n — 1 J Jc (jV! 0* J 

V? =1 

(0<s<«-l uV) li 1 , -s 2 \<n c&j s 2 - si — 1 L-IS a&> n uj* =e u 1 * !i j 

oiA ^ Ajt J . = t 2 J fi h = P h Jj <J±5i I^A J 5, - 5 2 = uli fJ U-J 

J ^ Ails i ^ i_ ' 2 = /? ^ ' jj ^ • <, = f 2 ' ^, = ^ 2 a& 

o^Lu liAj t a 2 = e cP £ o-j ' <^ 2+1 = a* 1 "* 2-1 M u_& A* = of 1 /? 

J LbJ ujSj <d . n > 2 

(£)„ j> A\r . ^ac. jA 2«) I jjL-ajc. 

«r^',0<5<«-l,? = J ?=1 

.Aj^.j jll iji jll (JS {C^yfi}- <C ja^xII ^ e^l jlall Sjx jll jjli ^>J (j-aj t AhY\\ a l^K 

Z(G) >jlb aJ >jjj (centre of G) (G) j£>« j*j .Sj*j G jS3l : f ^Jlia 
Z(G) :={flGG:ax = xa Va e G} 

G t>» 4JJ ja. o j-a j Z(G) ( I ) : <jt J^ 



((£-£-^) ^ A Jll. G/ Z(G) Sj-JB 

= {«€ G:<p a (x) = l G (x) \/xeG} 

= {a g G : axaf 1 =x \/xe G} 

= {ae G:ax = xa \fx e G} = Z(G) 

^ 1 G . G -> G . j ^ G G ^ ^| J ^ 1g j 

. G -J kAL\Jt cjL jjij>»iijVl J* (Im(#j)) s jj^ <jl Ji^V (ij) 

: ^jJc. J- '» A— ^) ^jjijjxj-oj^il 'Sjjiaj t3f^J 

^ (G) =>G 

. G ^ ^J, ^ Sj-j Z(G) uV i j-j ^2(G) ^ ^ M : '* lU ^ 
: a,be G JS1 <d ^.y^^L li* . jce G <Ap- xZ(G) o^J j aijx ^i] ajjjIj 

.Z»Z(G) = ^Z(G) * . aZ(G) = x*Z(G) ^ 
: t jla t5 Mj J . b = x'y <■ a = x k z : <jj Aw z,ye Z(G) ^ ^ 

= x k zx e y = x k+e zy = x l yx k z = ba Va, be G 

. U\±\ G J J\ 



Group Theory >4>)t5vj>^ (jjVl^OIt) 



( The commutator of a, b) a. b L M *j j*j a,b&G JSl . G<j£l Jtl» 
j^ljltll AiSjaJl Sj*j5l ' [a,b]:= aba~ l b~ x ajIj [a, 6] >> jJU ^ jjj 

JlLj G'jxjlj 1*1 j«>jjj (7 ^Ul^jl 5 >* j l^jL {[a,b] : a,Z>e G} ^ j^^li ^ 

G / = {[a 1 ,fe 1 ]..K,feJ:nGN\{0},« 1 ,...,a„,Z Jl ,...^„GG} (m) 
G'<A\±}^Va,bEG:ab = ba 
« Va,&e G : aba x b~ x =et=>G'={e} 

[a, b]~ x = bab~ x a x =[b,a] : J J^V (m) 

axilla i_J ^ii) ( ^ — ^ ^ — ^ ) J 

. G (j* 4j*jfL Ajj ja. ijA j ^ G jJi CiLJIjijj j G' tjl ^gAc. ^j* jj : o Y <Jtl« 

VxeG V[« p &J..ra>„]eG': 

x[a,,6,]...K AK' = 

, b x }x~ x x\a 2 , b 2 ]x~ l . . .x[a n , b n ]x~ l 
= xa 1 b i a~ 1 b~ x x~ i xa 2 b 2 a~ x b 2 ^x~ x ...xa n b n a~ i b~ x x~ x 
= [xa x x~ x , xb^x' x ][xa 2 x~ x , xb 2 x~ x ]...[xa n x' x , xb n x~ x ] £ G' 

% 2u3|^j aG'cN 

: G'czN uSU : jJI 



\/a,beG: aNbN = abN = ab[b~ x , a x ]N = abb^a'baN 



G'cN 



= baN = bN.aN => G / N U\*A 
a h-> aN 

\/a,b& G:p([a,b]) =p{aba%- x ) = p(a)p(b)p(a l )p(b- 1 ) 

= p(a)p(b)p(ay l p(by = p(a)p(ay l p(b)p(by l 

= N=>[a,b]eKer(p) = N 
(0~V-^) jtsl . Ker(p) = N . ^U-ll % N J J^) 

: (The centralizer) C(A) 

C(A) := {x : x g G, Va e A:xa = ax} 

• G t> <£j*> Sj- j C(/4) ( 1 ) : J (^ifc t> jj 
AdG (G aJI^I V> * j-O) => v4 < C(^) (m) 

: uVl j Jl^e aA— II G J £^ J ) : '' )U ^ 

x g C(^4) => Va G^4:xa = ax=>VaG^4: ax -1 = x _I « 
=> x" 1 g C(^) 

: ^ 

Vx,ye C(A) : Va g ^4 : xa = ax,j>a = ay 
=> xya - xay = axy => xy g C(^4) 

>>eC(/0 *eC(/l) 

[as A ^> as C(A)] (7 <> s, ^ j ^4 (m) 



Group Theory ^jJii^iii (J#i|«-«aii) 



. "4j»jjW A (J tlmj <ji <_ s SjJJ • C(A) t>o ^Jjj=» » j A (ji 

Vx g C{A) \fas A: xax' 1 = axx' 1 =ae A (C(A) <-sjj*j t>) 

• => A c C(^) ^ .> » j 

Va<= H:a 2 =e^Vae H:a l =a<=H (1) 
Va,Z>e # : ab = a x b' x = (bay 1 = (aby { : jli ^ 

U\±\ G 

=>(aZ>) 2 =e=>abeH (2) 

. S jJiUo jll-i a\\ gut es H <iUi£j (2) < (1) t> 

? LJ 

<■ G = S 3 (=y 3 ) jfic-l : .iLi*. • *U*JI ^ »jM : 

(13)(12) = (123)g // : uVG^^>Sjxj^//./f=={ e ,(12),(13),(23)} 

AjLac. ^ j tjj^j (jji iiiic . jll <£ji»31a ^jJ jS n <j#j o^j 

C/(10) ^ t/(12) J <> OAj, : QV Jli* 

U(\2) = {1,5,7,11} , C/(10) = {1,3,7,9} 

l 2 =l(modl2), 5 2 =l(modl2), 7 2 =l(modl2), ll 2 =l(modl2) (*) 

: J^h. #>:£/(10) -> t/(12) t&l oVl j 
#>(1) = <p(l . 1) = ^(l).^(l) = 1.1 = l(modl2) 

<p(9) = (p(33) = <p(3) 2 =l(mxll2) (x 2 =lmod(12) ^ x e 1/(12) (*) <>) 

jSUij ^ (j^alli <p(l) = <p(9) <J J\ 



y = (R,+)-(R, + ) ^ !tA , Bt 

? ^ Jyijj- jji ^? Ja ? <_$.iUi jliljj Ja 

VxjeK: ^) = f(j')^x 5 -/=0=>x = }'eM 

(p{x + y) = (x + yf * x 5 + y 5 = <p(x) + (p(y) 

. !>l£Lij (JaJ Jtilljj jjjjjjj^jxjA (jaA (p jl (j\ 
: a& G c^V L jjajjx j^ja <p:G^>G' cP> \'4 '• a ^ 

(a) = n => (^(a)) | n (n ^ ( ) ^jj j) 
Ore/ (a) = n=$ a " =e (G ^U^il j.,Vi.tt) : >4 
=> = (p{a n ) = e=> Ord(<p(a)) \n (G' J 4^ e ') 

r #>:Z 12 ->Z 10 . t 

. LajjSj_a/i_ixjA _ jl£ La |j| : 1 « JU4 

x I— » 3jc 

: J-^S1 

p(3) = 33 = 9 => p(0) = <p(T2) = (p(l + 3 + 3 + 3) 

= 4^(3) = 4(9) = 36 = 6*0 

. Lajjajj-aj^i jA (JjJ ^? jjj • (( 5 ) V— f— ^ ) (jiaSLjj 

.Ker((p) = {0,10,20} jljlj 4 L jJj^^ja p:Z 30 ->Z 30 o^i : H Jit 



) » . 



Group Theory >«jJ!jo>laj ( jj^ln-*2)l) 



: J-aJ 

6 = ^(23) = (p(3 + 20) = <p(3) + ^(20) = ^(3) + = ^(3) 

^(3) = ^(13) = ^(23) = 6 

. 3,13,23 : ^ 6 Up tpll lull J tft 

Z/ j 
• All ^ 

^ "%Z lMI ^ ^ J %7Z ^ ^ > ' 0J " J ^ J 

j.^-ll Xc j«->« ^ I'luijl ( ^? ) al jj t J jl asc 1 7 j) tijja. t>»j .17 — 5 m 

.^ji^l ^JJI ja ^uj^j ^( 7Z 0+17Z 

(cp{x) = (p (1 + ... + 1) = a + ...+ a) <p(x) = ax : <j* jj-Jljli 

dll jJI (>a X d)l jaII qa X 

.10 = Or/(Z, ) -S L-IS 0«/(p(l)) o& (r-> .-^) gilj^f ^ <> u^lj 
0r</(p(l)) cAJ • 20 >j <9™f(l) ^ Ord((p(\)) &UI M Jli. <> ^ 
0</(#>(l)) = l,2,5or 10 '^j 20 . 10 ^ ^ 
^(1) = = 10 oji Grrf(p(l)) = 1 <1U ^ 
<p(l) = 5 uj% Orf(p(l)) = 2 Xl^J 
(p(\) = 2,4,6 or 8 0</(p(l)) = 5 ^ 
^(1) = 1,3,7 or 9 CW(>(1)) = 10 aIU ^ 

dlLa jjS J_j-a _o-a jA 10 .!> JJ <Ul 



^ . 1 



[41 



dSliS 9 * 7 * 3 uj^ (^-^-^) jrl^VI o-s Z, Jj- jU Jj- 1 u^lj 

% . H j-Ite jjJ . #:= C % 0] . G = %0] ^ : nt J ^ 

: J?J 

# = {0 + [20], 4 + [20], 8 + [20], 12 + [20], 1 6 + [20]} 

Z/ 

% J ^ . %] = %Z ^ %" [2 °j 

^ r [20] 

G / H = {0 + [20] + //, 1 + [20] + H, 2 + [20] + H, 3 + [20] + H } 

4 + [20] + i/ = # (4 + [20]ei7 oV) 

5 + [20] + // = l + [20] + /7 + 4 + [20] + // = l + [20] + /J + # = l + [20] + # 

6 + [20] + # = 2 + [20] + # + 4 + [20] + # = 2+[20] + // + # = 2+[20]+/f 

7 + [20] + 77 = 3+[20] + /f + 4 + [20] + i/ = 3 + [20] + // + ^ = 3+[20] + // 

S + [20] + H = H (8 + [20]e// jV) 

... Ij&A j 

Z„ <Jj Z n t> cjUjja J>a jxj^l ^o-a- uj& : 1 fl 

^:Z„->Z„ - -- - 

1 h-> z 

aH=bH J tl.^ J <£*j » A— ill Sj-j ^ <d Vti. : H ^ 

4jj j (a) AJJ J 

6 = (123) . a = (12) . G = H = S i (=y i ) iih : tUH 

(12)S 3 = S 3 =(123)S 3 . 
Ord (12) = 2 , Ord (123) = 3 



Group Theory j^jJli?o>lsu (Jj¥l|»— lit) 



i> *£j=> ».>0 J ^ <>jj ■ # i> Vj?- ""j^j N ul <^^J 

• G i>o 4j* nil 4jj_>?. // <— ijlS I j] iaaSj I jj 

: <jla ^ • % t> V>> S j- j H / N " <= " 

(xAO -1 /zAWV = x~ l NhNxN = x~ l NhxN 

= x~ 1 hxNe H / N ,*£ G,h& H 
=>3 A'e H,3ne N :x~ l hx = h'ne H (Ho* s j-j^V) 

• G t> j*j H c} d 

li) .^er(9>) = {l,ll} * L jajj-j-j* p : C/(30) -» £/(30) c&I : TA Jl. 

. 7 ^ p _j U ^1 t/(30) j^bt ^ p(7) = 7 

: J-^JI 

2/(30) = {1, 7, 1 1, 1 3, 1 7, 1 9, 23, 29} 

(p{\l) = (p{ll) (77 = 17(mod30) <$) 

= p(11.7) = p(ll)rt7) = 1.7 = 7 

f\ n'uiib 7 ^9 j IgJjjjuo (jjS /7(30) j^i <_SJ^ jj^alic -^jjV 4jjaJilLj 

. iaSa 17 '7 (_jA 7 l^j^ ^1 U(30) ^ ^U*JI J ^ '7 

c i^er(^)= {1,9,17,33} u^j ' k# jj-j-j* p:{7(40)->£/(40) = n ^ 
. 1 1 l«3 jj^ Jft U(40) ^ ^jli c ^7(1 1) = 1 1 o^j 

^-'({1 1}) = 1 1 ^er(^) = 1 1(1,9,17,33} = {3,1 1,19,27} 

((mod 40) ^ i-iL-aJI) 

('o^iUa ^Ut *U Jio tilJjS jJail) 



; $)=1 jSI .(Euler's phi function) <p JjjV *lb 

<> Jal ^jll <la.>all A«>j->..^\l .il.iC.Vl -i-iC- ^ 0(n) 1< W £JSul^> .He- JSl j 

. Ord(U («)) = J Jia>V . a£ jLix ^IjS n j^j I^Jlu qAj n (o- .>^) 

^aJI ^ djja. ^] ^(d) jA Z t Z n <> tlAxjjSjj-j-jaJ! .lie. J ^ JAjj 

4jj j ^jli lilA ^^k. e_plc.j . Ajj^t 1 ^' "t>J*J>\ -ilj-ii ^ 1 " jj^aJ' <jl > 1 171 j Z^. 

Elementary 4jjIjSjVI .il.ic.Vl o* ."(jf* ^ * lsj=^ ^jla 

. k m —1 ^JiaVl t£S j^iuJ! ^ilSSI gcd(n,k) _>a ^ 0(d) J ^ Number Theory 

d|n,A 

(>j leZ n i Z 4 Jt\ Z n <> / ^Jjil L*Ui iiaj /(l)uj t>j 
g^i n_! ^-15 (/(!)) ^7 Jli. o-j < k _J^tf (/(I)) ^ 

sj-j k ^ K / N J^iii i*i ate* G / N t> sj-j J c> 

(m) (T-i-l ) G <u> s j-j uj^- ^ up . := ^"'(Z) ^ 
%-^) = ^-'(^) = Z 

<jL=- ^^J^'^ 1 ^-U^l ljI j X ,J Jj^JI CjI jiiS Z[X] oSjJ : VY Jlla 

r . ^:^X]^Z 



Group Theory j^pljojiii 2M) 



Vf,gzZ[X]:<p(f + g) = (f + g)Q) 

= fO)+gO) = <P(f) + <p(g)^<p 

^cr(^) = {/ e Z[X] | ?>(/) = f(3) = 0} 

= {/EZ[X||/=(X-3)g, geZpq, degree (g) = degree (/)-l} 

( 3'0) 4 j-i'l'lllj lg jaI (_gj"l mi nil i '<-> 1 jni \\t, AC j-a^-all ai& (JjUJ 

liLaJ . G — 1 Aj-a jjdjj-ajxjA ttjjj^a ^jSilj Ajgaia *t>J*j G I V V JlLa 

? (G) ajjj o& JjS3! .^<;*j 

1 = Or<%(G)) = ^ (G) (= [G : Jfer(p)]) 
=> Otf(G) = 10. Ord(Ker(<p)) 

• G «a g j^*^ ^ j %y ^ 
<p:G^ G / M 

^cSjjj ^ jjj jjajajA <p:G —> G' (a) <JJJ o 1 Jlla 

liLaj . G ^jg'iio uA? - j^jj^j^j* opjy^* ' 0^ •' V ° Jlla 

? (G) ajj j (jc. JjSl! dLS-j 

.(15 i\0— 1 >^>Vl jLiJl U^L^cil 30 ^) 30—1 iicLjx. (G) 



j> >iV . 1$j G/^ lij . Q 4j4"\\a 'oj^j u-° ^j*j.'^ > »^><0 -A/ (j^ii : V 1 Jlxa 

Aj^lia G (jl (jialjjal (ji (jW 3 V1j-o -i»C-l . tt <JJJJ J' ^'"*- IfJ G jl dlJjli 77 

* Ord(g)=mn j Vi J\i« . geG ^ Qr/(gA/)=«eN u$J : nil 
t G = Z ^jL. G Ijj . Ord(g m ) = n dH JMhj . meN ^ 

. 2 <3oij Z ^3 J Uiu CW(1) = 2 « le % z -# = 2Z 
0* ji . Ord(p/jj) - m j < G t> ^jjVi Aj3> Sj-J iV dd£ |jj : VV Jilt 

. xe G ^ x m <= N Jjc 

Ord( G / N ) = m => Ord(xN) \m Vxe G 
=>(xN) m =N VxeG 

jJal) jg G x m e N d iS ^ i I xe G £^ x"W = JV J i$f 

. AjjjIj jjc. <jj£u Aut(G)d\i AjII^jI jjc. » G tlul£ lij Ail cs lc JAjj : VA Jlla 

(G _i ijklJ d.Lcj^ j> jVl ij-j) /«/(G) J^ij Int{G) = G / z ^ 

Aut{G) <> s j-j 7«;(G) ol ^ (V-U-^) ^j^Jiill <>j . <jjjb 

. Ajjjb jp.Aut(G) J jjij 

• xe iV jjtu*^' «d >i*ll ^151! gcd{0rd(x\0rd( G / N )) = 1 
gcd(Ord(x), Ord(G/ N )) = 1 => gcd(Ord(xN), Ordip/^) = 1 : ^Ujil 

xN=N-J J . Ord(xN) = l & J&ij 0rd i G / N ) r*i Ord(xN) c&j 

((Y-o-1) xe 6^ ^ c>j 

^ .1 



Group Theory ^jjijojiis 



<p:1->R, <p(n) = n (i) 
p:Z 6 -^Z 2 M 

?>:Z 9 ^Z 2 (^) 
x f-> = 2 4^51 x <j3l?fl 

( 1 ) : M 

Vm,neZ: <p(m + n) = m + n = (p(m) + q>(n) 

£er(p) = {x e Z : (p{x) = x = 0} = {0} 

7 = {U;5} . X = {0,2,4} v) 
VxjgI: <^(x + >;) = = + = ^) + ^(>')\ 
Vjt,^g7: <P(x + y) = = 1 + 1 = (p(x) + (p(y) \ <p ?j*jj«j*j*> 
Vxe XVy e 7 : <p(x + y) = 1 = + 1 = ^(x) + pOO / 

^r(^) = {0,2,4} _ 

= p(l 0) = (p(\) = 1 u*Sls 

• ^» j^J_^>°J* o*^ ^ tip) 

(Jjp- J-Uj Z JJ Z 6- ( ? ) 

Z 2 J] Z 6- (m) 
Z 2 Z a- M 



Z 8 J] Z c> ( ^ ) 

J-^J 2 8 Z t> (_a) 
j-l&j Z 5 Z 12 o* ( j ) 

Z 6 J! Z I2 <> ( J ) 

J-Uij Z 6 Z 12 t> (^) 

Z,4 J! Z 12 o- (J.) 

Z 16 C^j Z, 2 0- (ci) 

. XaLi ^ jjajjx j^il (jjfLi (jla t*Sli Ijc Ujs U . #>(1) = —1 J (p(Y) = 1 oj^! 
n?t±\ lili {mn | me Z} ^ {(p) »jj^> uj^l-i = n '4* 

^(1) = 1 « ^(1) = — J U^J*^ U U j^Jj^J-J* (m) 

<pQ) = 1 — J <-»j«j ^ j {O^jj-^j* (— 
#>(1) = i,i e {0,1,. ..,7} ^UjJj^^jA ^ ( j ) 
= 1, (p{\) = 3, (p(l) = 5, #>(1) = 7 Aju J CjU jiaj^^j^l (_a) 

(n -u -> ) ^isn^vi jJ^ij ' 8 W^jj AjjSb Z g J M 

U 1 ~A-^ ) {»jj9jj*j-»j«JI t> ( J ) 

Z 5 = #7(Z 12 ) = Z ^ eri<p) => 12 = CW(Z 12 ) = OrJ(Z 5 ).0^(&(^)) 

= 5.0rd(Ker((p)) 

((cs) ' m ^J^\) (p(\) = z',/e {0,1,. ..,5} ^UjyajjxjxjA ( j ) 

(p(\) = 1 ' q>(\) = 5 JaSa jjL. jj* j^ja ^IUa Jlo (^-) 

Z 



^ • A 



Group Theory j^Jlc^lii (JjVl|fc~JUt) 



: (3L.li J c-i^j -Ola <p(l) = n o^m^) 



q>(0) = <p(12) = 12^(1) = Yin = 14* = O.fce Z 
^>n = Q,n = l 

: <J i-l^ Ails #>(1) = n jl£ lil (.L) Jix (^) 



p(0) = ^(12) = 12^(1) = \2n = \6k = 0,keZ 

n- 0,4,8,12 J 

. tllLaj^-J.^* J*J& ^*-}J>\ ^ C5^ 

* * 

l^jfl G * V&a t_i jj^alj . G t> » J-O {-^G G : x" = e} =: H 

,jli3 (jV! j . ^U. clboul ic_j*a-« H c) eG H c) < j, ' ^ e" = e : <J— 
(V)" =^ 1 ...xy- 1 = x"(y- l y =x"(y n y 1 =ee x =e 

• G t> ^jjj=>. "t>j*jH cJ (Y-£-\) (> gaiij xy"" 1 e H ^J^Lj 
= {e,(12),(13),(23)}cS, : Jl^l 

. aJI^J Cu-J 5 3 J Jiatf . S 3 t> aj}> i^yj H cA • (12X13)= (132) g/f 

Ym~ /N 

H nM = H nN 

\ .1 



HM/ ~H/ -H/ ~ HN/ 
/M~ /HnM~ /HnN~ /N 

J* U^j^JJ^jj^ S^Jj iJ^J — J^lu J* uy J Lj ojj^Lu <-r«£jP J 

- . \HM/ M =1 HN/ n ^ jihj 413 
t AjII^jI N <j£J . (G 4j»nVi AjS j=- Sjxj) N <G <■ Sjxj G (jSil : At Jll> 

#/ =#/ ~HN/ H-HnN<H 



Group Theory ^jJijo^lij ( jjSrt,w«aH) 



4« u jdjUa 

VA^ a^j \/g,h:K->G a?- ] ^=> fjpjyjyy f 0) 

- = ¥ => g = h 

■ f j^ 3 jj -0 J-* j* ■ w W^Aj "Su^ *_>0 ^ (^) 

: J J* o* jj -(!i5 <-»>^ lU>^ ^- ^ V) (j ?=Im(^)cG uSal 

G/ Gd =gcd(n,d)Z 

4j$IU Ajjja. j j£ <^"^ l^j (local Cyclic) 4-j Igj] G a _>ajl JliJ (V) 

:ji (jA jj .Ajjjb qjSj G <> I^jIjJj- j^c. (jl) (finitely generated)^ jjll 

. Ajla^a Ajjjl-i (jj^ "SO^- 1 *_>"0 ( t") 

2uL*l V^U) qlnk n O^Jjfo ^ ' Q ( ^ ) 

(1 + p) pk = 1 + /7* +1 (mod p k+1 ) <= > ( I ) 

(( i ) : jLSJ) 



& Sj-j) (Q* + v) ' (Q,+) (f j^jj^) JSUii Ait Jc o*^ 0) 

(jL-JI i> j£l ^1 (Wall) Ajj^II JlJeVl 
1 ij X G G £J-aaJ G t> V ja. a jxj xHx" 1 Ac j*a-»]| u' t5^ O* Ji ( v ) 

. G i> Ajj ja> sjxj ff lit JaSj j 

(jjSj i_S^-i>J a£jL1a Ac j - jj^alic CiLuijSjix Ajj ja. AjV AjI ^^ic <j*jJ 

. *' -J AS^LuOX ACjASLA 

(j&ji .2 jA G ^ H JjIJ (j^ G a J- j c> 'a jxj # Cail£ tjj (\) 

(_5 jxuj a£jL2lo Ac jasji (jj^j (ujjjjjjI ^^Ic i^^^) (^"i ASjUix Acja^x <J£ <ji (jjc 

jjlAiti (jjluj^. (jJJ_>«j 1 tjfi^i^ *J*°j U' cs^ U*_W " ) 

x,x 2 + x 3 +x 4 j j^ll djs ^311 {1 c2 '3 *4} ^ic ) 

. 4 JJ ' S 4 (j* Ajj ja. a jx j jj^J ^ LaS 

jl£ li] x ~ ^ a£UI cjjjdw . xj'GG oSjIj < G <> Ajjja. S j*j H (^) 
. Jj-oa J£ t kSSJiSj G ^ Ai&lc AaM«JI »jiA <J ^Jc <jA_>j . x~'_>>e H 

: Jt\<> S Jc • ^u. S:=R\{-1} j£!()r) 
\fa,bG S:a*b:=a + b + ab 

(£,*) ^ ( 1 
5^ 2* x * 3 = 7 ( m 
: R* * cjjsu . R* :=R\{0} jful £) 

R* ^ ' ^M) ^j 1 ^ V-^ * J (J^ ( t ) 

i-uao XeR* Ail ^i) * A4j..i\\Ij 

Ail (jl) R* (^a j^aic JSl (>ul ^ji*^ ia-jj Ail US t ( Vfl g R* : x * a = a jj 

( a * b = x d] b e R* 

? s^j (R*,*) J* (--) 

? JUJI U pic ( J ) 



Group Theory j^jji^jiii ( jjVt^«2li) 



.- R ^Jc XjjJ tjjll jj5I aJA j;] ()*\ 

f x (x)-x + \ * (t 

/ 2 (x):=x 2 4 / 2 :R^R ( v 

/ 3 (x):=-x 3 . / 3 :R->R(_- 

/ 4 (*) = e* ' / 4 :R->R ( •> 

/ 5 (x):=x 3 -x 2 -2x 4 / S :R->R(-Jk 

: tiiali. J Uj->.^i jjSj CjIjU*JI ^1 (jjc (IV 
(one - to - one) jl j ^1 j jA (permutation) ( ' 

. j=J jJ laaJ j jl£ 1 j] JaSa j jl£ I j] !!^Lujj (jjfLj ^Jji! (i_j 

. .i^t jS Ij^l j UJ% Vjjoiij (onto) ^yit %,tj"n« <C- ja> o (j-a ^uilj ( a. 

. Ajil-ljj ujS ^t-ijj t>° * a J*j (JS ( J 
■ *J-0^ "<Ji.lj" ^JJJ^ "Sjjj^ *_>°j ^Ji *J*0 j.' --lir. (JS ( A 

. j*Aic (> jjSj 5 io (= t; ) ( j 

. CjiLlJjJ a^o j (AjSjjaj jjl) AKLiLa tjjSj e^a j (j£ (^- 

. 60 4 12 4 8 t 6 4_ujJl t> "Su^ >« "^jl 

: ^Yl j-jS) c> ^ j^Li«J! jjc. (n 
25 <> _jloS1 Z 30 ^ AjjjIjJ! s j-jl! ( 1 

30 i>» ojJjlcil Z ]2 ^ji AjjjIjII ^JjjaJI (i_J 

(C\{0} 5 .) Sj-jB ^ [/] i.j3WI ^>3I Sj-jll 
(1 + 0/V2 o-'^i^j (C\{0},.) Sj-jM^ ^IjII 2us>J! i^ajJI (j 
1 + / o-'^i^ 1 j (C\{0},.) Sj- jll ^jjl^ll ^>JI s>»jll (^ 
: Ajj^JI yi> -^jl l>* cs^ ' 

z 8 (') z M M Z 12 (!) 



ULU jl U^ . ^ jjjSj QyjVI (Jjjjj&I til of- (v ^ ) 

ejxjll .iljj ^JJj|j aj-aj jj^aja (JS (t_l) 

G I j-jll t> *J*a dj- j cK lij" : ^Vl jjjSHI bL^a'viia tj j^l (YY) 

• "^Jjjl- 2 uj^j G (jli t -Sijjl-i 

Z 4jjj|.iJI ajxjll CLsl.l3 j-a JJlC .1* jli JjJ jl (jp-ic ^ 4 IjJ (YV) 

^j-w-i .lie. r > 1 dua. Z , S_>aj3! cjW jjc. . LJ J \ac p jjljl (Y £) 

(U^° J3*jj^) (j /lK l nUfl jLijSj 3 AjJ jli (JJJ j <_£ ( I ) 

. 4 jgVlo <JJJ (j-a a.ia.1 j AjjjIJ a^a j t*3LiA tllLa jj3j_ax j jjVl i-jU.^ (jj^J (i-j) 

(c_i^_ii]| lg"nlnr. (_jl) 4_u^ia aj-ajj 
C^Ll^j AjSjjx j jji (K,+) ( ^ ) 

: ^VIS G acj^I ^jxJI * U**l\ jjati . Sj^j (G,.) s1 ( n ) 
\fa,b& G : a*b:=b.a 

(G,.) (<jaj>« jjJ) <KLila 'ajxj (G,*) J <^i& (>JJ 

( _ : ^1 jli j£c.l : jLSJ) 

: ^Yl* 5i ju t * \A*A ^ -1 Ijc. Uia \^A\ jl^Vl Sj*j (5,*) jS3l (YV) 
Uj*L>j-jj*f ^) (K\{0},.) (5,*) J t> • a*b=a+b+ab 

(R* :=M\{0})) yr:R'-+S (SlSUs) 
? 17 <jjj!I cjlj j-ajll jjc fZL t tliLo jjij>aj JjVI <— iLoia. jj^j (^A) 

: ^LU. J AjjLa ^sVl jjjI&I iiiilS Lo IjJ ^ (r . ) 



Group Theory j^jJiC^ki 



» ■ Ajgjxa ^pjy^" A.^h'JIj cS^* - ^ A&j^. nunty c - J j *M J^c (s-i) 

aJIai! <j_y£j ji lie ^ aj^j J£ ( : 

A Jfl *'*'■» AjJ_^2k o^yaj (_5_)xuJ A&j[jjia jn^i <i (^j^E- (Jj)i f*!-^ jjiaJ^ ( J 

Aj^aix jjc. S^j j ^ 

. 1 ■ "° ' ^1 4auu3Lj A^jLulo • A< "-j"^ * *^>*_3 AjjJ>aJl a^ojJl ( j 

jll Ajjj -niifi Alij (J^ t>° J"""^ (-S iC' i$ A jgYirt oj-aj cJ^ ( j 

S^a j]| Ajjj jxuii <JS (j-a ji o'ir. (^jlc. (_j ji^J Aj_jjIj ^^VJ (J^ ( ^ 

G ^ uAHj?- u£j*j K '•H diiLSj t a j^Vi« Ajjj ^jii G dul£ |jj ^V^ 

•'<J 0* 4 # <= K a G uj iV 

[G:H] = [G:K].[K:H] 

: S^frl Jx£i (rY 

Z / 

W^j s >0 ( ' 

: Uai. jj^j ^Jj M,*"* UJ^J jjjliill ai*. (VT 

TV tlljlS I j] Jaai j OjjlS 111 AjujS& Ija j] ^yifca lilUA (jjli (jl iaSa jjLaJ ( 1 

G ^JtJ.'^i 4jjJ>^. aja j 
G tj-a A Ajjj*. a^yj) G Aall-ijij tj-a *_>°_3 (s- 1 

Aj^iLa AjjVio o_><«_^ ^ A> " , N j ( 

ajjj 4] ^>^»jc- (jlS ) jj (torsion group) p) a y» j Uil S j-a jl JUL ( — i 

lAW^, (jjSj fl^yajl A.<u o^yaj . Aj^'nn 

no 



<_jj j cA£ I jj ( free torsion eroup ) f t.jSftfl t> l$jj aj*j! J13j ( j ) 

Aj^iia jjc. Alla-oll jj^ajaJI !>La. tA jj^aUo 
iil]j£ *l jjTVI j-a AJLa. Ig'irti.i^ j/jj (ja ej*j (_$l (jj^J *l JjJVI t>« AJLa. aj/ij lJ^ 

AjIIajI ajxj (jjS "S^I-^jJ aj-aj] 4-ajmS ajaj <j£ ( j ) 

. £-*aJ1 ajLc cj^j R, «M= {w | re R} <±n*. « l^j Ajjjb S j* j ( ^ ) 
<p g :G —¥ G (jj ^u^. 1 (* j- j G ( ^= k ) G 4c j-oi-a jjl ( _ s ic. jj ( V £ ) 

G a J« jil (_gi 4j» nK Ajj ja. a jx j (jjS 1^ ^jiklall aAajll ^jAjj* jj ji jA 

^ cj^UII s j-j ) Z> 4 Sj-jU G'(a51^I Sj-jB) ^LJUVI Sj*j (ro) 

(Ac <EL«Vl *A*£o. ££ jksl) ^jJI 
^atill VI ^nJall A^j^l j^jll t> ^ ^1 |jj (simple )AWi S j- jl JIL (n) 

G ijU ^ = ^ j?- »J-0 G 4jgVlo ajxj til I jj Ajl ^^ic, j* JJ 

S J« j TV dul£j 4 G a J-a j ^ UJJJJ j?- of J*j N 4 Cljjl£ I jj Aji ^ifc (jA JJ (fV) 

H nN J ckA'^^ . H ^ U» uj^ H nN cP G ,J Aj»nV» V> 

G ^ ojjjj^alLj ' -u„j\ 

4jj ja. o j*j i/ t G (^a AjjujL Ajj ja. Sj*j AT I jj Ajl ^ jA jj (rA) 

ujS fflV G ^ <u> sj-j cilJjS i/ Ijjj .HN = NH o)*G J> 

• G (^a ^J*^ 3 V >• »>• j 

Cii^ ^}^? ej-j ^ AjajjIi Ajj ja. a jxj ji^ai je djJiJ5 ^j*^ Ja (V^) 

? I jLaJj ? ijx j5l (j^i A£. jA2vt ^^ic. 
^nJa j> aj«j ^jS G 'a J* jl ^Lkloll CjLa jjijj- y jVl Sj^ j J i> Jj( £ • ) 

((£-£~^) jiul) ^"IjjJI J u^i->"l AjIaC. Cisj G (_^ic- tllUjjij^jjjVl aj^j qa 
i^Sj Ajjja. Sj^j ^ kj . ^ U lSjJ^J ^iia G a jxj |jj Aji ^ ^jA jj (t\) 

. G ^ \ \*\\)ry Ajj ja. a j* j tjj^ ^ Up ^j-*-" ^J t>« // 
OAjj . 5 Aiij Cj|j Ajj> aj-j JaVl Jft j±l aj-j G tjSSl (£Y) 

G t> ^ J»J.')i Ajj ja. a ja j (jjSj 5 AJJ j5l (> G ^ AJJ jvll j* jl! ^uia. ^lalij ^ 



Group Theory >4jJijo>lii ( jjirt|»-«2Jt) 



xi-^cosx+/sinx 

j > <nl 10 4 (j-o <jj^" fj^j^j^j* ^ In ill jj j ' ^ 1 if . 6(3* ^jj^-s *^°J) *jj j -* a ( I ) 

I j ■ -» 12(J>« UJ"^ C ji^JJ^J^J^ 4 l-i 1 11I jj»<aljc. 6(3° ^_J^* *_)J J ^ a ( l r J ) 

I ji^iir. 12 <-i>lj o^-oj j 1 |f *- 6 ^Ij 0* ^j^JJ^J^J* ( — 

J ■ ^ 10 Clll j (_^j _^i.al if- 6 i-jli *J"0 (j* f*_3^J>*J*_>* "^JJ ( "* ) 

6_>*j (^J ^jj J^C. »_>*3 (j* (» ji^JJ^J^J* l)j >< " > '^I (j^-o-aSI (j* (_>"jl ( — 

<i 1 ^*1 t A 

jA ' . '^1 ■ "-"N (jUajll (jl U^JJC-I Ijl (!>l£Lij) Lajj3jj^jjjl ^ jj3 j^o j^s j$JI ( J ) 

u^j^ jj-j-j* q> 2 :G 2 ^G x <■ $:G,->G 2 c&j upj*j G 2 < G, uSil (£©) 
il£ J ^ t> jj . aAa.jll UJ j $o^ 2 :G 2 — >G 2 t ^ 2 0#>, :G, — >G, u) 

^1 = (^ 2 ) ' dj ' G 2 1 G, —1 fj&jjAjjji (p 2 <. (p x o* 

. 1 (_$_yji AS^)*! mi <i ^ju>I_j3 M L^WJ 

<p\G-^G 

V$jJu ^Jc G —1 f jjajj-jjjl J* f"l jll U 1 o*j^ ( 1 ) 

f] I j) G aa^iA s jll ^ Lib <_U W 5 ^ =« *H*-M J M 

n t r (jjj i^jllui ^joiIJ t*3tiA I jl tliiaj I jLa . 1 ijyji ^SjliLa ^uil js n ir (jjj (j^J 

? 1 

G' i G ^ (3jiuuuL (jjiu ja. (jjjj* j //' « // ' u£j*j G' 1 G ( i V) 

(jj^Vliiij ^7 J (jlc. (jAjJ . G' (_Pj G iy> l-ajj* JJ^^J* ^? • J^l 

(p{H) c //' »ij <P*- G / H ^> %' 
Vfl,5eG: a*fe<a + i> (i) 

U V 



Vag G: « * a = (m) 

(V-Y-1 jJiil) Sj-jB Jj^ ^ii! 
(Nim ftu S >«* ) LiUa.1 S^jJI oiA 

(£A Jl!la jJajl) AJLui (JjuJ ^llVu.il (jj-iJ ' <- r >_> IL * a (J""»^^ (R if F') ' 
JCG G Jj-aliaJI <_S^j3 Ji CT^ ^J3*'' M *J-°j G <-^-"^ I^J (° * ) 

40 ch^ yj^l {5 '15 '25 t35 } Ac j^a-JI J 6*J^ (°^) 

? C/(8) a jx jll (jJJj l^-ijJ AiL/lc cilLiA <Ja ? 1$JS 6.1a. jll jif-Tir. La . aj-aj (jj^ 

: aJUJI jSUVl bU . Sj-j Jj^ J?i\ JjJaJI (^Y) 
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: a,beG l& ^jj^ ^1 M^j G s j*jJI d J* o*j> (° *) 
(abY = a x b~ x 

i_j jj^a\) <}LaC tllaj oj-aj OJ^j n^nG'Z <^». T^I-lC-Vl Ac _>a=>-a <J CS^" U*J^ (°°) 

jl^cVl t> JJualuJ! djlj 3X3 £ jjJI t> CjlijL^all AC <jl ^jAjj (Ol) 

"1 a b~ 
1 c 
1 



U A 



Group Theory >.jJ!i^ji^u (JjSfl^uSJl) 



: ^VVS Mijx-al! i_J^jJaI! <uLac- a j <jj^ 



"1 


a 


6" 


"1 


a 


Z/~ 




"1 


a + a 


b' + ac + 6 





1 


c 





1 


c 
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c' + c 
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1 _ 
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Iaiaj aLjj A£ic 1^5 j 4^VY ^.jkll Jj^j Sjjl?. ij^.a Werner Heisenberg 

(Heisenberg Uncertainty Principle of ^11 KjiKj" ls* C 4jxSaiUI 

Quantum Physics) 
*jj5b c^ul C/(20) J J* C^Ji ( oV ) 
: Uj Ord(a) = Ord{b) = 2 : ^Vl 6 < a I^js <jj>^i*] Jiai S >»j ^jl (oA) 
0«/(a&) = 5 (--) OJ(aZ>) = 4 (^) 0r</(aZ>) = 3 ( 1 ) 

? Ord{ab) iOrd(b) iOrd(a) On u ^ J* 



: jiaJ 2j <j-o *J""j .J*-^ -^j' * ) 

8 .13 (m) ([8 d4] ^ ^t) 8 *14 ( 1 ) 

n i nt ( ^ ) 6 *15 (— ?•) 

[&] ^ Ajj jaJI S j]| (jjSS ilu=u & i *>,!•% »o .lie. la. jl <5la. ^ 

y £7(20) t> Sj-j /7 Ja . H:={xg £7(20) | x = lmod3} ^£1 ) 
: tjjSj 1 = Uila-oj K UjA-alk-j 2x2 ^jjJI 



cos 6? -sin# 
sin# cos# 



cos n6 
sinn# 



-sinrc# 

COSH0 



cosV^ 
sinV^ 



cosV2° 



cos 60° -sin 60° 
sin 60° cos 60° 
-sin 6 



COS0 

sin cos 
U^jl . AjjjLajjJ?. j*j 6 J*. L$ji=£ U(\5) (IV) 

(j-a »_>0 t^iS -^j' • lA.la.jl . AjjjI^S ^j?- _>0 7 ^^Ac. (_J jlaJj Z) 4 (^£) 

"SO 31 - 5 UJ^ 5 4 1*^3 j D 4 

j\ (j*^ • G -Ajujil-i <JJ_>?> o_>*j t (>a <JJ_)^ '-V s j ^ (j^ 0°) 

G (3* 4j» nln ^Jjj?- »_>a j H '• <—ijl 

N l j*N<G J JLZ) (H x H 2 ..H k r= {/a,/*,.. A | h. e #,}) . V> j 
iYjlio jksl) H ] H 2 ...H k <G : Uul J s>iV»- M A ) 

(•<C jlLa <U!Lal 

'"J* jfl ls* 4 Ljjjj j (homomorphic image) 

jILa 4&Jl (> £ O Jli») Ajjl&\ 

JUI^jI G J ^b. 

i Ua.jx 1 j-* i >-i Ij^c m u^j ' n ^ji"" "M^j »j-0 G o^jJ (V^ ) 



xh-> x 



^1 jll (ji ^ (jA . gcJ (m,n) = 1 



Group Theory ^(Jo^ (JjSn^-i)t) 



G —1 cjU jja jjjVl 

[\c jjla a£Lo| (jx £ ^ Jl!La ^lajl : jLuajt) 

* [a] [« 4 ] - 1 ^ ^ j-s^l ^ ^ 0rtf(a) = 30 ( vr ) 

. t'llr.j)^ nil silA Jljjail 
. Aj^aio *_>0 t^ c ' t-SJ^*"* ^Jg"''''" -^J^ ^) 

. -La3 .IfLa-aJI jj^aiadl <jx (jj^JJ (^l ajxjll jt jl.lc.1 Lg-JJJ ^jjil AjjjWI 

(jS^ojS t G a^ojil (j-o 4_iJ_)a. 'J'O *JJ_>-^^ 1 * ' ' Acja-^ " A CLul£ |j| (^^) 

•<j! ^gic. .G Ajj ja. j ^4 aIL*. ^ Liajc (jl (jjfuj ^-"^ ^. , ^ 10 "-^Jj*^ tJJliS 
(j* jjj . G t>o *M j?* *_>° j 1-^1 uj^j Not (A) Ci]i G£y> ja> ac-j*> * v4 dul£ I jj 
7V(/4) = Gu^ I j] iSij u 1 ^ A<G Cp Gt> 4jj>. Sj-j til <ui ^ .illiS 

Z(G)=Z(H) « C=/f jlA (G=H)H G dulS 131 <d <> _w (W) 

(<c jSL. t> © ^ t £ ^ Jlla jki!) 

. {1} <> S^jUl Sj-Jll ^ i/ o^lj . ^{-1,1} ' (Q\ {0},.) M 6^1 (VA) 

HN / N = H / Hn N r^J^j^ cji* <>j ' HN^j\ 

i G 3 j» nl-> ajj ja. a j N i G {y* o&j*- o£ j*j -K" 0^ ) 

. yijj M , ^/ . ^ 6<a, , Af 2 < JV, . JV, <G . Sj.j G oSl 

. WIS i7 2 « . H/ H i H 2 <H X 1 H l <H 



^j(a) __j UUu h-wla <p(x) jj^ xe G ^ 1> jj 

Z I7 t Z i Z g i Z 4 i Z 2 —5 cjLojja j^c. jjc. (Ar) 

<J>° « o-* < - i ^" * 4 j*j G 0^ (^*) 

c-l?.^ (^j^a J-ic « <J£3 ^4w^(Z n ) = U(n) : ^ o* 



Group Theory ^Ik^ki 




J&4 bM, 



LJI 



Permutation Groups o^bttOV jjQj 



Permutation Groups Q)Uu*JI>»j : <>UJI mUI 



permutation group C£L?.iu 5 y> j IgJ] U S JUL : uu \ 

a£Lo!Lo qa Ajpy*. a_>-aj I jl 

Cayley's Theorem L< ljS Y - ^ - Y 

dlilj^JJ 4 j (Aj3j_J-aj jji) ^Kl j (JS 

o j-o j G cfiA : t'jU ^1 

VaeG: ^« :G ^ G : ^ j\ 
x\—> ax 

. a Jj=>. (The left translation) >*jVI JSaII 
i:G-> y{G) 

a 

(r ji» (A-r-i ) jjiii) f jjj^^jA 
^er(^) = {«£ G : ^, = 1 G g 7(G)} (G jll ^1 j ja 1 g ) 

= {fl£G:/ a (jc) = l c W VxgG} 
= {a g G:ax = x VxgG} 

= {e} (G ^ AiUJI j.^wB e) 

=> t inj j 

(I) -r-i 

• 7(G) i> t» (Vj_j-jJ^) *J£Ueu uj£> ^(G) i^la fj j>j 

(Ord(y n )=)n\= (r„)^J = ^JjiA^I 



Group Theory >•>)! Q^jix ( Jjitt|»*ai1) 

.5.-5^.} « J,y=A\{a,} o&j ■ B := {b,,...,b n } « ,4:= {*,,...,«„} u^lj 
: <P(a n ) = b, uj ^4^? B J\ A i> LilaJ I jJiUa ^ jl£ ^j 
p':^3flh) <p(a) g i?. 
: A n — > 5. jtUa <_£ jli o^Lj . 5,- Jj A n o-° LpU.1 I jMij 

^(a) := , aG A 

(n - 1) ! tdliA (jjfL ^^juiaUjll <>aja t>j • <p:A-^B LpU.f IjMii 

B j- UiUt \ jtLa (n - 1) ! jjlj JUbj t 5/ A H t> UaUi I jkLS 
<J£ ,uc. (jU i i=l, k (i* 3 ^ 1^ uj o-°j • = uj 

«(« - 1)! = n\ oj& B J\A o* M^Vl ^1 
. X Jc 4£lalall Sj* jll ^ y(JSf ) t aJll jit X ££A : uu gu 

jj^ahc LaAic. t ((finite) Aj^iLa) (cycle) 5 j oJ /(X) J tt j»<Vnlt ^^-ajou 

: gl jc m t... 4Xi Alia Uj^c 

/r(x) = x +1 Vie {l,...,m-l},^(x m ) = x 1 , 
;r(x) = x Vxe X\{x,...,x m } 

Wl^ 3 <J& * JJ-^ <-^L> -ijJ^l (The length) J4» m j i ^(x,...,^ i.n^.n j 
(yi, J«) ' (*i, *m) u^jj- 1 — 5 J— *Jj (transposition) AL »>j J 4JSJ l^jj 2 
.^jjjLaila (yi, ...,_y„ }'{*i, Xmjo^-j*?^' ^j (disjoint) ftl M ' ^ttifl lafrjj 
^ Ir. (il£L; 1 nil J oia. jll j.^ir. l) (J ^ 1 ^ipJJ <-£ : 4-? & °~ > ~f 

.j_JSI ji 2 M_ IjL Lfria t ^. Ai-aila ujIjjJS t> ^...^ Ll£jj jjS J^C j^a 

4iL cr jjjb >'<Vi X Z C(orbit) J^-aA <-i j*j : jJl 

Ho 



Permutation Groups >»j : ^jUI hiUI 

(jjli jLuiJI lio> Jlaj (j _J cr'tijall jjjIj diaj x jy^a {x, <j(x), o 2 (x), . . } 

.kilt — « Qj^J'n^ (JJJAjJ <7"(x) = <7" + * (x) Jl J» <Vun ligJj 4 I jgVl* 

^ j-> » ^ ja_c jijL-al m |jj j i (T*(x) = x : <jic. J. ^Vt (j" ti^jja ^5 

Cy* m Cy* iaixialU (jjSii jLouJI 4 (j m (x) — x uj^j ' > 'j' > .' 4-^ j- 4 
UjJ C a ia> J er'(x) 4^ ul* • C = {x,aix\...,&**{x)} 

. m Jjkil VI a = (x cr(x)...<T m_1 (x)) ajjjJ aLajj CcX ^j>JI 

li* j^k. 6 j!ic. . J/j. <)JjJ aLajj C, JS <_,!& aOla-a <T j 4 (J 1 Cyfc 'Q 

oi* t> ^...^ Jill, u /il^u jUjS t ^ jii jjj ^ 1 * 7 jl£ |j] Ajla 
L^jill ^ cr jli ^ 4> j . C, jl—ll x Cis\£ I ij y;.(x) ^ <j(x) $ 

<LSj <^A 1 JjlJI VI sjj^ tfl S-y^Jjll liA ^ . Al^iilall CjljjAll Y\—Yk 

. ■ «w" ^jl (j^xj AjjIj 

AL-aila <-iljj.2 ^J,^- 3 ^ (T — 1 (T = fly-fa ' . 'J^ Jj <jV 4ila i-ulaJI (^it j 

tjUfoj Qll&Jl (j\ ^jli j>J (J>» J • YvYk (3^^' S^J^' 7; o^^^i^l sjj^ll ^ 

o- m = 1 £ i>J <? m = Y?-Yk ■ m 22c - ^ ^ f 5 t>j ' ^7; = r,-^ 

.^jjlkall Aajdjli ^ j . m _J| sAA Jla jij^l ^ (J . till jjAII oi& Jl _jl>V 

HI 



Group Theory >.jJljvJ!>lij (( JjSM,«-«iJl) 



fuJjll jli iiijc. . S n a£Lo1o11 ^ aIujj r : (-L^kj V— > — t 

: 5 n — S Ujja jjx jjj (je5 n <_&S ^ : cr i-> tot" 1 
^((JjO-J = rcr^jT" 1 = tg x t" x t<7 2 t~ x - ^((7,)^(cr 2 ) 

jA (p S ( _ ? jal£xll ^luI jll (jli lillii . ^» jjSjj^o jA (p (ji 

y/ :<j\-^> t~ x gx 

y/o(p(<7) = y/((p(a)) = i//(t<jt~ 1 ) = -T'rcrrV = cr, 

((V-V-^) jkil) ( conjugate by t) T _ j^jaljj Jjijj-JijSM) ^Ijll liA 

: 4^ jla A- ^ - Y 

. JjUl ^ -d jjjlj ^ _S ttt" 1 (jal jj jli w J jJall 1*1 Sjjj 5 B <±d£ lit 
«* T7T" 1 J ^> liili 7=(x ]5 ...,x m ) SjjjII ^ y lit : ,-)U >4I 

: a jj.il! 

r(x, x 2 ...x m )r' = (T(x i )T(x 2 )...T(xJ) (*) 
x=r 1 (y) ^is ijj . y=r(f l (y)) & • y j-" J c> o^S 
' t(x) bxhjch t(x) ujSj 3; Jo ryr^ jjfcll u}* */'s —SI i> »-^l j «^S 
. h4 x,. (-> t(x,. +1 ) : ySflS * = *, ^ l^j ^ 

• (*) t> <-jjSall ^ s-> jj^SI ajJ^SS Jjlfcll Kj.^llj li* j 

m^SI J^l^S (J t_£jSI : AjL^ (jixj cr ALAij <_sV T7T 1 Jil Jill 
* TCTT" 1 =(Z7 1 T" 1 )...(Z7 /t -r~ 1 ) 4 f Jiijj-ojjjl jA Jil Ji <_£ <jV . Ai^iaio CjIjjjI 

i—llma. j^aJ l-iS^S 4 ^ ^La. La£ Igifi. JJJJtill tjS-aJ JaiSM i_Sjlsll ^ SJJ-i (j£ J 

JjiLoj <^i uija. JS (^Ic. r All .ill ,3^ 1 T J(J Jilji (_^1 <_sj±J • (jil Jill 

. (7 —1 AluaiiJ (Jj| jj.ill 

(tli!lija^ll) ClJUjII jx Ajj£Ji ^ {1 t... 4 «} (jlc. (J AJLjJoj ,j\ : 4j^Iaj *\- ^ - Y 
^ j^J' 7'S cjIjjJ t> ^...^ <x£ji ^ (7 l^ki : f -jU 

: (jjVl^ tillj j i a jjOl (_J jlkoll 

HV 



Permutation Groups j«j : <*jUJI wUf 

(1 2 ... m)-(l m) ... (1 3)(1 2) 

(jl Jjiij < / <y du» 0',/)e {l,...,n}x{l,...,«} Ajj jJI ^1 jjVl <_£ t> Ajj^l 
• (J(i)>(J(j) u^l 0',y')eD CJ jil ^ <7:{1,...,/i}->{1,...,/i} 
(-l) S8n(cr) * cr _S ol^liuVI J£ll u*S> J\ sgn(cr) o^lj 

ijA tpja b.ic I'liife lil <p ja tjjSj O" lSJ=^ '"J-i 3 ^ • (-l) s8n(<T) = -1 
< 6 5 4 3 ^ (3 6) -) 3 4 5 6 ^ Jw- t> J ■ ^J- 11 £ ! jjfr 1 

.(5 <6) * (4 16) i (3,6) 4 (3 .5) < (3 .4) ^ j-» £ l jjVl i^-Sc. (3 6) j 
l£j (A, it) ^IjjVl (h<k) iV (A £ ) (aLj=^1I) a&II ^ 
Atfi (^LtaJ) 4& J jla JULj . ±& h< i <k £u*. (i, k) t (A, z ) ^1 jjVl ' 

Sjxjll j> j^uc (_l) s ^ ff ' =±1 jA <J < J Jiatf .^Jj 

. (2 AiSjJ! oli ajjWI) {+1,-1} (The multiplicative group) 
^ti.n J aL^jj JS ^jj ^ill cri-> (-l) sgn(<7) J! : h Jai \ »->-Y 

JS A^j^a) £) acja+aW J (;' , y) £-1 j jVl joc. iiaj sgn(cr) : pU ^1 

(T JjjJaJ (j o . ^-in liA . (J 1 $ .. iSbj jil t / <j dua. ({l t... ifl} J (i ,y) ^IjjSH 

^ (<7(i),<x(y)) E l jjVl JS1 cr(Z>) Jc Jj,^l\ £> Ac- Je 

Jc j_5 jlsj J i_±a-j <j(Z)) Ac {1 t. . . t «} J k < £ • z <y 

Ulj (T(A:),r(^)) Jo Ul ^1 Ac_^l Jc cr(£)) 

J -uiij; o-) -W^W CJ jll liA o^^l J . Jc 

t> sgn(r) o^ 3 " T uU liSAj . r ^ (A:,^) j jll (cr(Z)) 
u-S« -> cr(D) -» t(<t(Z))) jl— B u] ^ ^(^J c ljjVl 
qij (j^xjl Ujj £-1 j jVl oiA • £ ! j j^ 1 t> sgn((T) + sgn(-r) 

HA 



Group Theory j-pljo^lii (jfofu^ 

0*^4 D -» (T(J)(D) jiUJ jL-M jla >VI <-jSU1I Jcj . aLJ 
^IjjVl ^jLoaJ (modulo 2) 2 o-Aiu liA . ^IjjVl <> sgn(r<r) 

sgn(rcr) = (sgn(r) + sgn(cr))(mod2) 

^_jygn(K7) _ ^_jygn(r)^_j^sgn(<r) 

. LjJ Jj->ojA a" h-> (-l) sgn(cr) jjli ^ 

: n->-Y 

Jjkj jli Q*. lie *1 (factorizations) Cj!>Ua^5! sIa Ijla 

. diilajll (jx ^^a. j j .lie «d (jj^J j^J 

= m ^ ^| ^ . ^ n-^-t 

i> w - 1 u lW^- ^ (1 2... m) '« jj^l AjjI^II t> : <-M »Ii 

. L> JS t (1 3)(12)^ ii» 

Je. Aj^jjll ii3L^Sll J£ Afrj^ t (« > 1)^„ ^jo^ oil : \T-\-1 

n\ 

— U jj-aUc Aifcj t>i » j ^ { 1 i2t . . . t « } 

n 4a. j^ll (The alternating group) * jjAIJ S j3l S _>» j5! ai* ^j-^) 
Jj T 1— > 1 ' <7 I— » 1 jl* ^JJ-J-J* <TI-> (-l) S8n(CT) I >i : ,')U mM 

i>j i-ij^l ajLuJ a^uIIj (closed) 4*1^ <jj^ ^„ ^ ui* j • 0"T h-> 1 

(jSl (jVlj • .Sfl t>> Ajj ja. o j jjSj J jVl t_lLJI Jc. <ft jjla AJlal qa £ JlliuS 

dfliS UiSj « ^ja cjiLuiS l^Kj t (7,(1 2) i... 1(7,(1 2) Jc. (1 2) 

HI 



Permutation Groups «a)U***JI j*j ■. &i\£i\ uUI 

■ <X,(1 2) 4... 4 (J, (1 2) Aa^^a-all t> j /? (jj^J /0 = <7 f (12) ui* '^*J 

. 5„ cj^Lpiill 4 « ! jaJI 
: AUtt U-^-Y 

.Ite j — a 4j j£la jSilui llL>Ui (_1 jiia (Jj-ala. (X — 5 j£ (j^ ' J j <— 

C1l5( (j-a =k jj 

.((U-1-Y) jfcSl) 

uVlj . c^jiis UK 7.' S 4 # s iV cc=rj v ..y s 4 a = fij3 2 ...j8 r cj& : ,-jU 

f • 

. AjJIajJ JjSj ALoiioSI tlil jj.il! jjAjj : Y Jlla 

acj^I c> P=(b x b 2 ..b n )<. a=(a l a 2 ...a m ) jllL^iiJ 0^ jj^l Upl uSJ >4 
5 = {a x ,a 1 ,...,a m ,b x ,b 1 ,...,b n ,c x ,c 1 ,...,c k } 

t>J^ J*- rft\j ■ ' (X j±k JLS ^ 5 j^Ut ^ C'S — 11 liya. 

5^ (ap)(x) = (J3a)(x) J <>> J U3 ^ -ula aj8 = j3a J 

d& x = a t c£A Jj\j .xe S 
(aj3)(a,) = a(j8(a,)) = a(a,) = a M (i = m a x j* a M ) 

{M(a.} = /3{a(a i )) = /3(a i+x ) = a M 

\/a i :(aj3)(a i ) = ( J 8a)(a i ) 

(jli JlalL j 

Vb i :(a/1)(b i ) = (j3a)(b i ) 

: x = d o^u^lj 



Group Theory ^-pl^jjlii (J#1(i— 2fl> 



(aj3)(c i ) = a( J 8(c i )) = a(c i ) = c i , 
(J3a)(c i ) = 0(a(c i )) = j3(c i ) = c l 

fl 2 3 4 X 
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'1 2 3 4 5 6 A 



0) 

0") 
(o) 



'1 2 3 4 5 6Vl 2 3 4 5 6" 
^3 1 4 6 2 5j[4 1 6 3 2 5, 
(3 4) 1 + (1 2) 1 = 

2 - 

( 1 t 2 3) 2 + (1 « 4 t 2 4 3 5) 4 = iiiLA£«ttl jjc (Y) 
(1 4) 1 + (1 (5^2) 1 + 

8 = 

Aj^j j AL^jiill 

(4 • 1 < 2 ■*'':- 5) 3 + (1 * 2 cwj,. 3) 2 - ^A-ALuVI Aac (V) 

(4 I'WJ.i 6) 1 + + (1 ''l«Jm 2) 1 + 

7 = 

(2 * 1 oL« 3) 2 + (2 4 1 « 3 ciL«. 4) 3 = CiUl&uNI ^ (£) 
(5 i^L-. 6) 1 + + + 
7 = (5 Oil- 7)1 + 

: JjVl *lj=£U AL> 



Permutation Groups *)L**iA\ j*j : ^JUil 1-1UI 



1 J (-if >(sgn(cr))Wii^ jSf \& jj aL^jj »1a j <3^(12)(34) : ^ aLauI! ) 

^jj (1) J ^ ' (1 5)(2 3) : ^ aL^II (Y) 
: l^t& (1 3 2 5 6 4) : ^ aL^II (r) 

(1 3 25 64)= (1 4)(1 6)(1 5)(1 2)(1 3) 

AjJjS ^ ,J\ i -1 (jt ( _ 1) 5 l$Au-a <jjSL Ij^jj 

^ JtiLj (4 1 3 2 5 6) 
(4 6)(4 5)(4 2)(4 3)(4 1) 

: ^ aM (£) 

: t^tS o^-i • (1 4 2 3)(5 6 7) 

(3 2)(3 4)(3 1)(5 7)(5 6) J (1 3)(1 2)(1 4)(5 7)(5 6) 

^ J t^J 

: (1 3 4 6 5 2)(1 4 3 6 5 2) : ^ aJ^I (o) 
(1 2)(1 5)(1 6)(1 4)(1 3)(1 2)(1 5)(1 6)(1 3)(1 4) 

A = 5 „ => n = 1 : J ^ 6*JJ : ttJUt 
((3f" US jlia j«-«v4„ t5„ ) 

(^jjj 2 * 1 Jii aLjuj Js& ^ y^i J U! (J iuh S„ <jli « > 1 CLul£ I jj : flU »]) 

. «=1 Ojfij^A=^ uj^^lPJ • 4,*S„ u^^J' A Jl 

: AjjVI C^b^ll j> JS ajjj ^ : a 
(1 2 4)(3 5 6) (Y) (1 2 4)(3 5 7) 0) 

(1 2 4)(3 5 7 8) (£) (1 2 4)(3 5) (T) 

: a^vi ^^j] 0-^-*) i> : ti-^B 
3x4= 12 :(4) 3 x 2 = 6 : (3) 3 : (2) 3 : (1) 



Group Theory ^jJljo^lii (Jjht\f^2H) 



(1 2 4) (1 2 4) - (1 4 2) (4) 5JU J 

(1 2 4) 3 = (1 2 4)(1 4 2)= 1 

({1 i2 '4} Ac ^ S^jll ^Ij 1) 

(3 5 7 8)(3 5 7 8) = (3 7)(5 8) 
(3 7)(5 8)(3 7)(5 8) = 1 

{3, 5, 7, 8} <C.>a=»-all ^yic 6.1a. j]| ^jjI j l - 

3x4=12 

(jjjl^aila (jjJjjJ L_ljj_i (JjL^aLi. JjjjlO ^^Ic ( - n^J i n J».Vlir\l li* (j! ^jJalj '. t *]lA 

Sjj J . ^ 8 ,^uiia Lj^jj j^jJI ^ I*- (jApja jl I*- u^?-J j lAjj-^ 

'l 2 3^ 
2 3 1 



SjjJ .(n -1 -Y) 3 = (U^i j) WJ> S^jj (1 2 3) jL^lklj J 
5 = (l^j) ^-jj (4 5 6 7 8) jL^U J 



J 

r A 5 6 7 8 A 



5 6 7 8 4, 



u, 



.15^ (1 2 3)(4 5 6 7 8) ^1 ^jOjS(VI-T) 

? I jUl J ? >S n (j-o -Mj?- »J-j <Pj^ dLli^jall Ja : V illla 

j\i ^ (j-a j . jL^all = AjLuiIIxj! ite. <jV (j?. j j 1 S 5 n ^jla-al! ji^Wll : J— ail 

. ((U-^-Y) >3l) 



Permutation Groups t±i)Uj*yf j*j : ^UJI wUil 

. ajjjs aL^jj Liyt a~ x uli Ajjjs aL^jj or 
= jA 1 tliLjllxjVI Ait o\ <*n% t> . (e-^jll aLjlu) l=oT 1 cif : f jU j4 

(0 j*) (2 u-^) cUSuiHS ^ + a ^ ciiU£*tfl ^) 

olujl£*jVI n& jjlS I jj j t or -1 JjSj lilliSa Ua.j j or ^ oluALuVI osc jl£ lila 

. or -1 j^a iiiU£*jVI .ise OjSj # 
« Ord(J3) = ?> c Od{d)=3 o& Aw /?' orSj-J cij^ ^jl : > > Jilt 

. Ord(aj8) = 5 

. /?:=(3 4 5) * or:=(l 2 3) : J*fl 
(1 2 3)(3 4 5) = (3 4 5 1 2) 
(V Jli.(o-x-^) (1 2 3 4 5) J 

fj jiAjc JS J La) <ii ^yic. o* jj • 5"« t> ^ j?> » J"> j # : ^ ^ tJ^> 

<illi£ . (7^4 cz 5 J £^ 3 • H c£La£j| Ac ja^a ^ B <H ^ j Jll 

jl (j* Jal /4 j.^il ir. joc. jli ^ tjxj 4 A j'^il'ir. J^c. = <J^4 jkbiI'ic. .lie- jli 

J kiVV . JJC = C7B Jx-aLift JJfi. j <jB CZ A JiaJLlj •(*) ^ JJ-aLic. Ale (JjLulI 

' (*) t>» • ('*) ^4 Jt^bc. JAC. (.SjIulJ jl tj-o Jai 5 JJ-alia JA* (jli j»J (j-«J ' 5 
• LS-*J* f J' >•»''«*• •JJ^'J O^J^i B jvA\f. Ale = A Jj-alifr Ale J £clu (' 

<L^»iia till jjj (JjL^ala£ AjjVI AJjAllll (je jjc. : \ Y J1^4 

^1 2 3 4 5 6' 
,3 5 6 1 2 4 y 



ri 


2 


3 


4 


5 


6 1 


f\ 


3 


6 4' 


f 2 5 1 


v3 


5 


6 


1 


2 


4j = 


\3 


6 


4 1, 


,5 2, 



^L^aaia tliljjj "wljjiia Ji^-t^ Aij^l AjjSjjII (j^ jjc : \ T Jlxa 



Group Theory >«>)lC^ojla> 2)t) 



(1 2 3) (3 4 5)(1 3 5) 
(1 2 3) (3 4 5)(1 3 5) = (1 2 3) (1 4 5) = (1 4 5 2 3) 



(1 2 3) (3 4 5) (1 3 5) = (3 4 5 1 2) (1 3 5) = (1 4 5 2 3) 

.-^-\) <Jj> jj <> : t'M >4 

sgn(T<7T _1 ) = (sgn(r) + sgn(cr) + sgn(T -1 )) mod(2) 
= (2 sgn(r) + sgn(cr)) mod(2) 
= sgn(cr) mod(2) 

^ ^UjV . cr:=(4 3 5) « ^-(l 2 3) jj^ r:=(l 3 2) u^lj 

t<tv x =(1 3 2)(4 3 5)(1 2 3) = (1)(3)(2 5 4) = (2 5 4) 

(\ 2 3 4 5^ 
1 5 3 2 4 



3 + 1=4 



V 

jA dlLuilixj^l .lift (jj^JJ 

^1 2 3 4 



Laiu 



2 5 3 4 



fl 2 3' 
2 1 3 



(=(1 2)), T 2 = 



(\ 2 3' 



v 3 2 1^ 
0«/([i;]) = 2 = 0«/([r 2 ]) 



(=(1 3))^,(=y 3 ) 



Permutation Groups tiriUj**il j«j : ^UJI t-iUI 



^ 1 4 1«1Sj aLjuj J <y> jj : n J&» 
(jjj 14 < 10 4 Lj^I i-j j^>— a. " t>J • W\>^ = ^jjj : ^ 

J .^U. ^ <L)Aii3l <J ^* (^-^-Y) t>3 <illi£ .aijj ojj^S 4 Will (j^jV 

. <pja Akiiill (jjSS j tAj^ja 2 JjU! dili (aM) Sjja3l j t Aaa. jj 7 
Ajj ja J A^jj Aiftl aM U I j! jiSil : \V Jilt 
fl 2 3 4 5 6 7 N 
3 6 5 1 7 2 y 

<7 = (1 4 5)(2 3 6 7) 

= (1 5)(1 4)(2 7X2 6)(2 3) 

3 l^5>la ^jjll ClI jjjll <_j jjJa Jx^al ja. JS Ac jA=kX £Sl jll ^ jA yl„) 3 Ifri-a j£ J jl» 

(ft o* 

l> oj^^ O&jj (xy) <■ (ab) o^i . ^IjJ ^ "l**^" u^-j J&\ (cj^bja^l) 

: jli Qnl.^iU (xy) t (a&) • <-^&ll 

(a&)(xy) = (a6)((ax)(xa))(x3;) - (( a b)(ax))((xa)(xy)) = (axb)(xya) 
<j\ ujA; u^Aa i {a,b}n{x,y}*0 J Ji tj nl . ^iu jj& (xy) 4 (a6) ^ 
(jli ij^jcj 4 b=x (without any loss of generaHty)^^**!! 

A n Y n {=S n ) (^J^Y 1 ^^i-Sl "ajxjJI J c*k 0»jj : ^ Jl» 

. n > 2 dulS I jj 

CW(7 n ) = Ord(A n ).[r„ ■ A] d ^ o* ■ d*j& 



Group Theory ^jJljuolii (j/jri,»-JUt) 



Ord(yJAJ=:[ 7n :AJ = ^£ = 2, n>2 : & ? **j 

Ord(A n ) 

dliS . (V -> ^\) n > 2 ?■/ Sj* j» jls JfclL, 

/ n 

y„dA n (1) J gib JjVt <_jUI acjZ* Hut t> or jii* (>j .(v- 1 * ^ ) 

A n <j& >^ic- <_£ ^ A Jlla ^ « > 3 t^jlS I jj oVIj • 4> cz (2) J ^1 jj 
I^a 4iL-i«yijj . 3 tg-i-o (J^ (Jj^ 3 ^ jj j Mj'"' 3 J"*»^ ' b jy-° i^G" cA*) 

Wii-ll i,j,ke {l,...,n} JSl-uls 
(17*) = (z k)(jk)(ikT\jky e/ m , n>3 
. Y n =A n , n>2 JgSi,(3).(2).(l) t >. (3) J J 

> 5 CulS I jj A n J» A n — 1 S j-jll J t> u* : T« JH« 

l> Uljjj (jj^ 1 7„ t> 3 l^ijla £ JJ.1 (JS 1 n > 5 ilmi (J <j&i 

t,me {l,...,n} c&j ' 7 n J 'j^ a=(ijk) c££ - 7 n c> 3 WJ> ^Ijj^ 
<T := (1 /cm) t 7t := ^) ^ (n > 5) Aifca- V*JS m <■ £ ik <j «' jj iluaj 

JSI U : n 

: 5 3 ^lj3l (1 3) « (1 2) J j^JI JO* : J^Jj 

(1 3)(1 2) = (1 2 3),(1 2)(1 3) = (1 3 2), 

(1 2 3) (1 2 3) (1 2) = (2 3) 

(jjUJI j^iJI) e = Y (l 2) ^Mjj 
{(1 2), (12 3 n)} Ac. j^ll 0- Jlja J u^S„ J c> u*^ : Yr ^ 
^ J«u (1 2 3 ... n) r (1 2)(1 2 3 .. n) j ^ V J o»> = ^ >4 
•ja J i» .(n-1, n) « ... '(3 4)« (2 3) « (1 2) : r jy±l> 



Permutation Groups q^UamJI >*j : <>UII uUI 



: (jVI j • j>jj tliilaill (j-a AjjSjj 

: r = Jj& 

(1 2) (12 3...w)(12 3...«)... (12 3 ... ^) = (1 2) 

: r = 1 ^ic 

(12 3 ... 2)(1 2 3 ... n)(l 2 3 ... w) ... (12 3 ... n) = (2 3) 

„ / 

till jaII 

: r = n — 2 

(12 3 ... n)(l 2 3 . .. /t) ... (12 3 ... n) {\ 2)(1 2 3 ... «)(1 2 3 ... «)=(«- 1, n) 

v 

: r-n—\ 

(12 3 ... 2 3 ... n) ... (12 3 ... n){\ 2)(1 2 3 ... «)=(! «) 

v v ' 

till jxll (>» n — 1 

(m k) (k n) (m k) = {mn) : <jt JaaiU <jVI j 
: ^71 ci jai-. aLLJI <i£Ui5l t> - ilia - (3 7) ujj£ J I jli 

(35) = (3 4) (4 5) (3 4) 

( 3 6) = (3 5) (5 6) (3 5) 
(3 7) = (3 6) (6 7) (3 6) 

(3 7) = (3 5)(5 6)(3 5)(6 7)(3 5)(5 6)(3 5) 

= (3 4)(4 5)(3 4)(5 6)(3 4)(4 5)(3 4)(6 7)(3 4)(4 5)(3 4)(5 6) 
(3 4)(4 5)(3 4) 

.(JIAjJI ^JJ (Jl jiaJI liA ( _ s ic-j 



Group Theory j-^ijojiai (jjtffuJA) 



(jjij t oij 1 ^ - Cy (J Cfi*i S n (Ji £ » Wn Y Y Jlla <j-a : Y 1" JH» 

<j£ ^jjj . (Jj^iLj^jj e^^aj £-a ('^JJ^jjj') 4JSLSlL« (jj^J ^Jj" 1 ' 1 - »_>aj (j£> — ^ — ^) 

. ^jjji <-tir. ^jx .iljJJ (jl ij£-aj ^J^"'"'-' 

Lajj j ^jjj. ^i'<r . (j<o .iljJJ (jl tj£-aJ <j-a AJJ j=w aj-a j (j£ 4j| UxaJI Aja. j : J >fl 

; <L_aala CjIjjJ i_l_)xia (J ■ ■> < (jjJJjVl (jjllIj^Jjll (jC 



,6 



2 3 4 5 6' 
1 5 3 4 2, 



fl 2 3 4 5 6 7' 
6 4 5 7 3 1 2 y 



; <L*ailo tllljjJ UJjjJa (J ■ ^ < AjjVI i1l>LujjJ! (jc- jjc. (Y) 

(1 2 3 4 5) (1 5 6) (2 4 6), 
(1 2 3 4) (2 3 4 5) (3 4 5 1), 
(1 2) (2 3) (3 4) (4 5) (5 1) 

. ^3 £-a AKLila ^6 (>> 4ilii-a Ajjja. Sj-aj 30 JsVl ( _ J ic 4i! ^^Ic O&JJ (£) 

. (n-l,n) ' ... ' (2 3) ' (1 2) : o^ll o- ^j2 5 B J ^ (°) 

: Aiftl cIlIjOuII J£ ajjj ^ (*\) 
(a,« 2 ...aj . (2 3 6 7) . (1 2 3) . (1 5) 
(1 3 5 7 9 11) (2 4 6) « (1 2 4 8) (3 5 7) « (1 5 7) (4 3 8) 

f \ 2 3 4 5 fl 2 3 4 5 6 7^1 

2 1 546 3 ' 7 612345 



1 A 7 i ^ 6 . S 7 « 5 6 (= 7 6 ) : j—bJ Uai=^3l uSjS U (A) 



Permutation Groups QiUA*ill >«j : hMI 



AlO ^i-allirJ <u j jjal ^jjc. 

(1 3) (1 4 5) (2 5 7) < (1 2 4 5 7) < (1 4 6 8) < (1 2 4) 

(1 2 4 7) (2 3 5 8) 



1 2 3 4 5 6 
6 1 2 4 3 5 



1 2 3 4 5 6^ 

2 1 3 5 4 6 



. ((3^ l£ ao/3 j*> a/3 

,(1 4 7 8)" 1 = (8 7 4 1) « (1 2 3)" 1 - (3 2 1) : J c> o* ^ *) 

(^^.....fljO,)- 1 =(« I a 2 ...a fl _ 1 a„) 
« Ord(j8) = 2 « 0rd(a) = 2 jjSj ^ . a S 3 ^ (^) 

. Ord(aj3) = 3 

tAfa. ^all A^j-n^ll jl.ic.Vl C£L±A\ Ac j-fta^o ^ G dlilS lit 4jl ^^ic. ^jAjj (M) 

• G (,>» Ajj^a* ijxj (jj^ ^ llA* t - JJ^ t>* ^..'fl*'''" .il-ici L_l^>iJa [J' - 

. ne {2,3} U Qr</(4) = 1 J ^ c*j> V) 



^ Group Theory ^Ik^ 




LJI 



*>M c*)$ kfo 

External and Internal Direct Products 



e^Ull <uIiUI$ i-AjUl H> al| J-al$* : OIUI uUI 



a^Ul J*al»a 1-r 

L ^ jliJt M y^l j*j . tjxj G„ c ... * G 2 « Gi <j£J : l-LvlS > -V 

jlL ajI) jjbij j G2 (The external direct product) <■ . . . 4 G2 ' G\ —1 >**UaH 

^cj^l AjL G, ® G 2 ®...®G„ 

G, <8> G 2 ® ...® G„ := {(g 1? g 2 ,..,g„) I g, e G,.} 

^JiUaII cJ-^W- ^ "t-jjjk-aJl" •J'V 

• Gi i jil (^a mj^' uj^ s- 1 " - (As ^^y^ 

jA __)<a j3l (j^i Ac ja^xI ^lilj-aJl ^^jLaJl c_j^)iiall (Jj^aLa. q\ ^^gjfc 4jA_)Jl a] j^ ,ii ij 

Ljoa. (e,,e 2 ,...,e n ) jA 4js .iiLa-all j. ^1 it 11 (jj^j aLLuJI j>«jJl < ,i»r\fr . '» j*j 
-?* (gi>g 2 >->£n) D-A- il&8 ' _>* e , G G,. 

•g, u-j 5 *- j* gr 1 ^ (ft'.^v-J^ 1 ) 

• j-O jj-j-ja <p:G 2 Aut{G x ) op j-0 G2 ' Gi <j£A : uL j«j t — > — r 

(^^2)^1^2) : = ( x Mx 2 )(yJ,x 2 y 2 ) 

(Y-^-r) J AijxJl i jU j^j G 2 « Gj ^ G,xG 2 : *fc«al» r-^-r 

: >4I 

V (*l ,*2 X CVl , >>2 X Ol , ^2 ) G G \ X G 2 : 

((x,,x 2 )(j; 1 ,>; 2 ))(z 1 ,z 2 ) = (^ 1 ^(x 2 )(^ 1 ),x 2 j 2 )(z 1 ,z 2 ) 
= (x 1 (p(x 2 )(y 1 )<p(x 2 y 2 )(z l ),x 2 y 2 z 2 ) (1) 
(x 1 ,x 2 )((y 1 ,7 2 )(z 1 ,z 2 )) = (x 1 ,x 2 )(7 1 ^Cy 2 )(z 1 ),j 2 z 2 ) 
= (x 1 ^(x 2 )(y 1 ^(j 2 )(z 1 )),x 2 >; 2 z 2 ) 



Group Theory j-.^ltjojlii ( jj^n^2«) 



= (*,^(*2 )Cvi )<pi*2 )(<P(y 2 )( z i ))» x 2 y i z 2 ) 
= (* 2 )(y i 2 )° <p(y 2 ))( z i )>* 2 y i z 2 ) 

= (x 1 ^)(x 2 )(>; 1 )^(^ 2 j 2 )(z 1 ),x 2 3; 2 z 2 ) (2) 

J ^ (2) * (1) <> 

(O, > *2 )(^1 » ^2 ))( Z 1 > Z 2 ) = (*1 > X 2 My I > ^2 )( Z 1 > Z 2 )) 

j!.i)U-<Jl iJj^aiA e 2 g G 2 t ^gG, dua. s jlS AiU-aS\ ^jjuoiaJl jA (e,,e 2 ) 
V(x, , x 2 ) g (G, x G 2 : (e, , e 2 , x 2 ) = (e,<p(e 2 )(*, ), e 2 x 2 ) 

(Allt(G\) aia.jll jx*aic jfcj G/ (_jic- e.la.jil ^jJ j jA 1 ) 

: (^(x-'Xx-'XxJ 1 ) j-iJl G,xG 2 g (x p x 2 ) J^JI o*J*~ 
(#>(x 2 1 )(x 1 " 1 ), x 2 ~' )(x, , x 2 ) = (#>(x 2 1 )(x; 1 )(p(x 2 )(x, ), x 2 -1 x 2 ) 

= (^(^'XV*! W* 2 ) = (PC^'X^),^) = ( e i> e 2 ) 

(The semi-external direct product of G\ , G2, w.r.t. g> ) 

G\ \ G 2 ^ >-«J 

(jjfiAui G2 ' G] U^-) - -^ _^juAj«sJI i_l^>ju«a]l JjuaUi. ^ijJalj 

(P'.G 2 — > ^4wf(G[) f jAjJ^J* 4 ..?^ ^) J^f^l (—JJJuiall (Jj»<iLa. LjLuuj 

• X 2 &G 2 <P( X 2) = l G, C3^ 

. jiAjLa^S) Jijist\*\\ e 2 E G 2 t e x G G, ' jti j*J G2 ' Gj : 4Ja»al« 

• G,x„G 2 <>0^><A>-j k}xG 2 . G,x{e 2 } 



UilaJlj <uajU1I Mj^all J*)** : OJU! uUII 

: {e,}xG 2 Jl = lM J* 11 
Va, kG 2 :(e„ a)(e, , ft) = (e, ),ab) = (e,e, , aft) = (e, , ab) e {e, } x G 2 
(e,,a)e {eJxG 2 >-i«ll : ae G 2 JSlj . (e l ,e 2 )e{e l }xG 2 ^ 

J* J O,,^ 1 ) > ^ (^(« _1 )(e, ),«"') csj^ j*j (^(a-'Xe-'Xa -1 ) : j* 

: G,x{e 2 } J) {e,}xG 2 ^ 

Va,be G x : (a,e 2 )(6,e 2 ) = (a<p(e 2 )b,e 2 e 2 ) = (al Gi (b),e 2 e 2 ) 

= (ab,e 2 )e G l x{e 2 ) 
(a,e 2 )e G,x{e 2 ) o-jS- ae G, JSJj • (e„e 2 )e G 1 x{e 1 } ^ 

J* cs? (l Gi (a"V 2 ) j* c5» (pfeXa -1 ),^) j* tsi (PK'Xflf'W) j* 

• G,x{e 2 } ^ j^uo jAj (V',e 2 ) 
: J&\<> -> ^Mf(K) c&lj « G, =G 2 = (R,+) jSJ : J&» l-)-r 

VxjGl:^)();) = e> 

V^,x 2 jel: + x 2 )(^) = e x,+X2 y = e x, e Xl y 

= (p(x l )q)(x 2 )(y) 
{0,x)z{Q>}xR = H JS3, ( fl ,0)eMx f R JS1 
(a, 0) + (0, jc) = (a + ^(0)(0), + jc) = (a, x) 

: tilLS . H JA ^ualb (a, 0) <> lS j-u jU- Ac {fl}xl Ji (j\ 
(0, x) + (a, 0) = (0 + (p(x){a), x + 0) 
= (ae* , x) 

. 7/ J] A^ilL (a, 0) t> ^ a£ jUl. Ac {(ae x ,x) :xeR} J 



Group Theory ^jiijojiii (Jj^(*-2jl) 



i «i-l.uJt Aj^HiO jl ^>>iVia5l LJ^iiall (J»<-i\-> ^ ^)j-ajc. AjJJ '. <j jjaj V ~ S ~ 1" 

: Jj-jJW • _>-su*Jl "CjUSj-" <_jjj3 (The least common multiple) ji^Vi J^iA 
Ord( g] ,g 2 ,...,g n ) = ecm{Ord( gl ),Ord(g 2 ),...,Ord(g n )} 

t = Ord( gl ,...,g n ) . j = ^/w{Gr</(g 1 ),...,Orrf(g„)} •■ c'M & 

(&,•••,£„)' = (g' l ,...g'„) = (e,...,e), 

: (j]3 tiUiS . t <s :cP u*j^*$ ijc- j ' s ^uli(l) (1-^ t> J 
(ft',-,gl) = (ft ,-,£»)' = (e,...,e) 

. f ^ l*K OrrfteJ « ... * 0r<*(g,) jli ^ 0) d** £ o«j 

i g„ 4jj jj 4 ... t g, 3jj jJ (common multiple) ^ <_icLix* t <j\i I j 

• * = t o£i (*) 

ab = £cm{a,b}gcd{a,b} 

t (.jjj^I ^io o-lS r I^S-l u^) b-=p"\..p" k k Ld= p?...p? o^J : <-iU j4» 
4 > j»> i si jlj&i «^ i ... i n\ ' rrik < ... * m\ 4 4 iVt^ a Ji Siic) p k i ... t p\ 

icm{a,b) = p[ l ...p s k k ,s, := max(m,.,n,.)^ 
gctf{a,6} = p[ l ...p' k k ,t, := min(m,,«,.) 

icm{a,b}gcd{a,b) = p? +n ' ...p m k ^ =ab 

(1 ± IjftU) Jii* ^.Iji U$J t>J Ord(H) 4 Orf(G) £l£ ' j] I j) ^jSIj 



bjALU <UiUI$ H>all J*alj» ^UJI uUI 

Ord(G®H) = mn u! ^ CW(#) = « « 0rJ(G) = m <j£J : jJl 
(^Vl <il >!U3I ^1211) gcd(m,n) =1 l&J j • i/ = [/?] * G = [g] o^J :"=>" 

: (jla ijjuc. . <£jiiiua f^l n ^ m i} 

Ord (g, h) - £cm{m, n) = mn = <9rd (G ® //) 

. ^j3b G®H J J . G®// -1 jJj* (g,A) J <^ 
. ^Sjiix ^uilja La^i (jjjl n i m (j\ ^iAjj) s-ijlla-allj ^Jjj^ G®H o&il : » 
AjjkiJI ;>j . mn Ajjjj G®H ^ (g,h) y^c- ^.jj <ila G®H uV 

: cU^i(V-^-r) 

mn = On/ (g, /?) = tcm{Ord (g), Ord (h)} . 
Ji ^iij i (V-^ « - ^ ) « fjuij Ord(h) t w ^xj^Sj Ord(g) <jbla ^ 

ji ^ijja i £cm{m,n} < mn jSlj . £cm{m,n} £cm{Ord(g),Ord(h)} 
f*J jS n i m j gcd{m,n} = \ jli ^ i>j <■ £cm{m,n) = mn 

.(A-\-r) <£ JSJL. 

j*jJl G, ®G 2 ®...®G„ >SM ^j^ii = > *-\-r 

,jl£ I ij Jala j |j| AjjjI^ aj-aj jj£j G n i . ■ . i G2 ' Gi Ajj_y\^\ 

gcd{Ord(G i ),Ord(G j )} = l, i*j 

. ^Ujl! *l jii-VI : >4t 

. <a^> ioeS n t 1 ... 4 « 2 ' "1 m=n l n 2 ..ji k o$j1 : Aajjj > > — > — V 

iniaj w Z„ ®Z„ 2 ®...®Z„ t <~ (^jj-jjjl) ^sua- ujS Z m (=% z ) 

. gcd{n,,n y } = l, /5ty IjJ 

. ^Ujll el jiLla,VI (^-1-0 = >4I 
: !)l!Laa : Aiiji^j ^l^laj aj* j3l (jaij t jc jjj*j!I <j£-aJ : 4aou ^ Y — \ — f 



Group Theory >.jJl£j>ii3 ( J#l|fc«a)l) 



z 2 ®z 2 ®z 3 ®z 5 = z 2 ®z 6 ®z 5 = z 2 ®z 30 , 
z 2 ®z 6 ®z 5 = z 2 ®z 3 ®z 2 ®z 5 =z 6 ®z 10 

Z 2 ®Z 30 ^Z 60 o^Z 2 ®Z 30 =Z 6 ®Z 10 :&£o*j 

. C/(6)®[/(8) 
: li o«j UQS) = {1,3,5,7} . U(6) = {1,5} : J-*S 
C/(6) ® C/(8) = {(1, 1), (1, 3), (1, 5), (1, 7), (5, 1), (5, 3), (5, 5), (5, 7)} 

. 3.5 = 7 (mod 8) < 5.5 = 1 (mod 6) <jV (5, 3)(5, 5) = (1, 7) J ^ 

Z 2 ® Z 3 = Z 6 J c> O*^ = * tJH* 
* OUjjSb Z 3 . Z 2 J ^ (> : ((1->-r) ^jtill jJiil) : pit 

. Z 2 ®Z 3 =Z 6 uj^ gcd {2,3} = 1 

: LuLuia. lift (jx Jjiaail j 

Z 2 ®Z 3 ={(0,0),(0,1),(0,2),(1,0),(1,1),(1,2)} 

: olj^ (1,1) vj^J 
2(1,1) = (2,2) = (0,2),3(1,1) = (3,3) = (1,0), 4(1,1) = (4,4) = (0,1), 
5(1,1) = (5,5) = (1,2),6(U) = (0,0) 

Z 6 (<j3jJ-o jjji) AKUila OJ^J 6 lAji-aliC. JAC . (1,1) U^l JJ AJJJIJ ^®^ jj] 

(^ ^ — 1 — V) 5jijdil! ^1 iVuiitj : axilla i$J±\ 4±ljla 

. 2 Aiijlt c> j-j 7 1*1 Z 2 ®Z 2 ®Z 2 0* : V lSH» 



bjA*L\ <uiiUI$ <u*jUJI M>ali J-al«A : -JUI uUI 

Z 2 ® Z 2 ® Z 2 = {(0,0,0),(0,0,1),(0,1,0),(0,1,1), 

(i,o,o),(i,o,i),(i,i,o),(i,i,i)} 

J "-«'"* . £-a (0,0,0) j- AjjiLo a4c.j*2>_a ,J\ t ji A If . 8 j-a jj£" <^2 

. z 2 ®z 2 ®z 2 

. 4jj2b S j* j Z ® Z ULil ji j* jj : t Jilt 
<sli iijjc. (m, n) IaoIjxj ajjjIj Z®Z j£SJ . AjjSb aj*j ^ Z®Z : J-ail 

^Ijj ji ,jL<oV (m, «) j£lj . m,« = ±1 ji cr^ij li* j • {km, in) = (1,1) 

. AjjSL Z®Z ji) . (-1, 2) 
f IjUj? Z 2 ®Z g =Z 16 Ja : o JH» 
jV ^jSb jj£ ji j^V Z 2 ®Z 8 J^>) : tUaJ 

^ ji jS^V j (1 + 16Z cii 1 UJjj) ajjjIj Z 16 U g C rf {2, 8} = 2 

• ^jfi ls* WjjI^ j- j»C-jll (^ic- f j^JJ*jj^ 

( J jVI ts^- 4fiJ^-« ^«i j"» ^ J\jx _^ajl) 

. t_ijllaxll gcjjj (^ ^— ^— f) 4-> jn\l j* ajjiUx : (_Jja.i AiL^la 

? 9 j- ^311 Z 3 ®Z 9 ^ j^liJl iac ^ : 1 Jll* 
.((Y-1-r)A,>ill>i!):^Jl 

(JLsu ^pll Z 3 ® Z 9 ^ (a, b) j^\jA iic. i.m^iiy 
9 = Ord(a,b) = lcm{Ord{a),Ord(b)} 

'. jl ■ '— *»j I^Aj 

(i) Ord(a) = l, Ord(b) = 9 

J 

(ii) 0<f(a) = 3, Ord{b) = 9 

) iA 



Group Theory ^ic^lii 



jl 2 ji 1 : ^Jk b oj^a cjUlS-l ciu* 6 — lj S^l j a _J (i) ^JL=J» ^ 

cjUl^a) 6 ^Ua uj^ jtUILoV! jliilj 8 ji 7 J 5 ji 4 

. (a, 6) j' -Vwll 

12 <4Ua jjS li^jj t ojUlSJ c±* b -J uj^j u^^-l a — 5 0&> (ii) <^ 

.18 ja 9 AjjJI l«] ^1 Z 3 ®Z 9 J j—UJI jjb. JjIjj 
^soooooo ® ^4000000 4 Ai5 JI \«] ^1 ^ : V_Jli4 

4 = Ord(a,b) = £cm{Ord(a),Ord(b)} 

(i) Ord{a) = 4 , Ord(b) = 1 

a = 6000000 ji a = 2000000 « Z> = u_&»s 

(ii) Orrf(a) = 4 , Ord(b) = 2 

a = 6000000 ji a = 2000000 c 6 = 2000000 

(iii) = 4, OJ(6) = 4 

jlSiliJ b <■ a £y> J£J 

a = 6000000 J a = 2000000 a&j b = 3000000 J 6=1000000 a&s 

(iv) CW(a) = 2, Ord{b) = 4 

a = 4000000 ujljj Z> = 3000000 Z> = 1000000 uj^ 

U<1 



(v)Ord(a) = 1, Ord(b) = 4 



« = uj^jj 6 = 3000000 jl 6 = 1000000 uj^ 

2 + 2 + 4 + 2 + 2= 12 

Sj-j i/ j Jft u»ji • #:={(g,g)|g£ G} u^Sj G jS* = * ^ 
lilj .(G®G (The diagonal) jka Sj*jJI »j* G®G t> 

.7/^ G®G Jl^s G=^+) 
J J (e,e)eH : ti-*J 
■ (g,g),(h,h)eH JS»^S 

A)' 1 = (g,g)(h~ l ,h~ l ) = (gh~ l , gh' x ) e H 

. G®G 

J»aJl ^ H U . iU-ll J£ ^ G ® G J ^1 ja G = M I il (jVl j 

_y = x Altaian ^ill ^111^1 
: G2 ' Gi (jjjj- j lsV tJ Jc ,jA jj : ^ Sl» 

G X ®G 2 = G 2 ®G X 

cp:G x ®G 2 ^G 2 ®G x 

t'Mk nil 

. (_£jLai jJaljj (p jl ^j^a! j 

V(x,.y), (*',/) g Gj ® G 2 : j>)(x',/)) = ^(xx',^') = O^xx') 
= Cy,Jf)(/, = (p(x,y)<p(x,y) 

^0. 



Group Theory >4jJ!Crtj>laj (JjSfl|»— 2K) 

j*j ^£-a 4j3 jj-o J jj) J^Lij G ji ^^it jA Ji ' j£ _>0 ^ ' G j£J '■ \ ' Jt^* 

G®/7 

a J* J G ® {e} ji (jit V ji jA Jfijoi . /f Jjla^l j./Vl»ll jA g jSJ : jU >41 
^^C. (Jjl^J j$i <C.jA2»-a ^vuJ G®{e} ji £EjJalj : ^Vl^ G® H qa <pj?> 

: (g,e),(/z,e)e G®{e} JSlj ■ 4^ G j& e ^ (e,e) Jfrl 
(g,e)(h,ey=(g,e)(h-\e) = (gh-\e)G G®{e) 

: G = G® {e} : ji jA > jVlj 

#>:G->G®{e} 

• j^ fj^JJ^J^J* ^ • cS^^-i jk\Ju (p ji ^cj-bl j 

Vg,/z e G : ^(g/z) = (g/i,e) = (g,e)(/z,e) = (p(g)q>(h) 

■ CMji^ V*" 5 • f j^JJ-jjii ^ ji Li' 

G" := {g n | g 6 G} jSJ . Uvj- Uj^.^i Ijja n t aJ^I s j- j G j£J : ^ ^ Jlli 
jjjJl^jj jij jaj H 4 K <— lj] jVij . G j* "Sjjj^ » jAj G" ji (_jic- j* jj . 

(H ® K) n =H n ®K n ji j*ji 

jVlj . AjJli. 4-C j^7> o t'linjl G" ji (_ji ilLa-all j.^i'mll eG G" : t'M >41 

VgtfeG-.gQty^gQfy = (gh-yeG- =>G «> V>*j-J G" 

iJljjJ G 

K i H jliu jU j A"" t 77" jli jlijll^jj jU j*j K i H cJi ^i*- j* j^'j 

j* ji) j^M 1 k * 77 jV yijjj 77®K ^ . jti j ua * uaujiii jc. 

(77®79" =77" ®7T jl jA > jVlj . Sj-j (77®*)" jli i>j 



o>*UI UftMl* J-al$* : tJUl uUI 



(H®K) n 3(h,k) n =(h,k)...(h,k) = (h n ,k n )& H" ®K n 

v v ' 

till jj! <>a n 

: (g,A)>(S 2 A)e G®# JS1 • u^N d£j*jHLG c& ■ d±A 

. aJIju) G®H d J 

,j\ i <A\X)\ Cuiul G oSi5(without any loss of generality)^ 4 jxuJl jss q>uj jVI j 
: M • (g l ,h l ),(g 2 ,h 2 )eG®H uVlj -aa^as o£j ^ ^ 

(gMtenK) = (gigiAk) * (gigiAK) = (g 2 A){gM 

. AjIIjjJ ,-),,n\ G®H ji til 

G J Jc. oajj . <pUJl i_i j^ili ^Le. G?={3 m 6"/m,neZ} u^J : Jli. 

Z ® Z ('Mj^J j^) <J^-"^ 

: J&\£ <p <_ij*iui : 

^:G->Z®Z 
3 m 6"h^(m,«) 

V3""6"'GG,3" ,2 6" 2 eG: 

^3-* 6 -, 3», 6 « 2 ) = ^(3-1^6".^) = (/M] + m ^ + n ^ 

= (m l ,n l ) + (m 2 ,n 2 ) = (p(3 m '6 n > ) + (p(3 m >6 n >) <p ^jj-jjJ 

(^1 ^ Z®Z ^V**^. ci jSi) 



Group Theory ^jJi^vj^ ( J#I|K"2II) 

G j^iic. e tlya. x 2 = e '■ xe G ' 4 Aiijll <>> »>" j G oSil : > i 

G = Z 2 ®Z 2 J Jc • AjUJl 

Z 2 ®Z 2 :={(0,0),(0,i),(l,0),(l,l)},G:={ e ,x,j,z} 



: (JSLiill ^ i Wi j 4x« j Z 2 ® Z 2 ' G ^ c&l ""-tO*-^!" Jj-^ ^■^»'»" 
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: jxJl (p: Z 2 ® Z 2 -> G J ^1 j 

^(0,0) := e (G J ^U-II « ^(0,1) := x, 

<p(l,0):=y * ^(1,1) :=z 



(Z„ :=% z J >i) Z 4 ®Z 6 /[(0,1)] JM : 1» JH* 

: jjlfl li^Aj . Z 4 ® Z 6 Sj-jll <> AjjSb <P> S j*j ^ [(0,1)] : J-aJI 

[(0,1)] = {(0,0),(0,1),(0,2),(0,3),(0,4),(0,5)} 

Ajjiij ^ 4ilfl ij^j i ir . 6 UJ^" [(0,1)] ' T j '^if - 24 lg-J Z 4 ®Z 6 
: Aj^ill A^j ^ 4 4 t> u_£iS Z 4 ® Z 6 /[(0,1)] : <J ^ J^V 
(0, 0) + [(0,1)]; (1,0) + [(0,1)]; (2,0) + [(0,1)]; (3,0) + [(0,l)] 



6>*UI 4^1^ M> al| JuI^a : OJLUI -Ul 



Z 4 ®Z 6 /[(0,2)] = Z 4 ®Z 2 : ,> p : n Jll. 
: * Z 4 ® Z 6 6- AjjSIj <p> Sj-j [(0,2)] : <'M 

[(0,2)] = {(0,0),(0,2),(0,4)} 

i> V>> j* "lsjV Z 6 ^1511 J-.UH tjli li^Aj * 2 + 2 + 2 = 6 = J 

JjVI (J-alxJl . Z 2 <KUiLa (jj^J 2 ^ ^i«tc ».>0 (j^C- J > I J ' 3 ^-fjjJl 

Z 4 ®Z 6 /[(2,3)] = Z 4 ®Z 3 : f > n : W JH> 
[(2,3)] = {(0,0), (2,3)} J Jfctf : ^Uj^ 
(Z 4 ®Z 6 «>^ja^>'»j-J [(2,3)] uV) 
WI Z 4 ®Z 6 /[(2,3)] J&ij ' 24 ^ Z 4 ®Z 6 Uiu « 2 ^ [(2,3)] ^jj 

. 12 Aiij! 

W Z 4 ®Z 3 -Z 2 ®Z 2 ®Z 3 . Z 4 ®Z 3 12 AiSjll 6- sisL^li a^V! jxjl! 

(ji ^jJaljj . j»/Vl»\l liA Jla IgJ (JjlJ Z 2 ®Z 2 ®Z 3 LaijJ 4 4+*J^ (j"> JifVlCV 

2u^l ' 0>a j J 4 <ZJ\ UJ (1,0) + [(2, 3)] ^jLi^l 

: Z 4 ®Z 6 /[(2,3)] 
(1,0) + [(2,3)] + (1,0) + [(2,3)] + (1,0) + [(2,3)] + (1,0) + [(2,3)] 
= (0,0) + [(2,3)] = [(2,3)] 

Jj.^N CjIjJ! j> Jai Taic. (^11 (1,0) + [(2, 3)] AiUij uSaiV JJ 
t 4 <ujl 6- Z 4 ®Z 6 /[(2,3)] J ^ c^~J • [(2,3)] ^ 

Z 6 ®Z 8 (m) Z 12 ®Z 15 ( i ) : ^ _>^i»J j^i ^jl : ^ A JH. 



Group Theory ^li^lij ( jjifl(u«2W) 

juJ*i\ 4 >UI ^U^JI £cm{l2,l5} = 60 : <Zj jjSI ( i ) : J*fl 

&sw{6,8} = 24 : ^ j j^l (v) 
((v-^-r) ^j^i) 

« Ord{C t ) = 2 ^ G=q ®Q ®..®C n Jj 2" ^ G ^ j J J* 0* < 2 

. [c(\c:G J J a\ U^ij-j Ajjjl^ G J est G=[q] o' M -e^qeG o^J :jVl j 
<2 2 e G : <Ula [tfJcG tlulS ! <A$jll ^ eiA ^jSj G = [flj Cu\£ ^! 

aj^ JjVl aLJ J . [aJ®[a 2 ]cG uj^ J J G = [a i ]®[a 2 ] u_& J M 

GuVj ••• j ••• ' a 3 g[a,]®[a 2 ] « a,eG ^M 5 * J • Ma^l 
. 2 <±>J\ 1*1 Ajjjb & j*j [ai\ cKj ' G=[a 1 ]®[a 2 ]®...®[aJ J! J— j Ufli 
j Z 4 <KLil« ujSj u' W 4 t>> G »j* j ls' c) o*_w •' ^ * i)^-* 

Z 2 ®Z 2 ^-aHUo- 

^ lil . Ajjjb ji t Z 4 aKLHo oj^ 3 u' M ^ iM >d) 

.(4 y» G<i5j jV) G = Z 2 ®Z 2 uj^J c^^J 
■ Z 4 ®Z 4 Jo Z 8 ®Z 2 o-^j^l ^Viif ,> p : JO* 



6>*UI i-AjUll w>all J<fll$* : CJUI OJI 

^jyjj^^^l ^ . ^jjajj^j ^:Z 8 ®Z 2 ->Z 4 ®Z 4 uljl : wM 

J 2^ 0"-^ c>j o-t/(z 4 ®z 4 )=a-^® z ^ ( ^)=i6 

0«*(tfer(p)) = 1 l^j atf(Z 8 ®Z 2 ) = atf( Z 8®% er( ^ 

• (p uj^j ' ^er(^) = {(0,0)} J ^ 

. 8 j ^^j^c L$j Z 8 ®Z 2 . j»jj3 J>«jjji (p tjjj 

(p:G®H-¥3 

. G <^lfc G®i7 (projection) Jalimt J\ li* ? Si ji L» 

: J-^J1 

Ker{(p)={{g,h)&G®H:g=e G G j^)} 

= {(e G ,h)eG®H} = {e G }®H 

? (#>) SljjU . ^jjajj^jxjA ^j, j ^ . yt J&, 

(a,6) i-» a — b 

. <p~\3) <-iu^ 

V(a,Z>),(c,<f)eZ®Z: 

^((a, 6) + (c, c/)) = #>(a + c,6 + d) = a + c- fr-J = a- 6 + c- d 

^ on 



Group Theory ( jjSri,«-«2)l) 



= (p(a,b) + (p{c,d)^> f jy3j_^j-jA <p 
Ker(<p) = {(a,b) eZ®Z: <p(a,b) = a-b = 0} 

= {(a,b)eZ®Z:a = b} = {(a,a)eZ®Z} 
(p- 1 (3) = {(a,b)<=Z®Z: <p(a, b) = a-b = 3} 
= {(a,a-3)\aEZ} 

Internal Direct Products Q^Ull <uiilAJI U>al) J*al»a V-f 

Jj^ala. G <-^*i • G » >• j U* uA^j^ u£ >° j K ( H (jSll : uL i jat5 ^ — Y— V 
: Jft\ Jiai Ij] G = HxK lJ&j K i H — ! jJlU-B JilJl uj j^l 
HK:={hk\heH,keK} ^G = HK(\) 
keK . £***J hk = kh(^) 

(G J ^^Jl e ) # n/C = {e} (_=>) 
: <-jjj3tiSl I j& 

(_J jjJail (Jj^aLa. ^ G (j] JVL . G s j qa Ajj ja. 1 j-oj //„ t . . . i // 2 ' H\ U&J 

JLu Ij] G=H l xH 2 X...XH n :±&jH n i ... i H 2 « #1— I j^M 

G = H 1 H 2 ...H n :={h l h 2 ...h„\h i eH i } (1 ) 
/*,./*,. = /*./*, VA. e , hj e H j , i±j m 

{H 1 H 2 ..Jt,)nH M ={e},i = \,2,...,n-\ (.1*) 
j*jU jiUJl J^\A\ l_i juJl J^U ^ G Sj*jS iM£ Ij] : 4-ijlaj Y-Y-f 

j^jLaJl (—IjjJall (Jj-aLa. £4 AK\ <jj^ ^ ul* 77 n ' ... ' Hi l H\ 3-ujaJI 

. \$ mil AjJ_^aJ' _>0^ _^Jilf*ll 
(j£xJ G Jut 11". <j' J^L^I (j^l^' UJjj^all (Jj-aLa. i_SJj*J ^ja £tlij £*jUb jjll 

. Ata. j JAoill I jA ji ^ jVI oa jiiu, . A. e i/ ; hj\..h n <i& j#*j!I 

^ oV 



iJi>\*l\j i-AjUll wi>ail J*l*» : OJLJI hiUI 



g = \h 2 ...h n ,g = g 77,., i = l,2,...,n. 

h l h 2 ..Ji H =k l k 2 ..Jc H ,h l ,k l eH l , i = \,2,...,n (*) 

=> = KK^K-K-h, (m) J.ji») 
^k n h;^H x H 2 ...H n _ x ,kX^H n 

^>kX e ^...tf _, ntf = {e} M c> M J-jiH) 

^>h l h 2 ...h n _ x =k x k 2 ...k n _ x (* o*k n ih„ u>j^j) 

. JA«j]l ^ji . i = 1, . . ., n 

p:G-»#,®# 2 €>...€>#„ 

(p{\h 2 ...h n )=(p(k x k 2 ...k n ) cm 



U> 15' 



(h x ,h 2 ,...,h n ) = (k i ,k 2 ,...,k n ) 
=> A, =*,,A 2 =k 2 ,...,h n =k n 



V(^..A).(^-yeG: 
(p{{h l h 2 ...h n ){k x k 2 ...kj) = (p(h x h 2 ...h n k x k 2 ...kj 

= <p(h x k x h 2 k 2 ...h n k n ) = (h x k l ,h 2 k 2 ,...,h n kj 
( M ) J, jill 

^ oA 



Group Theory >.jii5o>iii (jj^ft^ili) 




= <p(h 1 ,h 2 ...h n )<p(k ] k 2 ...k n ) 




• GjJ^-^ tr^J^' J cj^'^' <-J^>*^a3l t5 i^aLi. (ji* c3J^I -la^V : 4Ja »xLa V — t — V 



1/(24) 0- ^> lj*jHKi K-{\13} i /f 3=0,17} ^ U lil jiil : > 

0- ' 0J xj // ^! (17)(17) = 289 = l(mod24) : J-jJI 
0(24) = {1,5, 7, 11, 13, 17, 19, 23} 

0(24)0- * i>>! • (13)(13) = 169 = l(mod24) 

HK= {1, 13, 17,5} 
(13)(17) = 221=.5(mod24) 
(13)(5) = 65 = 17(mod24) 
(17)(5) = 85 = 13(mod24) 
(5)(5) = 25 = l(mod24) 



jjU-U >-oiJ! e ^K: = {e, (13)}* = {e, (12)} J j S 3 J : V JH* 




: Ailai o-Y-r 



£7(24) t> ^> S j- j HK u*\ 




Oj^Ull ^jliJI H>>a)l J-l** dJUil wUI 

= {e, (12), (13), (12)(13)} = { e, (12),(13), (132)} 
(13)(12) = (123)* i/i? 

• S$ o* <jj S ja j ijA HK <ji) 

•HK = S 3 du^Cfiji -K: = [(12)] . H: = [(123)] uSJ S 3 J : T U&a 

? liU ? H®K = S, <> 
. £={e,(12)} * J/={e,(123),(132)} : 

77*= {e, (12), (123), (132), (123)(12), (132)(12)} 
= {e, (12), (123), (132), (13), (23)} = 5 3 

4 AJI^j] Sj-j i',)..nl 53 Laiu t AjIIOj] a jaj H®K UJ^ ('* - ^-Y') AJJ^I <...u«* 
(> -Y-V) L-Sjj»jJ1 ^ JajJill (jiaj ^UC. jA IjA t . ii.mj H ® K £ S 3 I jfrlj 

.((Y-Y-r) ibjkj jkil) J£LS]! |j* ^ V 
(jiuall <> j^i) <!+jA\ AjLLJ jl.ic.Vl Sj-j <^a (R*,.) tiulS lij : t <jli» 

(R* +> .) _1 j.iUJl t_i J^U yA (R\{0},.) jjt^jiu j»jJI ^Lc 

{1, -1} Sjxjll ^ 

R* + . {1,-1} = R \ {0} : J ^ j : t'M w» 

(M\{0},.) c>u^>u^J (Ml,.) < ({1,-1},.) ul^ 
R* + n{l,-l} = {l} : <ii^ 

(R\{0},.) ^u-s j— i-a j* i^ 

i—l _^<a]l (JjL-ala. ^ U(sf) £)\i jilic . 3£jIiLa ^jjuiI jS 1 in (jaA t i S (jSJ 



Group Theory >#jji£j>ii3 ( j#t|*--»«) 



aKLuIo uj£ U s (st) <jli liA ^ Sj5lc. . U(t) » _S jiiVxJI ^jUll j^JI 

: jL^Uj . [/(*) ^ 4J£Lii» jj^ I/^f) « £7(f) 
U(st) = £7 (st) X U, (st) = U(t) ® U(s) 
t*l ^tfli) gcd(n i ,n j ) = l,i^j m=r\n 2 ..n k c£4 '• V-Y-r 

U(m) = U. (m)x£7 m/ (m)x...x£7 m/ (m) 
= U(n x )®U(n 2 )®...®U(n k ) 

: jn. A-r-r 

£7(105) = £7(15.7) = £7 55 (105)x£7 7 (105) 

= {1, 1 6, 3 1, 46, 6 1, 76} x {1, 8, 22, 29, 43, 64, 7 1, 92} 

= £7(7)® £7(1 5), 
£7(105) = U(5.2\) = £7 5 (105)x£7 21 (105) 

= {1, 1 1, 1 6, 26, 3 1, 4 1, 46, 6 1, 7 1, 76, 86, 1 1} x {1, 22, 43, 64} 

= £7(21)® £7(5), 
£7(105) = £7(3.5.7) = £/ 35 (105)x£7 21 (105)x£7 15 (105) 

= {1, 7 1} x {1, 22, 43, 64} x {1, 1 6, 3 1, 46, 6 1, 76} 

= £7(3)® £7(5)® £7(7) 

£7(2) = {1},£7(4) = Z 2 ,£7(2") = Z 2 ® Z 2 „. 2 ,n > 3, 
t/(p") = Z p „_ p „_, , ( tf jjI ^) pe¥\ {2} 



£/(105) = C/(3.5.7) = £/(3)®£/(5)®t/(7) 
i-Y-r 

= Z 2 ®Z 4 ®Z 6 
i-Y-r 

£7(720) = t/(l 6.9.5) = L/(16)®£/(9)®£/(5) 
n-Y-r 

= Z 2 ®Z 4 ®Z 6 ®Z 4 
i-Y-r 

f/(720) ^ 12 ^1 j^UJl ^ : YJ\1« 

t/(720) = Z 2 ®Z 4 ®Z 6 ®Z 4 ^ JV1. t> : J-^fl 

Orf(c) = 3 (or) J OJ(c) = 6 j Or</(Z>) = 4 (!) 
Ord(c) = 3 J Ord(c) = 6 j 0rd(d) = 4 (m) j' 

« c = 5 J c = 4 ji c = 2 ji c = l : (1)301^1^ 

6 = 3 J 6 = 1 

(2. 2. 4. 4 = 64 : jV) 12 ^jil ^ f 64 ( i ) ilUJI 
: ( i ) *1UJI ^ j ji ^Ij 12 Uijj ^1 j^»Li*l! j> Upl : (v) AlLaJl ^ 
2. 2 . 4. 2 = 32 t 
J t jjja (jj^u a g Z 2 t 0ra?(6) = 2 ji OJ(Z>) = 1 Ua) 

« y = 3 ji rf = l 4 c = 5 ji c = 4 jl c = 2 J c=l « 6=2 ji 6=4=0 

(a = 2 J a = 1 

UY 



Group Theory >.^^^u ( j/fl(«-«21t) 



96 J* AjjllaJl ji-ali*U ^^Kll .liaJl (jj<d qaj 

49 111 is«ll ^ jxaJI ^> t> (jjxS j J jl oa. jl : r 
: jVlj . 49 e C/(100) j' J^V . 49 111 (mod 100) ±*4 jA MjlkJl : J-^JI 
£/(100) = t/(4)®t/(25) = Z 2 ®Z 20 

x 20 = l(modlOO) : x<= C/(100) >^ J\ J is ^ i li* j 
^49 1U =(49) 100 (49) n =(49 20 ) 5 (49) u =(l) 5 (49) n 
= l.(7 2 ) n = 7 22 = 7 20 .7 2 = 1.7 2 =49(modl00) 
? ?t/(40)=C/ 5 (40)xC/ 8 (40) Ja • C^40) . t/ 5 (40) c C/ 8 (40) c-a-oJ : t 

C/ 8 (40)= {1,9, 17,33} 
C/ 5 (40)={1,11,21,31} 

J7 g (40) x U s (40) = {1, 1 1, 2 1, 3 1, 9, 1 9, 29, 39, 1 7, 27, 37, 7,33, 3, 1 3, 23} 
= U(40) 

t/ g (40)x£/ 5 (40) = t/(40) : CjA J ^ (1-Y-r) <> 
M t^U ^ 1/(20) J* • C/io(20) ' U 4 (20) c C/(20) m««J : ° ^ 
? ("\-Y-r) <}jiu3l liA o^aLuj Ja ? f/io(20) * {7 4 (20) — 1 j-SL-a ^IjB 

: J-aJl 

£7(20) = {1,3,7,9, 11, 13, 17, 19} 
£/ 4 (20)={l,9, 13, 17} 
C/ 10 (20)={1,11} 

t/ 4 (20)xt/ 10 (20) = {1,1 1,9,19,13,3,17,7} = 17(20) 

(jiaSUijVj . C/i (20) « t/ 4 (20) — J >SW-» m >«ll J—U ^ 1/ (20) ^ 

£/(*0 Qj& uV ^ IL jji (n-Y-r) ^jtsiia . (n-Y-r) ^jkiii ^ ij* 



6>*Lll UfcUflj <U*>l»ll Mj-all J-al** : 4JUI uUI 



fjJ jS La$] / t 5 <j-&" ^ J* J t/^O ' U s (st)— 3 JjiUxl! (jia-ljll <-Jj*iJl J*-al». j& 
(jjj^xj jjilxa t_ljj-a (J ■ ^ ^ 1 *«*- jjjajll jj^xjV ((JjVI t^ 0. 



12 3 ... 
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ri 
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vlua. jK" 4 H LaA £) 4 t> tjJjixa 

D 4 =H®K idjKiH-1 

fl 2 3 4 5 6 7 8Yl 2 3 4 5 6 7 8^ 

2 3 4 5 6 7 8 1 



v J 



x l 8765432 

'1 2 3 4 5 6 7 8' 
,8 7 6 5 4 3 2 1, 



= (1 8)(2 7)(3 6)(4 5) 



Lulu 



1234567 8 Yl 2 3 4 5 6 7 ti\ 



2 3 4 5 6 7 8 1 



fl 2 3 4 5 6 7 8 



1 8 7 6 5 4 3 2 



= (1 2)(3 8)(4 7)(5 6) 



v 2 1 8 7 6 5 4 3, 



Group Theory ^jjli^lij 

: (jjlijja^ jjjjj^ajll ^gli.lj i_j^)jJa (Ji o L^ < ** u »j\ 1S3 (jl (jA^>j : V 

(aA^II 5 3 j-3c e ) £: = {e,(2 3)} « i/: = {e, (1 2 3), (1 3 2)} 

(jll)lx9 (jliu j^. (J&JA j K l H '• Sjjilxc (^iLaSl 1 J\j-aJI (JaJ <Ajoua (JaJl : fllfe 
^^iklj (—JjjJa <Jju*aLa. 5*3 jla . AjIIAjI ("unjl — Lo£ — ^3 LaijJ 1S3 (j-a jjUyll JjJ 
<— ul£j .La$J ^g^jlaJI <— Jjj-iall (JjL-ala. £x 4 K1 n Ljaji 5" <^lul£ K <• H \ _>"^f* 

. aJaj! c^J ^ (j^alib |j* ((^ r-^ -r) ^ ^ Y Jlla) aJU] JUL 
[flK] * ^ji . = {e, (1 3)}» = {e, (2 3)} u^J S 3 ^ : A 

((Y-U-^) jtil . HK 

iZST = {e, (2 3)} {e, (1 3)} = {e, (1 3), (2 3), (2 3)(1 3)} 

= {e, (1 3), (2 3), (1 2 3)} 
(j-oj //XT j ni l ir . CLiUujSxx tij^ <^c- cij^J ^ j?- *>* j lS^ 

tP 6 - eSJ^ -(1 2 3) jA ^ill (1 3 2) <Jc lsjI^j 

(1 3)(1 2 3) = (1 2) Jc M . (1 3)(1 2 3) 

[HK] « ij-aJ . Z 12 6* iST: = [6] * = [2] up j-jM jiSol : 5 

: oj Sj Ij^jj 4 12 ts* <^ V- 4 *^ u' : J — aJI 

HK = {0,2,4,6,8,10} + {0,6} = {0,2,, 4, 6, 8, 10} = [2] 
[2] l^ij ^ t HK ^ cii^ ^ j> s j*j j*^' 

I^jj jxjl ^iUall (^.1^ m J^»^- Z n J Jc. u* jj . gcd(r,s) = 1 ji 

• l>] ' M owj^ 1 ^ 1 OApj^ 1 

Ho 



M + M = [l] :^^</(r,s) = l jV 

=>[r] + |>] = Z, (1) 
0<x,y<n j( csi x,j>e Z n j> jj -ui ^±£L li* . 0^ze[r]n[,s] o^J 

(*) (rs = n eft) xy <n J ls' rsxy<rf <ji li* • z=j«r=js<« : jl 

juJ ^«IS 5 u' 2^ ^ • ^--^ (""^ r ^ 2^ ^(^•s , )=l = ^u! t> 
(2) [r]n[j]={0} oil •(*)<*-« o^SLu j . xy-A ^ n J ^ xy—1 ^Ji rs j l$\ 

. SjJiLu (3) i (2) * (1) (> • (3) Z„ ^ JUI 

Sj- jll o* * : = {<?, (24)} . if : - {e, (13)} <jA>S>]i ^ : ILifiS- 
.(JjVl <c jH» ^ £A > £o Jli* jkjl) jiiUj S jxj) D 4 

[HK\ « i/AT ^jl 
: J-aJl 

i/^= {e, (13)} R (24)} = {e, (13), (24), (13)(24)} 

[hk\ = hk J J « i^ii /a: ^ i^t 

£/(900) ^ _>^»U*U <ij ^.jl : ^ t JliU 

: J_^J! 

C/(900) = f/(4. 9. 25) = C/(4. 3 2 . 5 2 ) 

= z 2 ®z 32 _ 3 ®z 52 _ 5 =z 2 ®z 6 ®z 20 

i-Y-r 
•\-Y-r 

fcm{2,6,20} ^ £7(900)^ j^>U*U aiSj j£i jjSj 

= 60 

m 



Group Theory j-yic^iai 



t G = HK tlul£ li] . G ijAjA (jjjuj ja. o^_>*j ^ ' : ^ y Jtla 

t (A) 5jj j 4 (g) ajj j ^ Aa^Ui Aj! ^jj t &e.K t h<zH £u*. g = hk 

G = HxK ^1 Ajj\5B *ILJI ^ . ^ jtt JjVt aJUJ! ^ : J-jJ 

J (V-1 -r) 2Ljjiii3! t> ^ liili 

Ord(g) = £cm{Ord(h),Ord(k)} 
• U^J* U J* > -'' > lW- 2 -^ n <■ m i jjj^ ja (jjJ ji uP-ie- t p ^jSj! : \ i 

. 2uj5h c^ouJ U(p m )®U(q") liU ^bj 

: J -ill 

C/(^) = Z„ v .,=Z 2i (JJ^ji^g) 

« Ord(U(p m )) »j) ^ U(p m )®U(q n ) uj^- c> 
^uujla 2 li*^* jjc- (1± l-ic- ) A£jiji- ^1 js U^iij (jjul <9rc/ U(q") 

£7(144) = (7(140) j^uAj : ^ 

£7(144) = £7(2 4 .3 2 ) 

s £7(2 4 )®£7(3 2 ) . (gcd(2,3)=l oV) 

= . Z 2 ®Z 24 . 2 ®Z 32 _ 3 =Z 2 ®Z 4 ®Z 6 (1) 
i-Y-r 

£7(140) = £7(4.5.7) = U(4)®U(5)®U(1) 
\-v-r 

nv 



OpriUf ^AjUll W>oll J-3l*» : OJUil toiUI 

(ga/(4,5) = l * gcd(A,l)=\ c gcd{5,l) = \ oV) 

= z 2 ®z s _ jQ ez 7 _ 70 =z 2 ®z 4 ®z 6 (2) 

. SjJlll<a i—ljlKflll £CJdJ (2) ' (1) (j-a 

. [g] Jiill J^HKc^ j& -K: = [10] c # : = [4] c££ Z ^ : n 

^=[6] 4 H= [a] i*n% AJUJI eiA ^ 
[4] + [10] = [gcti{4, 10}] (£*aJI LiA : JaJI 

= [2] 

[a] + [6] = [gcd{a, b}] 
J* . Z = HK 3 J* <y*ji ■ K : = [7] « # : = [5] Z ^ : W Jilt 

y ^ * H-i >su-» ^ijii m lUu z = //xa: 

[5] + [7] = [ga/{5, 7}] = [1] 

= Z 

0^35e[5]n[7]^Z^//x^ 
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G = HxKxL ? Ja t G = HKL J J* o*j> 
: G c ifKL J t> t> > ■ iiKZ, c G J : ^1 

UA 



Group Theory j^jjijo^ (jjt\fu*M$) 
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y = b-ac, 
x,y,ze Z 3 
GaHKL 
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6>*UM <Ul»WUIj 4**>UII J-al** . wJUil wUI 



« hi i heH < geG ^ det(g) = <kt(h) = det(&) = det(f) = 1 * 

: n>2 <J£1 <ui ( _ ? k. tj&jj : ^ 

t/(«) 2 :={x 2 1 jc €£/(»)} 

(i) let/(n)=>l = l 2 G(7(n) 2 

(ii) x 2 ,y 2 g t/(n) 2 => jc,^e £/(«) => xye C/(n) => x 2 y 2 = (xyf e t/(«) 2 

(iii) x 2 e l/(«) 2 ^jce U{n) => x~' e => (jc 2 )" 1 = (V 1 ) 2 e U(nf 

=> U(nf t ► U(n) (U(n) u-^S>Sj-j C/(») 2 ) 

« |jj . t/(V) 2 » xg U(n) J . yfxiN <■ gcd(x, n) = 1 

• X = 2 ia. AjJjS 

c> J-jJ J*V c^J U ^(Z 2 ® Z 3 ® Z 5 ) CP- • 1* 

z„ jsjtfi 

4itf(Z 2 ® Z 3 ® Z 5 ) = ^(Z 2x3x5 ) 

« (JjVl mMI t> ojj^ 6- Ao ou-s) Aut(ZJ = U(n) J ^ 

^(Z 2 ®Z 3 ®Z 5 )=C/(2x3x5) = [/(2)®j7(3)®?7(5) fi-Y-r <>) 

s{l}®Z 3 _ ] ®Z 5 _ ] O-t-r^) 
= Z 2 ®Z 4 



Group Theory >..pi£j>lai ( Jjifl^Ji«) 



. AjjSIj Aut(Z 50 ) u ! c> o*^ Aut(Z 50 ) J oU-* *I^=J jj^ : n Jilt 
Aut(Z 50 ) = U(50) = U(2)®U(25) = U(2)xU(5 2 ) : >A\ 

= {1}®Z 52 _ 5 =Z 20 

C/(27) ^ aJ*^ 1 J 31 J ^ ^j 1 U(27) <iiLL«s. *l jaJ oj± ' tHl» 

f/(27) = t/(3 3 ) = Z 33 _ 32 =Z 18 •: j^a 

l$iSj U (27) o* y«i -SjjJ?- j*j £jj Up5 <j_& (H-^-^) ^iVn.^yi 

(18 f-ljS) 9.6.3.2 

aj-j j^ie (JjlaJ ({/-group) £/ o j-j J^j5 4ii (^Ic <jA jj : Y V Jilt 

Z 3 ®Z 3 ^ (^a J>4 j jji) aKUox 

1/(63) = U(3 2 .7) = U(3 2 ) ® U(7) 

= Z 3 ,_ 3 ®Z 6 = (Z 2 ®Z 3 )®(Z 3 ®Z 2 ) 

= Z 2 ®(Z 3 ®Z 3 )®Z 2 
oSilj i ^Ull ^j^l^^ilj G:={3 a 6 h lO c \a,b,ceZ} <j£sJ ■ ILd^ 
: ji Jb, oa • ^ ^ jU! ^ H := {3 a 6*12 c | a,b,ce Z} 

#*[3]x[6]x[12] Laijj G = [3]x[6]x[10] 

tj-j Oj* J w [10] c [6] c [3] uV [3] = {3* |xgZ} J : c'M ^ 

. G = [3][6][10] J lMU^Ijj G = [3]x[6]x[10] Ji^j ^ Gu*^> 

. (i*) ijjji ^ ^ ^ [3][6]n[10] = {l} . [3]n[6] = {l} : 

• [10] ' [6] * [3] _! J±\d <-j cUU y» G u^! 



opiUf <UL>Uli 4*»>lall uyial\ J*l4» : -Ul 



^ (1+) i ^ai J c5> [3][6]n[12]*{l} J ^ ' 3- , .6 2 =12e[12] ^ 

(^-Y-r) 

?Z 2 ®Z 2 c-ff Z 4 ^JSLffi C/(3 ^ ( 30) ^ : tg ^ 



£/(30) = {1,7,1 1,13,17,19,23,29} 
t/ 5 (30) = {l,ll}=// 



UQOY 



= {IH, IH, 1 IH, 13//, 17//, 19//, 23//, 29//} : 30 o-gs* m j^I 



^ 5 (30) 

1//, UH = H : J i^Y 

17//= 17{1, 11} = {17, 187} = {17,7} = 7{11, 1} = 1 H 

23//=23{l, 11} = {23,253} = {23, 13} = {143, 13} = 13 {11, 1} = 13//, 

29/7=29(1, 11} = {29, 319} = {29, 19} = {209, 19} = 19 {11, 1} = 19// 

=> U(? % 5 qo) = {H,1H,UH,\9H} 

3lfl 19 H U <. l«J f Jj^ 13 // LS) IH ^j*S> AjjjIj 

( 2 ^ 19//^3juV 
Z 2 <8>Z 2 oyl j Z 4 J^Lijj 

? Z,0 ® t/(1 %2,9)] ^^^1^ 

£7(10) ={1,3, 7, 9} 
[(2, 9)] = {(2, 9), (4, 1), (6, 9), (8, 1), (0, 9), (2, 1), (4,9), (6,1), (8, 9), (0, 1)} 
0</([(2,9)]) = 10 , Ord(Z w <S> C/(10)) = 10x4 = 40 

_Z 10 <8>t/(10)/ .40, 
^ /[(2,9)y- 10 - 4 



WY 



I Group Theory ^tc^tis (j^t^SM) | 

L-... _ — — — - ~ „ J 

CPmJ* lA«> lPj* j K * H . Sj-j G iV G = HK CAS. Ijj : YV 
^ G u' o* • G ^ -^-J ^aiJI e tiiux < H C\K — {e} t G ^ 

. K j>SLA J±\d v> 

. o _>jiUa (_i jlkall ^jjjj . k & K <■ he H 

Z 3 ®Z 6 ^ j^io JS^j>jl(^) 
? liU ? Z 27 Z 3 ®Z 9 Ja(Y) 
? IjU f Z 15 ^ <KUiic Z 3 ®Z 5 J* (r) 

^« 4j£Uioa D„ JXU^I I jLaJ £jja j . 2 ^j5l t> (^ISjuVI) <JJ±^ J «til jjJ « <> 

K®MS^»j]l ^l£Uila (jjSj ^aaJl <jLfc AjSj^II jl-lC-Vl »J-aj <jl ^c. Q^J^ ) 
Z 3 ®Z 3 ®Z 3 yiSJa.jll ^jU-jV >-»3ft 15I iij C\) 

z 9 ®z 3 ^ sasai <ujJi 0- ^>ii j-jS ^ ^ji (v) 

^ ^uLe ^ N:=IR®E®R®K oSjIj * cAajL^Jl ^ ^La 

(componentwise addition). cjUS jJi 
tlul£ Ijj aLLuJI SjUxil <JjUL (jill L» .((jtjjajjA jjji) jtjlSLiLa N t M (J^- CJ^Ji 

? « X « £ jill t>o ClU JLnaA 

D 3 ®D 4 $D 24 0) 

Z 9Q ®Z 3fi ^ 15 *£jJ» <> ijjjljJl 4JJ>]I AJft >jl (W) 



wr 



: 2UiVl JsJl J-*l (^) 

2Lujll I4] 18 j.nWll 0- ^ ^1 Z^ t> AjjSUI Vj^ 31 ( ' ) 

^jll <> Z 3 ®Z 4 (^) 

Z 12 ®Z 8 Sj-jll 0- (4,2) 

Z_ ® Z_ AlSUilo V^J 1 ' s J-j ( J ) 

j~*h*i\ 0- - z 2 ®z®z 4 (-a) 

. (331 jLSl JSj Z 60 !A£t£i* gfcll jjlj Z„ JS-511 ^SB j-jjl 

Z 2 ® Z 2 sM' <w ^jl r ) 

Sjxj £* AKLilc (jjS yill Z 2 ®Z 2 ®Z 4 t> *£>S *) 

jjilla tj^-^ (J*-* 3 ^* (j* ^J'-^] *J"0 <J^ dual (ji (jUJ L_ljjJal °) 

? C/ 4 (24) £/ 6 (24) = £/ (24) J* . l/ 6 (24) « t/ 4 (24) 0^ U (24) J 

. 4 tV"l> (Jjlji> tl^JJ £/ J-»j5 JjiUx (^jli Jm-ll^ U (165) (jfi JJfc V) 

<jjj| jia ^jjj?. jjiU* J"*'^^ U (165) (jc jjc A) 

(' tllLji-aC.) AjjjI J J-o jj jjilxa ^^jLi. Jju^Uk£ (/ (165) (jfc JJft (^) 

. Z„ Jlill 

1/(81) ^ a^>I! ajc jja 1/(81) J dJu^W j>S oj^ .) 



Group Theory j^jJijvjjiai 



CjU-uia. «.\ j=J qj^ 6 IfraS j JZft Aut(Z 720 ) ^ j^»U«Jl J.JC. .Xa.jl (Y^) 

^(Z 720 ) 

^!j2 ^ jj& ^jl Aut(Z 20 ) ^ cAJl^ *\ j=J JjOj (YY) 

. 4 Vu5 j 

f/(55) = £/(75) : j^<>ji(Yr) 

z 4 <s>z 4 

(jjjj^jl jjilxa ^^jti. S-l.^-is (Jj-aLa£ Z 4 s^-oj^ (jSajV 4ji ^ylc. tjAjJ (^^) 

AjLaaJl^ 2 \ i$ I" 3^ 

J^US Z 8 ij-jSI ^ ufL^ «d <j*j^ (YV) 

: <j .„ cjl jUll c^l£ U lij jji (YA) 

G l ®G 2 = G 2 ®G x jj^G t « G 2 o^j-jciV(i) 

( _ s ikb <-J^a Jj-ala. jj^J ji e£«yV Jji J^C- Ajj j dl j a jaj ,j\ (t_l) 

Z 2 ®Z 4 sZ,(_*) 

Z 4 ®Z 4 =S 8 (j) 
Z 3 ®Z 8 =5' 4 (-*) 
6>rc/(Z 12 ®Z 15 ) = 60 ( j) 

? l$JJJj UJ^S »-^J *>0 l> 'J>.' jll (Jj^i^ i^J JP- J»*-ai ^ 0" * ) 



Wo 



: j-sl (n) 

— -Wj^® 2 ^ (1) 

l^Sj ( Z 4® Z -^ 2)] ALUtS^jlt ( v ) 

Z 36 ^ [18] ( i ) 
Z 3 ®Z 2 ®Z 4 ^ [1]®[0]®[0] (v) 
Z 3 ®Z 2 ®Z 4 ^ [0]®[1]®[2] (_^) 



W1 



1 



Group Theory vavll W-i 




Fundamental Theorem of Finite Abelian Groups 



jxjl ^iiUx (^ya.jLk) JjuaLi. Aj^Vm AjJI^j) oj-aj : 4j >laj ^ — \ — j 

Jjkjll liA (jli li* (^k. SjMcj .Jji .iiaJ (power<j^) » ja ^ V'/'j AjjjIj 



. J^ljjJl <_jjj jj l^c LaJ (factorization) 




Z , ®Z , ®...®Z 



(*) 



r m 



,"2 



' Pi 




. G —j (uniquely determined) 
G —I jSbail J^afl ^LJ! (*) J£JdL Sj- j ^! ^ti£ t5 *«fi : cJlj j«j T-^-t 

(Determining the isomorphism class of G) 



{K i H — 1 ^LJI <_j j^l J^U) G=HxK G 

. HnK={e) <■ G = HK J cAjj) J\ .Lis a^Uj Ujli Jull^l G <jV : 
. 1 = 5m + tn Ji <-1u=vj ^ t s tj Uj*> . rt jboc gcd(m, n) = 1 <jl c> 

6- (jc™)" =(*T" : u^j x=^ =jT tm =:T^ : M jcgG ciV uVlj 
« (x'T =(jc') m "=e J* J&ij (*) ^isll 

(\) cy* x m =e = x" xsHnK c&l JHj 

<■ Ord(x) = 1 (jji gcd(m, n)=\ Ji £u=- . m m j> !A£ ^j-SS (x) ^jjj 2^ 




« ^ := {xe G | *" = e} ^ul£j H := {xe G\x m =e 




Group Theory j^jJljojlij ( j#l|fc~21t) 



_SI Ord{G) = p"'p" 2 2 ...p" m m u&lj aJI^I ij^j G : i-> — t 

cy ^ G(/7 ( .)?={ji:gG|jc^ =e} o^Jj .AiHk* aJj! l$i£ 

G = G( Pi )xG(p 2 )x...xG(p n ) 

: ^^ic. G (j^-aj ij-iic. . l$ja jjSii <1 G ^ t j, -v, # Cfi^j 

(K 4 [a] _S (jJM) JilJ j^ll J^U ^i) G = [a]xK 
n = 1 I il . « ^Ijjll ftl jSWtfl ci J « Orf(G) = /?" jSSl : flU 

. Ajjjb S^o jll iiulS U J tj^c L> sj^j lil Ail jSii) . G = [a]x[e] jli 

. £ < « cijja. 4jj jll 

AJJJ (ji ^jj) • G JJ-atifr £Ja^ (JJJ <jx p" 1 JJ^ a J ■ -»'« ^ U^'j 

• JCG G ^J"?^ = C u]^ ^J-^c (■Lg.Jl ^ "''j < _ s j31 Aj^jittll ajMj^ Ajjj jajaiij j' 
(jill G J'^lir. (jJJ (jx b j thirty . J-hjSI jl&jjll (jj^J Vjj l G^fl] 

^ju c^jjj ; [a]n[6]={e} <J ^ o* -b£[ri] <j) ^ j j*^' ^ <j_& 
^1 AijLlU ^ e [a] J Ord{b p )=^^- jV . Ord(6) = /> : J 

: tjli li^Aj . e = Z) p " =(b p ) pm ~' ={aY~ l -3 ^ ■ b" =a' cM-b^^ 
-\ ) jrlllLaYI i> ^ ^ i>j ' [a] _J falj- (jiJ a' • Ord(d) < p m ~ x 

liiixj aM Jtilljj t i p ji ^ (jA jjj liAj . gcd(p m uj^s (^ _ ^ 



. c = af-'ft _>^j*it jjdcl jVI j . b p =a' — a pl : jli Ij^jc j . / = pj : u& J\ 

:< jli . [a] ^ .ilttS b c1a»5j V]j [a] 
p Aijjll <d ^ c T U^j tola li^Aj . c" = a Jp b p = a~'b" = b~ p b p = e 
t b£[a] JSj 4 ^jjj jij-J a! Z? 

. (jlaJ Ujlcil (jj^Jj 4 ^7 4jj^)1I Liaji «U <ji liili 

' (46])^=^[6]=[£] J »>i (5)^=6 d* Od(a)<Ord(a)=p m cP> 
V^j . Ord(a) = p m ji ^ e [a] n [ft] = {e} : a 1 ^ 

*l jS1o.VIjj . G ^ <ij j j£i aJ ^-aica Ji* £ t>j Ord(fl)=Ord(d)= p m d* 
u^j -G K "Spja. s j^jl [of]xAT JljilU G < . J ^ jli*»ii j^-jjaLjll 

_ , ^ ^jr 

t^cX <jaJ . JJ M l f JJ3 jjx^aj^l jA ' _ tijja. ^ := {x £ G | X £ A"} 

liA j 4 xe[a]nk=@=§b]} d* xe[a]nK d* UJ . [a]n^={e} : J 

Aaialia ^> £%j . xe[a]r[b]={e} <j]i ^ (>j xg[Z>] aUa " 
.(jJM Jiljli (_i j^l cUU) G=[a]xK d* JMLj (*)G=[a]K J Ui J 

: (ji ^cjuj j^jJaUjll el jaiuiVUj ^ — £) <j* jVlj 

: Aj^ifAS 1 - \ - i 

j^ia.1^ l_i jiJa (Jj-aL^ tjj£j Jji • 3JC ' {oty * CS* ^Jd*'" ^1-^! *J-"j L^l 

s jj^all ^ C? 4j(;n^l Ul^yi Sj-jS (ji j£ (i-^-^) ^A^l 

(^i) sji ^'^jUI Sj-j G(p,.) ^ G = G(p l )xG(p 2 )x...xG(j> n ) 

U. 



I Group fheory^li^lii ( jjVt^2J() 

<_jijJJ <jl ^s-ixJ Ia* j . <J j! jl^ci ^(_^luj|) (_J j3 Ig-JJJ ^-JJjl-i _>°_^ J^V t^^- 1 

lU^>^ G(Pi) ( U P t0 isomorphism and rearrangement of factors) 

. ^iilxa i-J^jxia 

: 4j^oj V— > — i 

cl±jl£ I jj . J ji ite ((_>^) * U-^J ^-m"'''" AjII^jJ SJ-aj G (jSjl 

G = H,xH ? x...xH = K : xK,x...xK 

1 z m 1 2 n 

> 0</(iQ > ... > Ord(KJ < Ord(H l )>Ord{H 2 )>..>Ord{H m ) 

. i ^1 Ord(H i ) = Ord(K i ) < m = « <jli 

(jx Jai I^jjj j ^1 A-iII^jV I j-ajll ^a=>J £ j-> » <•« jjjSjII u'l lH 3 -Ord(G) = p 
t> i>.j := {*" | xe Z} : *>. jll Z aJI^) i j-j tsV oVl j .Oc/(<7) 

: jc',j> p e I p ci'V i If ±<p J e = e p &L P & • L ij- jll 

G p = H p xH p x...xH p , = K p xK p x...xK p 

l l mil n 

uii j y j-> i n j^c. jiSin' c Ord{H^) > p o\ ^u^.' / ^j-> > ^ ^^c- jj^I m' 
G p — S cajib-B c&j^ d • Ord{Kj) > p Jl 

^IjSi-VI o-9 Ord(G p )<Ord(G) tj^j .(^ ^ u^i^V 



oV f>ij . z = l,2,...,m' ^ Ord(H?) = Ord(K*) « m* = w' 
. / = l,2,...,m' ^ OrdiH^OrdiK,) cP Ord(H i ) = pOrd(Hf) 

AjjjII till jj SI JJC. (j jLulj j9 AijjJl till ji Hi —II Ale tji ^^c. AiA jJl iaaa t5 iJJj 

ji s^Ua ^jjj liAj m — m' — n — n x i) ij\ • p 

Ord(H l ).Ord(H 2 )...Ord(H m ,)p m - m ' = Ord{G) 

/ 

= Ord(K l ).Ord(K 2 )...Ord(K n ,)p n -"',Ord(H i ) = Ord^) 

. m — m* — n — ri* jl (ji 
. m = n J ^ii) m' — n' Ji tiua. j 
(t'iU >t ^ ^aj : A- > - i 
: jli ^ila A <liil£ j t j C t 5 i A cJS lij 
. 5 = C jl£liliSjjjlSlj!(o^) ,4®5 = ,4®C 

: 

aJjuVI Sj-j3l AiSj dulS lj] ^U. ^ aiIo aII SjJlLiJl (_j J^l^ <_£SI : ^ Jll> 

16 M 8M 4(1) 

: J^JI 

Z 2 ®Z 2 J Z 4 (I) 
Z 2 ®Z 2 ®Z 2 jl Z 2 ®Z 4 ji Z 8 (m) 
ji Z 2 ®Z 2 ®Z 2 ®Z 2 j\ Z 2 ®Z 2 ®Z 4 jl Z 2 ®Z 8 ji Z 16 (_?.) 

z 4 ®z 4 

G: = {1, 8, 12, 14, 18, 21, 27, 31, 34, 38, 44, 47, 51, 53, 57, 64}c& : V Jll* 

(^jLaJlj ^^ikl-lil i_jjjJa3l ts inala. 5JV^J G (jc- J^. • 65 (ja^li-a (-jjjJall AjLaC £-a 

. AjgJiia 4j3!.ijj _y*j^ LAJJ^W^' 
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64 


57 


53 


51 


47 


44 


38 


34 


31 


27 


21 


18 


14 


12 


8 


1 


— 


■ 2 


4 


4 


2 


4 


4 


4 


4 


4 


4 


4 


4 


2 


4 


4 


1 





. 8 (j^J ' u, lj ^ J' ^" f " J^*'*' '"' : (j^-^ S- 1 ^-^ 3 <J ' ^ ( ^ ) 

liliaJ a ji! f j. ^iir - jUii . ^yikljll (_lj*^Jl J^aU. ^ Xolfi. [8] OJ^! '^J 

ujS, (4 ^ ([8]) < 16 ^ (G) uV) 4 ^ ( a ) j£ 

a,a 2 ,a 3 <£ [8] 

G = [8]x[12] : o£i ' »i» (5*^ 12 • ([18] = {1, 8, 64, 57}) 

z 16 ,z 8 ® z 2 ,z 4 ®z 2 ®z 2 ,z 2 ®z 2 ®z 2 ®z 2 ,z 4 ®z 4 

. 16 j jj-aic I^j (jajl G ' 16 aSjj j 1g Z 16 tjV a. v» n . Dfl Z 16 
8 <Cujj l^J^G j 8 4j£ j (1,1) g Z 8 ®Z 2 ^ SWi.™ Z 8 ®Z 2 

12 1*j G U » 4 -Oijj j^jc l^j ^jjV <uV SHnn,n Z 2 ®Z 2 ®Z 2 ®Z 2 

: 4 0- AiiVI j^.UJ! l^j Z 4 ®Z 2 ® Z 2 
(1, 0, 0), (1,1, 0), (1, 0, 1), (1,1, 1), (3, 0, 0), (3, 1, 0), (3, 0, 1), (3, 1, 1) 

a 1t/|ih<i "dLaJl e^A (jjj . 4 t>° "*'""' 12 G ^ "'j; ( j ■ — 1 '"*- AjjLaJ ^^Aj 

: j^U«Jt l^c. Uua 4 (>» Ujj-aUc. ^xaa. : Z 4 ®Z 4 
(0, 0), (0, 2), (2, 0),(2, 2) 

« (2, 0) ' (0, 2) 2 ^-jj jil j^Lk. 3 » 4 Ai5 jll (> Tj-uoic 12 \«j ji) 

. G £-« 4KL£La . (0, 0) jA 1 i>» -i^l J jmir.j i(2, 2) 

G: = {1, 8, 17, 19, 26, 28, 37, 44, 46, 63, 62, 64, 71, 73, 82, 89, 91, 98, 107, 
109, 116, 118, 127, 134} 

ur 



^jii-lj ujJi J.a U^ G (jc jjc . (modulo) 135 <>>l}Ls s-i ^ ^L«J!j 

: ^j8 3 = 512 = 107(modl35) : J-^S 

8 6 =(107) 2 (modl35) = 109(modl35),8 12 =(109) 2 (modl35) = l(modl35) 
<(134) 2 =l(modl35) ^ i>j 134=-l(modl35) : jli 

Orf(134) = OJ(109) = 2 J ^ . (109) 2 = l(modl35) 

Z 24 =Z 8 ®Z 3 or Z 12 ®Z 2 =Z 4 ®Z 3 ®Z 2 or 
Z 6 ®Z 2 ®Z 2 = Z 2 ®Z 2 ®Z 2 ®Z 3 

((u-^-r) t>i j) 

c*SUa tilliS . 12 j j-aic l$j .^jjY <iV SjoiVl S>«jll A«,il>,u 12 ^ (8) <uj 
jjS G ^p) • 12 j* 2 <uj j j^aic 1$j Z 24 IaUJ 2 l^JJJ J G yi jl J*-*ic 

• Z I2 (g)Z 2 £*4KL£l* 

12 ([8]) « 2 ([134]) <u ja jJsUJI ^ j^l J^.Ui 5^1. U 

. <jU£]I aIj^jjAI (jjLLuill jjjlliAll (J£ Jjja "— " ^>>>i : 

G = [8]x[134] jli f5 o-j ' 24 ^ (G) ^jj * 134£ [8] J US 
Z^ ®Z^ ®...®^ Jlill Jo Z 4 ®Z 4 ®Z 2 ®Z 9 ®Z 3 ®Z 5 •• * ^ 

Z 4 ®Z 4 ®Z 2 ®Z 9 ®Z 3 ®Z 5 =Z 4 ®Z 9 ®z 5 ®z 4 ®z 3 ®z 2 

= z 180 ®z 12 ®z 2 



Group Theory >.jJijvj>^i 2D) 

S j* j ^ Jj, — ^ <_> jikal! . AjUaj) Sj* j j 72 AiSjSl t> G : Jl» ^ ^ — > — t 

. 12 ^-JJ^)Jl ^-i-a ^_)^ 

: jxjll (j^j ^ aKLSL* Guj^ ^r--" aJI^I j-jll AjjJiilJ tiij : J-^aJt 

Z g ®Z 9 or Z 8 ®Z 3 ®Z 3 or ®Z 4 ®Z 2 ®Z 9 or Z 4 ®Z 2 ®Z 3 ®Z 3 
or Z 2 ®Z 2 ®Z 2 ®Z 9 or Z 2 ®Z 2 ® Z 2 ®Z 3 ® Z 3 

V> c5i^ t>J (( n ~^~ r ) ->) Z s® Z 9 = Z 72 

((U-1-r) ^ij) Z 4 ®Z 2 ®Z 3 ®Z 3 =Z 12 ®Z 6 .12 l^j 

{(o,o),(i,o),...,(n,o)} : ^ 12 i^j ^> sj-j <> ^ 

: Sj* jll iaL Z 4 ® Z 2 ® Z 9 % j*jB t> 12 L^j 4j3> & j»j Jj^Jl j 
{(m,0,«)|meZ 4) «{0,3,6}} 

: S j* jll IkU Z g ® Z 3 ® Z 3 S>tjll t> 12 L^J <u> ft jaj Jjx^railj 

{(m,«,0) I we {0,2,4,6},«e Z 3 } 

: ijxjll iiU Z 2 ®Z 2 ®Z 2 ®Z 9 t>j 

{(k~£,0,n)\k,£e Z 2 ,«e {0,3,6}} 

: s^jJl ikb Z 2 ®Z 2 ®Z 2 ®Z 3 ®Z 3 t>j 

{(M,0,0,/?)|MeZ 2 ,peZ 3 } 

: 4fr»jL»4&«i \ i-\-t 

jjc. Aalljbt j-a j t^J ialJaS\j .la. jj <j] ■'''J^ ; M <_La. j-a grj~> > ^1 .lie j t i. ^i I La : \ Jlld 
^ AO 



i Z 3 ®Z 3 ®Z 4 t Z^Z^Z, v Z 9 ®Z 4 : ^ ^jVl j-jJlj n = 36 : J=^! 

. z 3 ®z 3 ®z 2 ®z 2 

Ja . 15 Ajjjj j.^-iir. is.jj 45 AjjjJI 0* "M ^ ^ i^c- o*j} '• V tfl^* 

v 9 Aiiij tj. — 45 ^jjjM t>« * j-° j Si' lS jj=>j 
^jL^ jj^ -of J .Z^sZ^®^®^®^: ^ 45 t> ^JlJuV* j-jll: 

(1, 1, 1) _>-u«il Z^®^®^ Sj-jll Jji\5^j (1,3) Z,®^ > ^ 

. 9 jCiLj j^uc ^ Z 3 ®Z 3 ®Z 5 Sj-jB .((V-^-r) ^1 j) 15 

Aijja. o^yaj Lagia J£l 108 ^JJjM (jl^lljj) lA>0 JJ (^C- U*^ : V 

« Z 4 ®Z 3 ®Z 9 * Z 10g sZ 4 ®Z 27 : ^108 <ujll i>M^V» J- J 11 : 

. Z 2 ®Z 2 ®Z 3 ®Z 3 ®Z 3 4 Z^Z,®^®^ i Z 2 ®Z 2 ®Z 27 « Z 4 ®Z 3 ®Zj®Z 3 

j> r-iWll (jx o^ljiall a_)x^ll 3 A-JlJ >31 oAa.lj ^JJ^? 1 '-J'O ^4 ® ^27 *_>0^ 

: ^ tfl (0,9) 

[(0,9)] = {(0,9),(0,18),(0,0)} 

(j* S-lljialt ojx_)3l 3 ^-pjJl (>o ai^.lj Xpj^. ~o_y*j Z 2 ®Z 2 ® Z 27 

: ^ J (0,0,9) 

[(0,0,9)] = {(0,0,9),(0,0,18),(0,0,0)} 

J-aj Laj-" (J^J 108 ^-fjjJl (>" lA^W U^-^j ^ (j*^ : £ Jlla 

<u>Jl ^.jjl 1*1 Z 4 ®Z 3 ® Z 9 Sj* jll : J^Ll« JjLJI JliJl J) jlailL : nil 

: 



Group Theory ^jji^^iii (jj«/t,*«Jiii) 

[(0,0,3)] = {(0,0,3),(0,0,6),(0,0,0)}, 
[(0,1,0)] = {(0,1,0), (0,2,0), (0,0,0)}, 
[(0,1,3)] = {(0,1,3),(0,2, 6), (0,0,0)}, 

[(0,2,3)] = {(0,2,3),(0,1,6),(0, 0,0)} 

: ^>ll j-J>5! Z 2 ®Z 2 ®Z 3 ®Z 9 : Sj-jllj 

[(0,0,0,3)] = {(0,0,0,3),(0,0,0,6),(0,0,0,0)} 
[(0,0,1,0)] = {(0,0,1,0),(0,0,2,0),(0,0,0,0)} 
[(0,0,1,3)] = {(0,0,1,3),(0,0,2,6),(0, 0,0,0)} 
[(0,0,1,6)] = {(0,0,1,6),(0,0,2,3),(0,0,0,0)} 

. 2 Ajj jll t> 3 ViurJL l$J 4 120 t> aJI^j] Sj-J G <j£l : o Jlla 

: ^ I4I JSLSSII jli 120 ^Jl c> M-^l *J- j G lil : 

Z 8 ®Z 15 , Z 4 ®Z 2 ®Z 15 , Z 2 ®Z 2 ®Z 2 ®Z 15 
ajj jll cjljj U j^U*a V*- 31 '^j-j 51 Z 4 ®Z 2 ®Z 15 Sj*jB ji ^blj 

(2,1,0) 4 (2,0,0) 4 (0,1,0) 
(up to isomorphism) (cjU jJ jj^ j jjVl) <^!>l£L£ill i-ilua. Qjii : 1 Jlla 

. 360 <jj jll t> aJIaiVI j-jll frJ*?- 
i^AJl^yi jll ajS'^j 360 = 5x8x9 : 

Z 5 ®Z 8 ®Z 9 , z 5 ®z 4 ®z 2 ®z 9 , z 5 ®z 2 ®z 2 ®z 2 ®z 9 , 
z 5 ®z 8 ®z 3 ®z 3 , z 5 ®z 4 ®z 2 ®z 3 ®z 3 , z 5 ®z 2 ®z 2 ®z 2 ®z 3 ®z 3 



t> AjjSh b >»j tjic (jjj^u V j ^>jSb Ci-uS Z 2 ® Z 2 6 j-jll : flU ^ 

. 4 <£jjll 

jUlVwo (jUl ji 9' P<7 ( J ) 42 (— ?.) 15 (v) 6(1) 

aLLoJI ^jUill ^ ( j ) Ailikxi kA J jIoc-I r i q i p <^-ya. <7 r ( — a) 
S^jII^j Z 6 =Z 2 ®Z 3 UpJ( i ) : J^JI 
jll cflliS Z 15 = Z 3 ® Z 5 (m) 
i^jB^liS^j Z 42 =Z 6 ®Z 7 =Z 2 ®Z 3 ®Z 7 (^) 
s^jB^j Z„=Z,®Z, ( 
s^jB^j Z^=Z p ®Z ? ®Z r M 
(jx lij iaia j I jj n 4jj_>^ o-« '"j^j U)-^ uj^! ( J ) 

jL-Sj 4 1080 S>.j» j CiSlS U lij ^ ^iiill ^ : ^ Jll. 

180 ^1511 

1080 o- M^VI j-J J*3lLj 1080 = 8x27x5 : J-^t 

Z 1080 =Z 8 ®Z 27 ®Z 5 , Z 4 ®Z 2 ®Z 27 ®Z 5 , Z 2 ®Z 2 ®Z 2 ®Z 27 ®Z 5 , 
Z g ®Z 3 ®Z 9 ®Z 5 , Z 4 ®Z 2 ®Z 3 ®Z 9 ®Z 5 , Z 2 ®Z 2 ®Z 2 ®Z 3 ®Z 9 ®Z 5 , 

z 8 ®z 3 ®z 3 ®z 3 ®z 5 , z 4 ®z 2 ®z 3 ®z 3 ®z 3 ®z 5 , 
z 2 ®z 2 ®z 2 ®z 3 ®z 3 ®z 3 ®z 5 . 

: 216 4 540 4 30 4 60 Wij j* j 

\ AA 
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4x3x5 l^j^l [(2,9,1)] *j3>JlSj*jil J^isJ^ Z 8 ®Z 27 ®Z 5 

1x2x3x5 Wjjft [(Q 1,9,1)] ^>il *• tii^ Z 4 ®Z 2 ®Z 27 ®Z 5 

4x3x9x5 V£j [(2,1,1,1)] ^>ll sj-jll <> Z g ®Z 3 ®Z 9 ®Z 5 

l^j^l [(1,1,1, 1,0)] *£>H Sj-jll ^ tfjSaJ Z 4 ®Z 2 ®Z 3 ®Z 9 ®Z 5 

. 4x2x3x9x1 

t—lLui^ (j& »U»luiYI (j^-oJ liLol ^-<aj (^ — £) (j- 8 ^ <J^-» • ^ » 

. jjulLi^ ^^AjLi. {Ji «il (j (j& _^>j^alic- AjLU-oiJl 

I^jjjj j i rt\ (jV i tjJjjj i Vu^') (jl aj;li.Vl <uiAaJI j.i ^ li n jl t_JJJ : J—^t 

jxjll ^ 4 Uafjj (,^11 j*-alix]l jjx .lie j 9 jA JjVl Ijj-suc j*ie .ia.Vl ^ 4 

<KLila SjjjjJL jjS ^1 Z 4 ®Z 4 Sj-jll #USa*-U 8 jA 16 k&J\ j> aJI^VI 

. G SUaa-alt a_^o_)l! £<a 

^-^) j> aJI^j! jjc. OilS j.i aJIjj] Sj-jll (UlS *l : J aJt 

^3 ^UJbj Sjxjll Ajjj ^jluSj 'ej*j jui'ir. Aijj (ji (Y) t ( \ ) 1 gjinil 

t (v-w) <(u)(v-u-i) t ^ j^i (r-^ :^j3iu» r ^.t r^j^i 

. (a ;fl r..n jgj^yi ^oj>ll J^iJyt AjjkiH) 
l.ie Lsja) j>rtU»\l (>« .lie jjS>! U . 9 Aijll c> Cj '• ^ ^ lM» 

? U ^ G ^ J 

Z 3 ® Z 3 (^) Z 9 ( ! ) : (^Ui 9 ^ijll <SU ^ j£LSilt J_^a : J-aJt 



; j- (t_l)<(l)(jJjllaJl ^ c_ujit '/■■■•«■ ' lillj (jW^J •(*- la -J^' J"~" r ' ^v''"'^ jjL-aUfr 

.9 <jaj]|l^ j^UJl ^t, . Hijll <3 . 3 ^jjt 6 »3o* j" 1 '"* 1 ( I ) 

. 1 2l£ jJI a! (0,0) S-ia. jll j.,Vir. Ijc i 3 AjjJI IjJ liJl (m) 
( i ) cUall G u^! : cP^V 1 t> 3 <hj ^ j/tf (^) 

( i ) Jx-ai5l (j* G : 3 (>» J»fifo i 3 JJC- t>> J uiV'lft 4j^> (^) 

( i ) Jj^aill qa G '• 3 <£jJ! (>a jl J'^i'ir- t 3 AjJjll JJC- i>» jl ji .Vtfe Aa.jJ (V) 
(<_l) (Jj-aill (jx G:3 <JJjJl (j-a ji-aUft 4j!!^J t 3 JJC- (j-o .iaJj •ia.jJ (£) 

(<_j) (Jj^aill (jx G : 3 <PJ$ (j* J x^'ul t ^f a a. (o) 
1$j3 Laj) 4 t>« L$ '-rlJjil t>» 4ij*-aJ <J£L£i3l tjj-oa i 'tn'^'t (ji tli^aj 

• oaj=^ u£f>j a3j*a! ^LWtfj ( I ) 
: <jX->s : G — 1 jSUui! Jj-=a <.itti.» 18 Ai5 jl! aJU ^ 

:^Z 2 ®Z 9 j-lij Z lg = Z 2 ®Z 9 (i) 
(0,0),(0,l),...,(0,8),(l,0),(l,l),...,(i,8) 
*17*13*Tl«7«5«l:^ >-Ue. tt« 18 V ^1 Z lg >-lfc. 

12 t 6 : L«a 3 ^-jjjII La^l jlilll j i 15 * 3 : 6 AjjjJI L^] o 1 ^ 1 J 
.0 j* 1 ^SjB a! 15 jll j 9 jA 2 <jjj1I a! tiillj 
: ^ Z 3 ®Z 6 j^U^j Z 3 ®Z 6 =Z 3 ®Z 3 ®Z 2 (m) 



(1,2) 


(1,1) 


(1,0) 


(0,5) 


(0,4) 


(0,3) 


(0,2) 


(0,1) 


(0,0) 


_J' — 


3 


6 


3 


6 


3 


2 


3 


6 


1 
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(2,5) 


(2,4) 


(2,3) 


(2,2) 


(2,1) 


(2,0) 


(1,5) 


(1,4) 


0,3) 




6 


3 


6 


3 


6 


3 


6 


3 


6 





. A^lj Ajjjj .laJj jA-aic j (jUjI .i^lj ^^ajfrj 

(Jj^aS IgJ G 9 Ajj^jJI jl 18 ^JJjJ' l-S-i" (j* cAj JJ-aLic. AjUjlu C-1JJ lisle Ij] 

JSLBII IgJ G J ^ 9 jil8 ^SjM ^ j*i> lij U.Z,®Z 6 JSlioll 

• (0,0) 0.1a. jll j i ^iir- (-j^Lkj j i *-t1 ir. Alut Aija-o 1 W*->.l liii (j\ i Z ]g 

. <dli JjS 9 AiSjJl ji 18 

. G jSLii cUa . a 2 * Z> 2 * Ord(a) = 4 = Ord(b) 
« Z 4 ®Z 2 ®Z 2 4 Z 8 ®Z 2 4 Z 16 : <pVl JSU21I J>-s 1*1 G : 

Z 4 ®Z 4 i z 2 ®z 2 ®z 2 ®z 2 

Uh (l,0)+(l,0) = (2,0) . Ot/(i,0)=4=CW(U) < (l,0),(l,l)eZ 4 ®Z 4 

uj^ t5 iUlU J ( 4 a-U- ^1 J J^V) (U) + (l,l) = (2,2) 

Z 4 ®Z 4 j* G ij-jll JSLSill 
(up to isomorphism tiiLajjajj- j jjVI L_iL*a. jj.ii) aJI^YI jJl Aie. £ : > i Jll* 

? (24)(25) ^SjJl i>j ? 25 ^SjB t> ? 24 ^jll 6- ^1 
« Z 4 ®Z 6 « Z 24 : ^ 24 t> aJI^j] Sj-jl JSL&I : 

Z 2 ®Z 12 =Z 4 ®Z 6 JJi^V dSliS. ga/(2,3)=l J J^V .Z 2 ®Z 2 ®Z 6 
t> ^ll^l j-j 3 u*1Ua jjjj . Z 2 ®Z 3 ®Z 4 Sj- jll <_£L££ o^j-J 11 ^ uV 

. 24 AiSjl 



Cpj*j ^Ua J i Z 5 ®Z 5 i Z 25 : LcA 25 c> i JSUnll 

. 25 AjjjII t> lAjM 

.[(go/) (24, 25) = 1 J -^V] .(24)(25) Ai3 J' t> W j-j 6 ^ u& J^ij 
? 10 s Aij j3l (> j* jll (CjUjja jjx jjjVl uj-^) : ^ 

: 2 5 ^J 31 o* Sj* jll JSUSlI Jj^ . 10 5 = (2 5 )(5 5 ) : J-aJI 

* z 22 ®z 2 ®z 2 ®z 2 « z 22 ®z 22 ®z 2 < z 2 3®z 22 . z 24 ®z 2 < z 25 

JiJUj JSL& J_^a 4*^ : Z 2 , ®Z 2 ®Z 2 « Z 2 ® Z 2 ® Z 2 ® Z 2 ® Z 2 

: ^ 5 5 *£jll i> aJI^VI '» jll JSLSSlI J_^ j^la 

* z j2 ®z 5 ®z 5 ®z 5 « z 52 ®z 52 ®z 5 < z 5 3®z j2 < z^®^ « z 55 

Jj- US - uj^sj c£Uu Jj— s ^u, : Z j3 ®Z 5 ®Z 5 « 'L 5 ®Z 5 ®'L 5 ®'L 5 ®'L 5 
(CjUjja jj* jjjVl uj-^)10 5 ^ jll i> M-^! S j-j 7 2 = 49 ^Ua -U Jll. J> 

* gcd(24,25) = l U Jll. JLJ oslS US gcd(2 5 ,5 5 )=l J ^ : 

V 1 = jinj jll ^JicVl <il jliJl ^tall c& ^ jl tiiiaj lit. 

. {8,6,10} c> . {46} c> . £3} t> ^ J&Z U J VjaJl j-jH ^jl : n Jll* 

VZ B(< * Z 12 J £3} jIjb A^j=J Sjxjll ^! • 1=3-2 : 
H ^ $245 W ^ aIuii » j» ^ sji >ji i jii J e^ 1 j • 2=6 - 4 

[2] ^ {8,6,10} <>*»4j^ ^j^ 1 * j*J» ^ 
. 72 ^jll l«J aJIaj) Sj-j G u&l : W Jll. 
f iiU, f 8 JUS jll l«] G t> ^j?Jl j- jll JjiM ^kWi Ja ( i ) 
? I jUj ? 4 4iSjll V»i tPlI G J- *£>ll j- jll J jill ^jVi'i./i Ja (m) 
4 Z 72 =Z 8 ®Z 9 : ^ G-l JSLSII J^a : J-^J1 



I Graup Theory >^Ji^j>lii (Jjift^-ai)) 

* z 4 ®z 2 ®z 9 z 4 ®z 2 ®z 3 ®z 3 
z 2 ®z 2 ®z 2 ®z 9 z 2 ®z 2 ®z 2 ®z 3 ®z 3 

^ 4 jA 8 ^jjjll Ul ^1 G (j-a AjjjaJl J-«j5l AiC (jL JjfiJl ^ j Wini'i ^aj ( i ) 

. 8 j» i ii< i J <}j_)aJI jll i n<*) lA ji rt\ )f. 4JJJ (ji-J lA jxaj j 4jj_^a. *^>*j 

Z 8 ® {0} ^ jjS Ajj>ll Sj-jB uli G = Z 72 = Z 8 ® Z 9 UjiSftl I jlS 

yA <jj£ 'J-j 51 G = Z ?2 =Z 4 ®Z 2 ®Z 9 Cj3\S u! ^ 

Z 4 ®Z 2 ®{6} 

^ Oj^ ^j^ 1 '^O 51 uliG = Z 72 = Z 2 ® Z 2 ® Z 2 ® Z 9 i^slS a 1 ^' 

Z 2 ®Z 2 ®Z 2 ®{0} 

^ <jj£ V*^ 1 V>JI ij-jll u!iG = Z 72 = Z 4 ® Z 2 ® Z 3 ® Z 3 cM£ a 1 ^ 

Z 4 ®Z 2 ®{0}®{0} 

IkJl <jS>]l Sjxjll G = Z 72 =Z 2 ®Z 2 ®Z 2 ®Z 3 ®Z 3 c^lS j) U 

Z 2 ® Z 2 ® Z 2 ® {0} ® {0} ^ jjSi 

1^ 4 Ujjj j j *J*j cs* ^ ^jf^ 1 Ijji • ^;W....-.y 

•ja ^ Z 2 ®Z 2 ®Z 2 ®Z 9 G U jjj&I IjJ Ui . {(a,0)|ae {0,2,4,6}} 

• 4 Ujjjj .>0 "^j^ 

1) {(1, 0, 0, 0), (0, 1, 0, 0), (1, 1, 0, 0), (0, 0, 0, 0)}, 

2) {(1, 0, 0, 0), (0, 0, 1, 0), (1, 0, 1, 0), (0, 0, 0, 0)}, 

3) {(0, 1, 0, 0), (0, 0, 1, 0), (0, 1, 1, 0), (0, 0, 0, 0)}, 

4) {(1, 1, 0, 0), (1, 0, 1, 0), (0, 1, 1, 0), (0, 0, 0, 0)}, 

5) {(1, 0, 0, 0), (0, 1, 1, 0), (1, 1, I, 0), (0, 0, 0, 0)}, 



6) {(0, 1, 0, 0), (1, 0, 1, 0), (1, 1, 1, 0), (0, 0, 0, 0)}, 

7) {(0, 0, 1, 0), (1, 1, 0, 0), (1, 1, 1, 0), (0, 0, 0, 0)} 

? Z 2 ® Z 2 ® Z 2 4jS ^ ^.U*JI (>^Jl.: ^ A Jli, 

: tUaJl 



Z 2 ®Z 2 ® Z 2 = {(0,0,0),(0,0,1),(0,1,0),(1,0,0), 
(0jJ),(l,0,l),(U,0),(U,l)} 

0- Jaij t Z 2 ®Z 2 ®Z 2 jIjS {(I,0,0),(0,1,0),(0,0,1)} ^j^ll 

. 3 _yA aUaa-all 6jx jJl Jll jJ jj->aLix]l 

Ajjjb (jjSj Jji Ale I^JJJJ AjIIAj) a^J J£ ( i ) 
AjjjIj (jjS ^ji .lift ((J^) » j3 U-^J "M^j (m) 

{4,6} o- ^ Z 8 {-+) 
{4,5,6} c>^Z 8 (a) 

Sl^JJJ J ^JJ^^ j (J^ - L$J^ 5 cr !c- A <im<ll (Jj2 W-*Aj "M'^] 'J-O <J^ ( *) 

61^1jj j 4jjjI-1 ^3?- ts^- lS j^^J 6<_ ? lft (Jjsj I^jjjj Aall Ajj oj-a j ij£ ( j ) 

<jj£lui ^iaj ^aJ jl isj^jll (jl lialft #.1 jjui ■ . ''1 ■ ^ ( i ) : J --ty 

((Y) (V-U-^) AJU] 0j s ^u_, 

. AjjSb c^al l^jSl 4 aJIoj] 4 I^j Z 2 ®Z 2 : jLlI*. Jli* ^LU ( M ) 

[{4,6}] = {0,2,4,6} ^Z 8 

Z 8 -1 jIj- jAj 1 = 5 — 4 :^L^>(j) 

jbjL-a ( J ) ' (— A) 



I Group Theory >*piSo>iij (Jj^l|«— 2lt) 



U jj^aUc. j> jj^aic. JS jlS li] (torsion group) f I »UI S >» ) G » j-jl Jlij ) 
jl£ lit (torsion free) *IjjJVI t> W^l cMjj • (finite order) a3 

(The torsion G ^ *\ jjWI ajj3=J* aj-jll ei* (^-a^) G c> V_>?- 

. subgroup) 

Z®Z 2 -S'^j-acj^. {(1,0),(0,1)} J «> (*) 

eljjlVl tj-o AjlLi. (Z,+) LailJ < *l jjll s j*j (JjSj Ajfrila a jxj j£ <jl ^^It (V) 

Z®Z 2 Sj-jB t> Vj^ 1 J^l Sj-j ^jl (£) 
720 ^-iSjJl (>« J-a jll jl ^1-a j^JJ^J j/^' S-lLuLi. (jj^J (o) 

Z 12 ®Z®Z 2 * Z 4 ®Z®Z 3 ^Vj^ 1 ^j^j^j! (1) 

(C\{0},.) ij-jll ^ *l jiWI ij-j ^jl (V) 

4 K l nil n jjc. AjII^j) j < * iji t n 1 ^1 .lie j- ■ La (^) 

Ajjja. a jaj 13 ta$ia JSl 108 (> lA>^! U^J-O JJ <il ^ (>JJ «) 

3 Ajj^I (j/> iajjJallj 

: <jl£ I jj n AjjjH <> 
m = 5 2 * n = 3 2 ( i ) 
m = 5 4 * n = 2 4 ( M ) 



jliJik-a (jUijI (jboc <jr c j> tiua. m = q r <• n=p r ( — a.) 

(jUiia^i ijLljl u' JJft <? ' p ^y*- w =/? r q ' « =// ( ) 

. 91 o-yu ujuJl ^ s j*j ojSi {1,9,16,22,29,53,74,79,81} ^j^l (^r) 

J^^aa a*jJ Ifri n AjjJI ^ aJI^jVI j*j5! jjSj duaj « ,-.11 io&Vt <jje o) 
jic . 96 o-gi. M >^» e 9 G:= {1,7,17,23,49,55,65,71} jSsl (n) 

Ajjjlj jxj <j* ^^IJj ^jLa. (jJJ*SU« t-JJjJa ^ J . f-iU^ G Jft 

^ G^{l,7,43,49,5l,57,93,99,10i,l^,i43,m 0^1 (W) 

^ysj ^^la-bj ^^ajLa. (jjjjujUx (_J^ia ( _ 5 L-alaS G (jc ^JC . 200 (jjA-lLa t—lj^iall 

G;={l,4,n,14,i6,19,26,29,3l,H4l,44} (U) 

. Ajljl jI^&I ^[jju-uij s-iij till j _>°j t>° t^ a, ' J j u^j^ 
U . 16 AjjJI t> <j3l^j Sj-j G <\) 

. G 5 (JSLiidl! (Ji^a9 (^gia. IjJJJJ 4-lUua, J] ^Haj ^aiajll 

UjJ\ Ajialia (jx £%J " ' (*) ^a-*-a <jAjJ (o-^-£) AjJj^uSI ^ (\ • ) 

'G=[a]Kd 



^ Group Theory ^Ik^ki 




1 .n 



LJI 



The Sylow Theorems 9)411) 



The Sylow Theorems atUjiai ■. hiUI 

The action of a group on a set <tffrftAs pis 6>»j Ja< 1-0 

I (act on a set SI As L X cUu U3 G S » ji lH&j : uL uLi >-^-o 

: g p g 2 eG J£lj*eS 
ex = x, (g l g 2 )x = g i (g 2 x) 

[G (j& JuLa-all ji .Villi e < * i J — « ^ 
(ajjilfa l$ia JjiU'ti tj^-aj) : Ailai t — \ — A 

: ySVlS {1,2, ...,n} ^j^l Jz. <>u y„(=5J ^LdJl Sj-jll : \ J&. 
(<7,x)H>cr(x) , aG/ n , xe{l,2,...,n} 

Gjc # t5 * Juy .G J V j^l" Ax ^ (h,x) h-> fee : 
6* <^jlSj » G t> csj^ "Sh j> » j-O • ((left) translation) (.>*>!) 

( _ s ic (Ja*j // jjji AT 4 unil b G (j-a (.S^)^' A£jLi1a1I die-jo-^ £Aaa. AfijA^t 

. (h,xK)\-+hxK : i^LS 

'• (^Vl^ 4j. jp-> G<^£- a^j-ajS (Jaju //. G aj-a j (j-a S^j-a j // : t" Jlla 

: (iSaaft . (h,x)\-+hxhr x 

(e, x) i-» exe -1 = x, 

(/z,/z 2 , x) h-» hji^xh^h^ 1 = ^ {h 2 xh^ )h[ 1 <r-\1\(h 2 ,x) 

j xiWB ^Aj^ij <■ (conjugation by /?) /i — j taal jj <_U*]| li* ^j-a^ 
((V-^-Y) ^>kjl) x (conjugation of x) — J tial Ji hxh~ x 

qa <uj$. ojaj K I ijj 

5 ^^Sc- (J**J 7/ (jli (j-aj . K £-a (AjSjj^j jjlj 4K1 ni'trt j G (j-a <u ja. 0^)«a j (jj^J 



Group Theory j^jJl^ojlii ( j#l,»-«2]l) 



SuSB t'i • {h,K)Y^hKh' 1 Jal jslL G -J Aj3>1I ^jll JS 

(to be conjugate to K) ITJflt jj /tATft~' 
: jjji 5" ^& j*> ^ ^yic (J- 4 *^ Cr tlulS lit : <L ^Jaj V— \ —o 

: ^Vl£ 5 Jc *£*JI ( i ) 

X X ^ §^ 

. ^al£j aSjIc (for some geG) G o±*A 

: xgS JS1(m) 

G x :={geG\gx = x} 

• G Cy ^j*- j*j 

Vx e S : ex = x x~ x => ~ (reflexive) ( ' ) : ^ 

x ~ x' => 3g g G : gx = x' => x = ex = (g~ 1 g)x = g~\gx) = g~ x x\'g~ x g G 
=> ~ (symmetric <SjLo1<i) S jlaUia 

x ~ x\x' ~ x" => 3g l} g 2 g G : g,x = x\g 2 x' = x" => (g 2 ^)x 

=g2(gi*) = *">g2£i G G=> ~ (transitive)AJUijl 
=5- ~ (equivalence relation) _>al£j 4j£lc. 
S>& e 3t J4 • G x ±<l> d d ex = x di (G J ^U-ll >-sJI) ee G, (m) 
g 2 x = g,* : Ola jUlbj . g 2 x = x ' g,x = x : J gSij 

• g?gi*G x J* Jl^Lj g?g^G . (g; 1 g>=& 1 (81^)=* : ci* i>j 

as 3al£jll a£>U] (The equivalence classes) 3al£jJ! J : <Ju j«j t-^-o 
jU- J] jLLjj 4 5 (orbits) G at iUu ^ (( i )r-^-o) 

5 (j^J- <^ ^ — ^~°) ts 3 ^j?^ a^jll ^^auUj . X j-aj^lj 

x — 1 tyat taJt .iia,^ S^>) ji (The subgroup fixing x) x <Uj1>II 4jj Vail 

. (stabilizer of x) x t"j 31, »« jl (The isotropy group of x) 



The Sylow Theorems $-L-< aUJai ■. wUI 

jLaJI is aj^ ilijc. (by conjugation) (jil jjIIj 1 3 <-s Jc' J**j G Ijij 

(conjugacy class of x) x — 1 <ja) pi iWaL {gxg -1 | g G G} :x — 1 
» J* J (i* 1 J^W G a j*jll (^ic # <u.>Jl a j-jll <^ul£ lij : 4&>i o-^-o 

(centralizer of x in .ft) H ^ H ={heH\ kdi x =x}={h&H\ hx=xh) 

Ijlj . C H (X) 4-lll j>mi1m. j (JjVl l-lUl (jlc- Ac jjla 4&J ^ O £ JUa £a>lj) 

jlU Aj3I j^iiuij (centralizer of x) x £ >»■« aLLuoi ^ jonu . n Ujli H = G 
iiije t G —I J£ *c >s>-> 5 t^Jfr (3a1 Jilt, J«j /f <njl£ I jjj . C(x) 

^ {/zg i/| = ttsiL KeS fc£-H H ^ *£>JI s>. jll 
lij j . Nor H (K) > jib I^jII j^ij j (normolizer of .ST in //) H ^ K 
<y> a j-j J£ J £ja\ jj .((1-1- ^ ) JH. j) JVor(iT) <LL-uj ..itti,., H= G 

JaSij jl£ lij G ^ A^uL a j AT t Nor(K) ^ A^uL 4jjJ>=> S jxj oj^j ^ 

. JVor(iT) = Gjli lij 
t>yj jil -"*JI ul* ' £ <Jf k. J-uu G ejxjll dulS lil : jlaj 

. [G : G x ] Jjtall j* 5 1 3 x jLiuJ (The cardinal number) 

: uV • g,/re G : <-jU PI 
gx = hx<$=> g~ x hx = x g _1 /z e^o ^G x = gG^, 
<> tiJU.1 jiiUj jAj lAia. ti j»x jjSj gG x I— > gx — j ^ *l l f*J jll £%J 

!>J . X = {gX | g G G} jtumll G jji G^ ^ A£ jLiJl illlc jAa-all <& 

. x o-jj jll tijl^y [(7 : G x ] o\i 

• G ij* 4jj ja. aj-a j K i Aj^lla a j«s j G ^ Ajull V~ \ ~ 

(G) 4jj j jxiJiSj ^ j» « [G : C(x)] jA G 3 X _S Jal Jill J^a j^hc ^(\) 



Group Theory >«>Jic^j>iaj ( Jjiif)^ai) 



(_U»aJ lijli 4 G —1 AiJik-a ^al£j x,,...,x n (jc ( . G G) Ijj 

G (The class equation of h&A S » ill t]*ai» Alfru *H«-SI 

the finite group G) 

Ord(G) = ± [G:C(x,.)] 

1=1 

(G) <jjj3 ^-IS jAj [G:iVor(X)] jA £ jal J2 ^1 G <> ^Pj^ 11 ^(-^) 

-•\) jjlj^V ^j&j (n-)-e) ajj^I t> s jiiU. (— ?>) ' ( ' ) : ^ nil 

( i ) flikiuLj t x i ,x 2 ,...,x n jfi\ Jill J_j^»a3 (The disjoint union) J. ^i'^ l jsUjYI 

The Sylow Theorems $JLi ^UjJfcaj Y-0 
Cauchy Theorem ^ £ 3.? j& \ - 1 - o 

(_5 jlaj G (jli ifcia .(G) U-Va li J bio t aJW Sj-j G <j£J 

A^nill CPP ^ (<j) !i ! • ( G ) t> c^-ViJ 8 d jSi-Vb : <')U >0I 

jikj jVl j • >-u& ti' G (j^li p cs* (G) A^J cjSS lij . aj^Ua gpii 

J (ji t (y) <jj j ^iiL p j) iliiaa y G G j^ic- : <^jVI aJUII 

^1 (G ^ ^~ll >-i-ll e) (y e ) p =y pe =e . Ord(y) = p£,£e N 

. p ^ Ajjj jj X = y e J^aic ^a.jJ Aji 

jjSi . G ^^ijj j' ti' 7 (y) AiS jl ^ p : A^lSlI AlUll 

r -33 (y) Aij J (y) AjjjI LuAa « (G) ajjj] ^Jup <jVlj . G = 

: (ji ^jlluij -(G) Ajjj 



The Sylow Theorems £JL«i tiUjhi ■. gtwlall wUI 

P I ° rd(G /ord(y) = 0rd(G /[y^ < 0rJ(G) (* rW /> W 

Ord(z) = p u! <Ap-J G c^l cs^J Z AjI ^clu cr 1 -^-^ e'j^VI cK'J* i>J 

■ (z) p =e=e[y] : J J 
J J (z m ) = e J Ijaj z ffl =e ui c5> ' Ord(z) = m & J»J 

<uV (jisSLij IjA j . ^>|m = Ord(z) c) 'V Ord(z) = p o^Jj ' (z) m - ~e 

(x ^-sj V p pjfx ) pJ(Ord (y) \/y gG j j& t> 

. p j?- *->° j 

(G Sj-ajll ji^iVic j.^iic g ^i) ^eZ(Q <jl£ lij : <Ua»al» Y-t-o 

I j) JWLj . xgx~ l - g VxgG oV-Jai»ag6- uj^ g ^ 
* [G:C(x)] = l JjSj (( ! ) V-V-o) j> -ulfl jce Z(G)o^j **** G ^ 

: (V-^ -o) ^ J^l aLU- AjUS <^ i>j 

m 

Ord(G) = Ord(Z(G)) + £ [G : C(jc,)] 

1=1 

JSaj J£j G — S AiHk^ (jal jj Jjx^a jtpXj,...,*^*. G G\Z{G)) 

[G:C(*,)]>1 

Svlow's First Theorem Lf lAl »ku.4j^aj r-t-o 

m * Jjl aj& f*J(Qd(G) t /? m 1 Od(G) u! ^ ^i. ij*jG 

^> m t . . . t 4 p <^jj_>3l (j« Ajj ja> j ^^ic. (_j jlaj G tjji . > «-i 

l$J <jjib Sj-j <^A tj\) p ^ (G) Ajjj lj! SjjiUa ^lij Ajjiull : £jUjalt 

Aalaia Ajjiaill jji i_ya joiilj t Ord{G) (^j-iabjll frljaLaiVI 



Group Theory >0Jli^j>tii (JjVl(*-3) 



ji pJfOrd(Z(G)) : cP^ M ■ (G) jSj* : Z(G) <jVlj 

./>|Oc/(Z(G)) 

^ j*jB ^ : />|Otf(Z(G)) 

ajj ja. a jxj jjjSj i/ = [a] (jla jj^jc- . a p =e <j) <lu=^ t a^e i ae Z(G) 

OjSjj 4 /j ajjjII V ( « g Z(G) o^) <j t> 

% J^i *lj£~VI ^ (i^j • p m )(Ord{G/ H ) < p m ' x \Ord{G/ H ) J J 

• s-yj jjJI p m ' ••• 'j5 2 '/?s-"j^'^G ! (> i; Spj? > ^> o j K m .\ * ... i 
: (Y-Y-o) cUill 4bl~ t.ittn,, : p<\Ord(Z{G)) *ILJI ^ 

On/(G) = Ord(Z(G)) + £ CW(G) / Ord(C(a)) 

a 

G I (jj^'j^ (Jj-aj (J^ t>° -i^lj j' "*'"* i^-J ' a j>«-il 'nil ^^ic ^-taJI <^_pj < * 

< (Xd)*G u) ^ aeG ^ <te « p\Q-d(G) * pJfOd(Z(G)) uV j 

Ord(C(a)) 

p m * ... * / i p ^Sjl cJi C(a) t> *jS>H J ^ C(a) ^ etjfc-Vl 
G ' Jj' ^ P ' G ^ p| Ord(G) a 1 * 'A 1 : t-Y-a 

. ^I^jj ejj^Jallj (.** u>ij\ Aj^llLa o.JAj^ is^J^ **2J^*^ 4 •> jVill ft^A 

y .r 



The Sylow Theorems $1** aUjiai ■. wUI 

(jj ('in; <j$ala i _>a j G o&ii : Sylow groups .»Uu< >a ) : um j*j a-Y-a 

. jjc. m « ^ /? iV * p m+x ^Ord{G) * p m \Ord(G) 

■ G 4-M >?JI /? ~~ »ixya 5 >» j j^AnU p" 1 Ajj_)]I G (j-a Ajj_)a> ul^ •^■^ 

(Sylow - subgroup of G) 
Jc S i tfjxA : a££ j^Uc ^ aJI^YI S j-jll 5 3 (= 7 3 ) ^ : Jll> 1-Y-a 
Jt^Wi {e, (1 2 3), (1 3 2)} aj5>11 - 3 - i j-jS J^a S.i=J j 
> e ) { e , (2 3)} < {e, (1 3)} . {e, (1 2)} :^ ^>l! 2 - jL- j- j ^ 

. ^1^ ^vuil^jJI AlLa-aJl j' — ''-^ 

t AjgYm 4c. « ^yic. (J-uti j Aijjll (jx Sj* j -W I • V— Y~a 

Gare/(S')sQw/(5 XnBd/?) ^ ' S :={x<=S|/ix=jc V/re//} ^IS lijj 

(Card(X): = cardinal number of X) 

(disjoint union) J»oti<i ^lajl Sjjj-a ^ i_u£j ji j^xu 5 jli ^> 

: q\a J&lij . i £L»aJ Card(x i ) > 1 4 5 = 5 U jc, U x 2 U ... U x n 
p\Card{x l ) . tod(S)=(^d(S )+<^d(^)+<^d(^)+...+Card(\) 
oli^o-j- Card(x i ) = [H:H x ]\Ord{H) = p n « Car</(5c,)>l uV / ^ 

. Car*/ (S) = Cani (iS^ )(mod />) 
(y ^ ^ "jcLv" : 

(_jjLiu ji j* jjSI ((_>J SjS L^ji j»^->ir. (J^ ajjj <J^> • <-Jl) jxj A— Y — a 

j- Ajj ja. s jxij if dul£ I jjj . (p - group) . p — S >4 j p Jjl Aid ji^ill 

(p - • t'v /> ~ ^ 5 >* j is* H <J, ^ p _s >° j ^ '-"^j ' C7 » j-J 
( «j"> J G t> jt7 — Ajj jjk S ^ j ^ [e] (jla o^ j ' ^^i l Aa.j ^^Icj . subgroup of G) 

t> V>il p-J^'*j*jP J ^) ■ Ord&e]) = l = p° (jV t p ajI jVl ^Vl 

— » jx j H i P f- ► H (■ ► G d LS') G t> t^-aiaC- p — AJJ ja. S j-a j ^ G 



Group Theory >«yic^j)i3j ( jjStt|»<-2)t) 

j& Ord(G) > J»isj a 15 ^1 P~>j*j uj^ G ; S*^ 1 * J- J 51 : 

SjJiU- ^ajaj jA qSA . p jS (> SjS (G) Ajjj o\i LS —Mlij • q= p 

i n>\ * J J jjc /? dip. t p n m <ZJ 1*1 S j- j G di3l£ I j] : 3j £j ^ .-t-a 

: a\*G 0"P~ ^> »J*J # ^"^J ' gcd(m,p) = 1 

G t> 4,'*,'.'^ Ajj ja. e P j]i p -jV" j P ^! (—■?>) 

jko, Ajjki » (<\-Y-o) ; J?J V,\| t >-)) gjl Ajjki ( I ) : flU jiM 

(V-Y-o) JjVl 

^x»>] G t> o j of/a' 1 G (>^> s j-J #1 : JJJ 3 ^ 1 i> 

( i ) i> < [// ^> aKUH* oj^ 5 

• (m) £^ (-^) 
: .-Y-o) SjxiUtt AiluiH (>» (m) * w&c- Ui-^j 

Second Sylow Theorem <Ua3J| ikm 4j £j ^ \-t-» 

(xPx 1 t> AjS> s j-j #) /f^ ►xPx" 1 j| ^y=v? xe G -olfl < G 6- 

(V-Y-o) oMI (> Ails ^ .((left) translation)(>-jVl) JUJU 5 ^ lU^ H 
Card(S ) = Card(S) = [G : P](mod p) 



The Sylow Theorems ji** &Ujai ■. g*»laJI hM* 



"Su^" u-j G t> p ~ '<>j*j P d$) p | [G : P] 

• xPe S « Card(S ) * <i± J^kj ' ((f-^ • 
xPe S <=> /ixP = xP V/ie # 

<=> x~'/ixP = P VAg H o x _1 f/x £ >-P <=> /f£ ►xPx" 1 

Ord (H) = OJ(P) = Vrd(xPx~ x ) : ola /> - *»>0 # ^ 

H=xPx~' : ^ t>j 
Third Sylow Theorem *3ttStt h & \ Y-Y-a 

& > tilia. kp+ 1 » J_y-»S (^ic tjj^ij ' (^) ^ J (""fJ G 6* 
LliLsaljjll jjc. jA AjjjaJl — jlua jxj jjc. (jj^j 4jj\j]| jLui <JjJaj (jx : ulA ^41 

f*As j [G: Nor(P)] ja j^I I ja . P ^SjIj t j AjV (conjugates) 

o^j ' G o* "Mj^ — _>0 <J^ ^ S "(^ — ^~ °) o - (G 1 ) 
jiJ xgx -1 = Q li) iaaj jl£ |j| ge5 Q jli ijjjc; . Jsl J31L 5 ^ cWi P 

g . p U1S . p£ ►M?K0 «jj J»S*j u 1 * ^! j^Vi JLjill . xe P 

^ ^jlial jjj La$a qaj Nor(Q) q* ^j ij^j G <>» tlA^j^' P ~ jh^ k>* j 
jl£ I jj Jais I « Nor(Q) <J Aj^jL 4jj> s j <jV u^l . Nor{Q) 

(V-Y-o) ^jaj^l S = {P} ola JUIUj . g = p 

. Card(S) = kp + l <J 0-j • Card(S) = Card(S ) = l(mod ^) 

: <I»la^ ^r-Y-o 

jjSI (^Jc (_j jlij A^iUll jjc. AjjjViJl p — "» j j£ j-* Z(G) (ji ^yic <jA jj : ^ 

: (Y-Y-o) ^ G — S iM = »II 

m 

0^(C?) = Ord(Z(G)) + £ [G : C(x,.)] 



Group Theory >#ytj>j>lai (J^n-iH) 



« [G:C( Xi )] r&p CP (n>l) Ord(G)=p n ^ij c[G:C(.xi)]>1 J£ l>V f>ij 
oli Ord(Z(G)) > 1 b^j • Ord(Z(G)) P ul* ^ 6-j Ord(G) ^ j 

• j^ic- t> Jl tjic- ci jj^j Z(G) 
jjli iiiie. t G AjflTid ojx j (jx — Ajj ja. Sjx j H tlul£ til : Y <jtl* 

[Nor{H) :H] = [G: H](mod p) 
i H ^) G Cy lSJ^ ^jIjs- j q> *\\ <c- <jA S O^jJ : t'jU >dl 

Card{S) = [G : H] • J^W S lU5 77 j 

xHeS & hxH = xH VheH 

<^x~ x hxH = H VheH ox^hxeH \/h& H 

<^>x- x Hx = H <^>xHx~ x -H 
«xg Nor(H) 

(j\ i xe Nor(H) xH a£ jLUl cjUja^I j* Card(S ) o]i c>j 
: J ^ (v-Y-o) *j^3ll j • Card(S Q ) = [Nor(H) : if] J 
[Nor(H) : ] = Card(S ) = Card(S)(mod p) = [G: H](mod p) 
<■ [G : H] fkuij p tj\ t*n> i G 3j<n* j Cy*p — ^pj*- »>0 I j! : V Jtl« 

Nor(H)*H & 

« [G:H] r&p d ^ c> • Os[G:/f]s[i\for(fl):/r](niodp) M : /iU nil 
Nor(H) *H : CP JULj . [Nor(H) :H]>1 & [Nor(H) : H] > 1 uV j 

(conjugate) opsal jl« uUjS Sj*j <> jAu jaJl /? - jlixu j <_£(!) 

aJja. jJl 44jjajl 5 _ »J-0 (^c- <jj^ 15 ^JJJ^ *J"0 cJ^ ( l -r J ) 

Y . V 



The Sylow Theorems $1+* «aU>bi : i>*lall wUI 



G a jl! Ajjj ^ ^ Jji 
Ajj jaJl — jllui ojx j (jjSj Aj$JLXa a^a j (j-a — AjJ j?- ajxj (j£ ( — *) 
. a^ajll ija Sjjj?- ""J^j (JJ^i ' a J*j J <j£l (Ja! jill (Jj^aS ( J ) 

(conjugate) Aiial jla jjSj Ajgji* S jx j ^ j£ jxll j^Uc. ( j ) 

. Aj^jiall Jx jl! ,^C. JaSS i—ija-a (jSl jill <Jj-a3 ijdx ( £ ) 

e* 3 ^ 3 ( J ) ^p^> (— ^ a ^ a (^) ( ' ) : ^— ^ 

iLi ( C ) Uai ( j ) Uai. ( J ) tkk 

: aJI^j) aj-j aJ ^ : J-^aJl 

xax -1 = xx~ x a = ea = a 

{xax -1 | xe G} = {a} 

. S3 Jj <u*i]t? 4 /? = 2 <^ AaO jL- Ajjki (JL. : 1 JH« 
•' tff* <> <u jaJl 2 - _>V> jx j . S 3 ajjj : J-^t 
. AjUxll ^^11 jAecV {c (2 3)} i {e, (1 3)} i {e, (1 2)} 

3 t*UiS jl clua, A: 2 + 1 (ji t 2 + 1 ajji-all jjSjj ' 3 jx jl! eiA AJC. 

• (^3 ^J^l^j-i 

. 12 ^aV'j *.>0 t>* ^3?*^ 3 — jV" *_>*j -^j' • V tJ^-» 
. 3 ^ V j=J 3 - jL- Sj* j <uj jjS JtilLj . 12 = 4.3 1 : J-ail 

54 l^JJJ a^ j (j-a Ajj jaJl 3 — jl^*" a^a j Ajjj ,1a. j! : A Jlxa 

• 27 3 3 ^ Ajjj^Jl 3 -jlj- *• j-j jj£ JUlbj 54 = 2.3 3 : J»fl 

24 ^JJJJ e_)x j (j-a Ajj jaJl 2 ~ jl^"-" j^ <Jxia-aJl Jixll .la. jl '. 5 JlSx 



X » A 



I Group Theory j^jjijsj^ ( jjiri|«— 2)1) 

. k = 1 iiL 3 ji k=0 i*L 1 L.J AiJI jjjSj Ij^jj £e N « 1 + 2& 

• 255 l$JJJ J ft j-»J 

255—1 U-.IS OjSj *A>J1 3 -jIh J-^ll aiJI . 255 = (3) (5) fl7): tUai) 
A: = ia.li 1 uj^! -"^ <>J • tiiia. 1 + 3£ e jj^l ^ jjli lilliS j 

. Ar=28 iiL85 J 

»jjj-al! ( _ ? ic. (jj^jj 255 S Lcjoila oj^J ^pj^' 5 — J"*^ j^*SI 

. yt= 10 i^L. 51 J k = iiL 1 ^ d* J^J • Are N ^ 1 + 5k 

! AjIIaj) jjSj Luj 8> *jJl jV 215 j* o Aic j£i : J-^aJl 

. iaSS j> i-i'wti (j* (jj-^J J 1 (Jj^J^ (Jj- 3 ^ (_J^ <jj^ (J^J-a (j* 

P t pfiw « r>l * Sj-j G ^ Ord(G) = p r m ^\ ■ ^ 

Ajjlii (>j t Ord{H) = p',t>0 cp p - * j*j i/ u] ^ i> ' ft* ^ 
p' \p r j ^ p^m o! '■^ i>j • I p r m J gjjj (r- ^ . - ^ ) 
V>ll /> - jt- ij-j P uV) Ord(P)=p r 'Pci/^lj.l<r jji ^Ulbj 
&d(P)=Ord(H) o&j r = t & £ iyj - r <t J J p r \p' j gttjs (G <> 

.4Jl.11] G ji ^jlc o*jj3 ' J ji J^c- /? tiya. ' p 2 tg'inj ajxj G <— >il£ lj] : > V Jilt 
4jj A^iUll jjjc. 3j(ptrt\l /? — 6 G (ji gjJalj . G j-o jA Z(G) (j^J : t *M >4I 

(j«aj . ((V*— \ , — ^) ^J^^ ^JJ^ L>° ftJ-O^ Lajuili (jj^J ^ Julk. (_^i 



The Sylow Theorems $1** aUjlai : j<*lill uUll 



JS Ijj OVI J • (> J^l tipa- Z(G) UJ^J V-Y-O) ^ > Jlia 

Z(G) uV) Ord{Z{G))= po\* Z(G)*G cP> ^ ■ M^j » J- j G uj^ Z(G) = G 

ACjjla 4jlai <j<a ° • JllLa (j^j (Y) \ — \ ) "SU^-i »_>-0 ^^[(j) ^ 

. \A\±i\ G J guj JjVl ^ 
. Ord{Z{G)) = p J 

<jla iitti£ j j.^iV. t> jjji ^ Ljia^ Z(G) oj^! (^V-Y-o) ^ \ Jli» 
j> ^ OrJ(Z(G)) = / I jj uVl j • AjJI^J G Z(G) * G 

G J & (Y) (Y-U-^) o-j Ord(G/ z{G) ) = p J gilj^V 

Ord(Z(G)) = p oil .<>aaUj lift j • M-^j uj^ <^kj <Lpb 
(simple) ALjUaj tjjSj J (ji-jV 15 j i>0 aJ J ^ <jAjj : \ o Jlia 

Ajj ja. s j (^Ic. (_5 jiaj G u' t^- 13 c>*j • 1 5 J » _><0 G o^il : o^* 
Aj^iaj .^^tjl^a.V Aj^iaj qa a^ajl! 4jj_j1 ^jaili 4jjj»J! a^ajll 5 ^JJ_>^ t>» 

»iA 5 Ajjj t> Ajjja. Sj-j j^k. JaVl (jit tiJ 1 ^ G (V-Y-o) JjVl 

5 (jjiULa 1 (3^^-^) 

. (ajIIjII jliui (congruent to 1 modulo 5) 

t 5 (jiibL. 1 _5 ALLko j 15 o& J2j (^ill Jl^&Vl JaSa ^ 11 i6> lu^ j 
liili t 15 j G <£jl Laj^la (jjli (jill jlocVl ooa (jjj ^ iaSa 1 t 
^uiji a E G (J^ jjS] j . 5 a-jjjJI (>» j j Jaf^al^j ^-5 G (jlj j»_>?^ 

Y ) . 



Group Theory j^pljo^ 



* (p a (x) = axa l : ^Vl£ G ((V"^) % (O^jj-AjV 1 

1 ajj jaJl o ^ jll (onto) (jJc H ^ j . ^-^H a^. j j t Vx e G 
i ^j"?^ a/7a 1 = H jli 5 AjjjJI <-iili ^AJ^-j j?- °j-0 ts^ 6, cSj^ G u^J -5 
. 3 Itu , )) t 'u i ijl Gjlifj • ^ JM.'k j?- » j H c) (j\ . aG G 

. 3 5jjj3I (j* 

o j-sj ^^k. G (jjlaj cAj^' j^*" ^d^" t>> • 21 = 7x3 : t'M >4l 

j-cj3l J-ifrj . 7 <PJ^ t>* <J*VI ^jiti Sj^Ij ^j?- «_>*j ' 3 (>« (J5VI j^ifc 

JttJLj . jku, ^jjki) G ^jl f-AS >j 3A: + 1 (ja^ 3 t> V >J 

14 (JjJaJ G (jl OJjlj- (jJfc tsjiaSij-j JS (U-U-^) jlii* (V-^ \ 

. 3 t>° Tj. ^.ii-. 

(j&jja AjxjiL AjjjaJl 3 - oj^j tlul^ li] . 60 "J-O G : ^ V i)tl« 

. ^ ^* AjJ_jaJ1 5 — ■ (ji u^**- 

5 — jliui j ^ySc. G (j£d3 J ' AjJ^t 1 ^' 3 — jiiui a J-a j (j£j3 : t'jlA >xSl 

60 _>ajJl o^A .lie. . 0.1J j (jx J&i liLJ) ... 4 JVi ^ j *j.»Ul jjc. Ajjj=Jl 

jjc. AjJ_^aJl 5 ~jk»> ""J^j L>° J^' -^J^ ^jVj i 1 + 5k iJP*** iAV&j (G 

jxjll si* . ' ••• ' ' N\ Uj^S -6 j-_>5l oi* j^c j A: = 1 uj^* ^J*JJ^ 
J Jia.V . (U-U-^) 5 4jj jit (> Ij.^ir. 24 tii 4x6 ^ cii^ 

aj^uII (Y-A-^)) G 6- ^> j-j AflVe ' ••• « MA^ 2 * MM 
Si^l j (JS jli j ^? IjLa]^ ^Jjjl-i uj^ '-^J 15 ^ W^jj 
.15 jll c> Tj.^iic. 8x6 = 48 liSJiS <ii (U-U-^ ) cjl^ 8 l*i V- 
. (j^asllj . 60 A-jlj^jII j^ S^a j3l Laiu 1 5 Ajj jll ' 5 Ajj jil t j. ^»'t<~- 72 l-ij-iJ 



The Sylow Theorems QUjJai : wUI 

<JJ ja. "dja j ( _ s lc jj jlvJ 2p ^JJjil (j* *J"°j *M ul^ ^ '• ^ ^ fjl^-a 

. ^7 (jx AlxAlla 

ajaJA &i& (J^^J • (^J^l ^d_>^ (j -0 (jj-<^a-» ^jj,)^ 6_^_}ll o^A J J^J ' f'l^A pil 

' j' u'- 1 -^ q ' P y^- pq ^Aj^ W j G <-lul£ I ij <ui ^^ic tj* jj : \ ^ Jtl« 

G UjSj (j^a j i ^i-sl l Aikj (^l&j . 4JJJ^ UJ^ ^ Ul^ ' ^ — 1 ^SjV P ' P < (J 
• G (j* <Jj jaJl ^ — jLuj 'ajM j t G (j* Ajj jaJl — jLuj aj-4 j // (j£jl : (jlft ^It 

(JSojill ( _ y lc. ?jp ' C l>* ^A_)?^ P _>0 uj-^ 4j11jJI j^y^ Aj^Jij 
ji l + kp = q ji l + kp = p J l + kp = 1 u^fJ t>j • /*7 ' 1 + 
' a J-J c?* # ' k = c) z&i P I q - I (jV j I^a (j-a . l + kp = pq 

i^V ) A"= [y] » //= [x] C& uVtj (Yr Ji. G o- (jiy-ni» ^ > 
jl (^Ic (jA jjj J I j^i (jiSjj • -SsjjIj G <ji (_jic- o* jjIuo j (jliijjlj K t H c) 
xy J c^i Ord(xy) = Ord(x)Ord(y) = pq Ji* j '(commute) 

: (jli (j\i?*^ KiHrfi<d Jia^V (jVI j • *Jj3b G ji ^i G ^ 
x" 1 ^" 1 ^ = (x" 1 ^" 1 ^),); e Ky = K 
x~ x y~ x xy = x" 1 (^"'xj;) G x~'i/ = 

. xy = yx (jli ^ i>j i x" 1 ;;" 1 ^ G Kr\H = {e} ,iSA J 

. (jlAjJl 

^^ic. (5jlaj dulSj i J^c ^> ' /?" ^fjj <Jlijl£ lil : t « Jlla 

. Ajjjlj 6_>-ajll (ji ( _ ff ic (jAj^ < ... < I p ^JJJ lJ^J sJj^ j Ajjj^ 



Group Theory j^IC^j^ (Jj^ln-Jill) 



Ajjkj ijA . p" 1 t$ij j l$_La Ajj ja. a jxjJ i7 t Igjjj j ^1 o _>a jll G (j&il : tjU yl\ 
ijS (jSf T J^J • /?"" 2 < • • • ' p 2 ' p <->Jj5l i> ^Aj?" J*j <J^ H (Jj^ crb^' jk* 

» as G t a£ H I j] j • H uj£ G ^ jjo ^i) ^ukill 

IjiAj . (j-a Jil l$JJJ j ^uj?- a >»j a Vjj 4 uj^j u' S-^S <2 "^J 

G cP £ t>j p" is* a cP • a&K<^H uV fjiu <. a & H (j J**- 

. d J S^ljSx Ajt_y\^ a_yaj (jj^ 

i jll 1.1c. A£ jlkla fjJ j2 (jjjj Aiu qA G ^ H JAi (j^ J = 1 ' cAs' 

q l p OX fkeVl fcd >iuJl f-Ull =) = 1 ilija. Od(G) = p"^ liji : ,- t U 

Ord(H) 

H lsJ^ JjVI Ajjlij <> . (p,^) = 1 di^ Ord(H) = p m q\ 

.G t> <Jjj=Jl p — a jxj Liaj! AT iOrd{K)= p" 1 lilua. AT AjjjaJl — 

^ = xAx" 1 c xH' l x aH (H < G uV) 
^jiaj G <j!^ ^j-^ • n G Aj^Vi« aJI^j] Sj-aj Ajj_>1 Lajjla ^jSJ : Y t 

G = Z , ®Z , ®...®Z . 0-1-*) 



Y^r 



The Sylow Theorems £ib>lai : g*«lill wUf 

Pi Pi Pr 

((^ -Y-o) Ajjkj (jj 15 ) • d Uaiij 4jj>. a^>j 

aOia.j (jjSj G 4j$uia ajx j (jx Ajj jaJl p — jkua o j (jl ^^le. jjA jj : Y Y* Jll* 

AT t uj^! ^jj^ l>* • G ^ lSj^$\ P ~ jh** °_>0 

^ jlluij G ^ // . AT = xT/jc" 1 : jj i-iuaj xg G Ail tjjjjial JL» 

. H=K j Sj-iU- .H = xHx x : xe G JS1 <d 

# uVj « G o* *j3>1I p - jL- s jajxHx 1 J « Ord{xHx~ x ) = Ord(H) 
. ^ujL H J <j\ Vxg G •• xHx' 1 = H J ^ina Si^jll <u j=J ^ - jLu> s j 

.35 Ajj jll Ajj ja. jxj ( _ s Jc ^ jj^j105Ajj jil (jx j-aj ij\ j! ^yic. )j: Y £ Jlla 
(jj%J t 105 f 1 n<J G (j-a AjjjaJl 7 — jl?" _>0 ■ 2-lc ' J^ 4 -" ^!_>^ l>° • 0^ ^ 

^ ^ . 15 j_&> ji 1 J M tftalLj * 1 + 7A:,A:>0 *. 
« 1 + 5A:,A:>0 s Jb. ujljj 105 

(_5^^c. (jjfL) (ji ^jV Ajl > Wi j j 1 ^il \t \\ JJc. L_iLuiJj . 21 ji 1 <jj^J J^Wj 

YV Jlla (j<aj . 1 jA (jjJA«Jl ^jjSj jji ji t 1 jA (jjjLLJll 7 ' 5 

. (jj^J A fi j-a j (j«a e^J^ jll 4jj jail p — jllxu sj-a j (jl ^Jixj a^jiLia ^Luill 



Group Theory >.jJ!C^j>lii ( jj^!|«-«2)l) 



• (5)(7) = 35 ^ ^>II 
^ g~^Hg,g& G • G t> Vj^ 1 P ~ H <j£il ■ Yg 

. G tj-a Ajj^aJl j5 — a j 

.(m _1 UUS (jiiJ ^ J pfm) Ord(G) = p r m,r > Q,pJ(m c£4 '• ^ 
-Glfl f5 o-j (? >M Ord(g- x Hg)=Ord(H) c& ■ Ord(H) = p r jli ^ 

. G (ja XpjsAS p — Sj-aj UJ-^ G (j-a <JJ ja. 0^>-aj g'^Hg dul£ lij 

ji-aix!l) e JaVl ( _ s Jc' cSjlaj j] jjc. Vji G t>« ^jjja. s _>aj g l Hg 

i(G ^ ijUJl 



Y^o 



The Sylow Theorems tnUjiai ■. g*»UII wUI 



(conjugate) 4ial JL« U-ia^, Igil <*< ft j S4 <pj=>Jl 3 — jli^ _>«j -i^jl ) 

. (jal JS £> 4 "J^" ^jl ( I ) 

. D 4 _1 Jx^ill ihl** usfl (<_>) 

(j\jSai Jla La$j! ^^ic. <jA jjj £4 <j* (jJJJJ 2 — jllw ^ J* j (^") 

<jl (jA_>ja gG G tlul£j t G ■*,'&*''■* (j* 4cj«^t li] 

g~ l Hg = {g~ l hg \he H} g' X Hg j^>U& ^ = H ^-aUc ajc 

(J j 1 fit \ \ (j£-aJ l^ia jjoijjl (jl (jSa. . AjjjaJI 2 _ _>*j tlt^J lilliA 1S3 (_ji 

(jjal jj^W Ailljll (j* ^ "j^'*- 

Uu>ji! jksl -Xfjc cW5 G Jl lit) A" G i> ^ ( ') 

H j 11 ^ ae G Jsi^((^)->-o) 
g -> y(G) 

Ajlal (> r Jli. Jail) 

ai->T 7 
: ^ijJl (jli j-j f G -> y(X) <jl£ li) (m) 



Group Theory j^^Z-jj&i (Jjift^— 2D) 

GxX-^X 
(ape) h-> <p(a)(x) 

• X t^C- G <AaC (j jfll 

<c j^a^a j^lc. jil£j <a!)l& (jiljjll (j! ^^Ac. (jAjj (*\) 
7 — jliui (>« (^c- (j jlaj G tiulS lil . 168 *_>*j G *) 

<frStj jjfc A\r\\V, <JJ_)a. 0^>-aj { _ylc. (JjiaJ 56 UpJJJ *_>°j "M tJ 1 O&J} ) 

(jjljjl j$l jl ? 6*5 jj^ 4jj jaJl 5 — jJau" _y* j -i-ic- ^ ( \ Y ) 

? G t>« Ajj^)^' 3 — _>0 21 ^jjjI^ *_>*j ^ <-l>j^ li] Y 1 ) 

Mjjj lj Aj^lLa sj-aj ^ j> nir. J£ t LJji T.UC. p lit 4ji ^^ic (jAjJ (^ °) 

Luuii j£ol ? 5*5 i>a AjjjaJl 3 — _>0 ^) 

Alaljia tirjo-^ Lpl ^jlc tj&_)JJ 54 (j* 4jJ jaJl 3 — jV" 1 _>°j ^"t* ^) 

j* (stabilizer) J jSii . aeX oSJj X Ac ^ Sj- j G (jSSl(^ ^) 

. G u- 1 ^j?> '"J^j stab(a) J ^ jAjj . stab{a) := {«g G | or(a) = a) 



Y W 



Group Theory y$k±£i 



LJI 



Normal Series, Composition Series and Solvable Groups 



Mh£>hJI QNiiiIiiiTbJ A j?i ihlj t^ll mini ill 

(G ,G,,...,G r ) 4j^Vio ajII jlo G «>ojl 4 w MhiiVnMll : t_L jxj \ - ^ -1 
G jx<aic e iiy=>. t {e} = G < Gj < G 2 < ... < G r = G oj^j j-O^' D- 4 

({e}, G) ^...Inno 

ALuiLu (^iu IjA tjli AjJUiia AluiLux (G ,Gj,...,G r ) £±>\£ IjJ <ji iil5i£ JJ 

: <u jaJl jll (> (ascending) £.ic.L-^ (chain) 
{e} = G ^G l czG 2 c...aG r = G 

' (G^G,,...^,.) G ij* jl u A'M.'k af'^"'"' u! : cij^ 

{G ,G v ...,G r )~{G' Q ,G v ...,G s ) ^J&i^j (equivalent) ( -jU&SL> (G^G,',.--^') 

/°M /°<r(»)-l 

.G V,nMl cjXaiL^ll Acj^ ^ jal£ ~ " : Ajapala 

I jj (maximal) (j^afr G oj- j ^ // 4 it 4-u V> 5 ^> >1 JUL : lJj aj £ — > — 1 

HczKczG 

• <_S_>^' ^.nhft AjtjjVi 4jJ_)a. _>*j Z Yj < Sj.jtU 

{e,(l 2 3),(1 3 2)}^ s^jll ^iUll WnUl ^5>Jl :^(=y 3 ) ^ (Y) 



Group Theory j^JI^vj^u ( jjifl^2Jl) 



V) AjTjjViti j-ajll j>» jlaj |j| (simple) 4 hint j JUL : uLjti 1-^-1 

H <ji) G t> (5ia ^xa) 4j»jik Ajija. Sj^j H t-ul£ I j) : jjjj^ V— > — n 

4 jTjiUll <Lu_^aJl ft^>x_)3l (_SJ_jaJ (j«a o^iiLw ^"''J I^A '. f'jlfe 
jjx ^jiiallkx (j n o hr. tjijjjja. (jJJj-aj ' // Ciil£ I j] : A-j Jjjpu A — \ — *\ 

. AT (j-aj i/ (j* ^ «hf . A \t\\V t <JJ_>?. J*j H C\K (jji I G e J-a J 

H /lir\K = HK /K ^ ( Y ~ A ^) O : <'M w» 

(jVI J • G (>a 4 j» <JJ ja> aj* j //AT ( J jVI <—lLlSl ^jlc AcjlLa <Lat) £ Y Jlla ^jx 

CU • HK=G J HK = K Ji £&*G o* ^> *• j-J £ , K <z HK 

(jl G t> ts-^ac- » j // u^Jj .HczK (ji ^ jiLuoj I . HK = K 
HK = Cs\i t>j . t>ajill <*-o q^&au AjV o-ajajx . K= G 3 J H = K 

: oli JUIUj .G 

/// ~ G/ 
/HnK- /K 

4 j»Jvl- » AjJ^ * ->° j H C\K (jli G (>o ^.fihc- 4j» nl-t <)J ja. ft j-a j AT j] i'iiv £>o j 



JaU Ujlill j«>llj m<£>JI QViilniIflj iiiti ihll ml mill : jujUII uUf 
AiuaLia ^ (composition series) i-iiS pl a XhL i iIh : uL jau ^- \ -1 
t ,-lac. aj*^ ajS> y» G ; cJS l^i {e} = G cG,c ... c G r _, <zG r =G 

. ^ku^ cjl^j G i+l /G j J <_si ' G i+! c> 
. (composition factors) M4>fl iUI.9& G (+] / G ( . a^SJ! j ^g-^j 
. S3 — I jj aLAa* { e } c {e,(l 2 3),(1 3 2)} c S, 0) : A&J > >-^n 
M c {e,(l 2)(3 4)} c {e,(l 2)(3 4),(1 3)(2 4),(1 4)(2 3)} c^ 4 c5 4 

{e} a {e,a 2 } cz {e,a,a 2 ,a 3 } <z G (Y) 
{0} c {0,9} c {0,3,6,9,12,15} c {0,1, 2,... ,17} = % z (r) 

41ui1mi'^ IgJ G Aj^iia a j : 4-i ^laj ^ ^ — ^ — *\ 
. asIj ^ItjVla G = {e} CiilS 13) : <'M >jfl 
Akuaj G <— ul£ IjJ . Ord(G) t> JaVl AjjjII j-jll ^ clroYI o' 

eljliiuYI (jiajj (j-a . G AgitS JJC- Aj» *.>*j .Ails elciYli 

Mci/,c// 2 c...cy/„ = /f, 

%=:GJH^GJH<zG 2 IHa...<=.G m IH = G/ H 

{e} cff,cff 2 c ... c # <zH = G Q ^G 1 <zG 2 c:...cG m =G 

,0<z'<m-l 




Group Theory >4jJ!C^j>lij (jjVln-OM) 



Jordan - Holder Theorem j4?» - i»» 4-i i& \ 

M = Ac4c ...<= 4.-1 c 4 = ^ 

{e} = 5 c J S I e...c^_ 1 c = ^=G 

(_)ija (jx SjJjL* ^Ib e^^VI <j)i 4_i ~ ^j-i • G 5 * . 'j^jT' ^'^^ 

{e} = C cC,cC 2 c...c 4_, n 

r-l j-1 • - 

tj-a L^ajl t J (jx ^ . nho AjTjjln Ajjja. &_>0 4-1 ^ ^ s -l ^~ ^) 

: G — I jj tiiLuiLiL* jjS AjjVI (chains) Jjj!!^! ^la ^ ^ j t 
5 1 :{6} = 4c4c...c4_ 1 c4 = G 
^:M = C cC 1 c...c4,n5 j ,ci 1 c4 = G 
5 3 :{ e } = C cC,c...c4,n5 j ,c5_ 1 c5 j = G 
5 4 :{e} = 5 c5 1 c...c5 i _,c5 s =G 

4-1 — ^ 'r^J'* ( ^"'^^"''" (j^J^ (jjiaJjljil (jnluiluill (jli S2 1 S\ ^ jjjjji-VI (JJiaJl 

4-/ ^A-A-i/ = g/ 

/A^nB^- /B s _ x 



= G/ 



: AI^a SOU ST-\^ 

i {e} c {e,a 2 } c {e, or, or 2 , or 3 } c G : ij- jll ^ :_J=^I 
{ e }c{e,/?}c{e,tf 2 ,/?,tf 2 /?} 

. t_u£jj lM,„t..,' ^ 

tj^jlj . n Lpijj ^j^Virt AjjjIj " a j*j C ' W\>* » ■*» « tjSJ : <J 

{e} cC,c ... c C, = C (C J ijU-ll >-iJI e) 

/>, = Ord(C x ),p 2 = Ord(C 2 /C l ),...,P i = OrdifZ, /C M ) 

(Ord(C) = Ord(C.)= 0rd ^ ° rd ^\ . M <^ 

' Gra/(C W ) Ord(C,_ 2 ) Ord{C,) 1 

= PiPt-vPiPx ■ 

■P lsJ 



Group Theory >.jJijvjjlij (JjStl,w2)t) 



{e} cC,c C 2 ... c C,._, c C, c C,. +1 c...cC,=C (*) 

0^(C 1 ) = J p p O^(C,. +1 /C 1 .) = J p,. +1 , / = 1,2 fi-1 mJ **X) 

C' W1C /+1 jli < Ord(C M ) = p M p r ..p x uV • # +1 * 

: jli iliic . p M Pi_J>i_ v ..p x *+>Ji t> ts^ 6 - <pj* ' 6 J-0 

o«/(c (+1 / c/) = , o«/(c; / C H ) = p M 

M cC,cC 2 c ... c C M c C,' c C M cz...^C n =C 

i^Ci jli <ij j jjSi j 4 p x - p 2 = ... = /?„ uli t>j ' s-y^j^ <^**«I«s- 

tfi 0- j1j33j *jj3b uj^ JF- *K'"'.^ ^W)M " s J- J 51 u' V J : ,'iU wM 

. ((U-U-^) t (V-U-^) » (\ jtil) AjUJ! j.nUH |J6 Lu3 j^jc 

: l_u£ Jill ailiii. Sj* j G !i] <ila ^ t>J 

McG cG,cG 2 c...cG„=G 

illic. j z = 1,. . t ^jVl sjj jll *Jjjb uj^ 3 ^y / Q j t ~^£->^ lU'jc- ul* 

• uj^ u' G 3 ti' ' Ord{G) = p x p 2 ...p n 



JftU iMU\ wwSjiJI *aNiiilniitj itiitiihll QM ml mill : jkjUJI wUI 



{0} c [5] c Z„ , 
{0}c[3]cZ 15 

((^ r-^ -r) y jk* t> n jn. jkii) : 
3 ^ U /[0] /[3] ~ 5 ^ U /[O] /[5] 

: Sj-;;Ut 3 U. null Ul Z J : '"' U ^' 

{0} = H cH 1 c...cH llA cH m =Z 

Z <jl^ cs^^J • 2/wZ Jliall Jjfui (^jlc- 4 aJitLo AjtjjK 4JJ_>> _>»j t^Jg*''^ 

(^1 ^Lt c^j) Z s j* jU {0}c8Zc4ZcZ ( i ) 

Z S j- jll U„Uo {0} c9ZcZ (^j) 

{(0,0)}c[(0j)]c[(0j)]c[2]®[l]c[l]®[l] = Z 4 ®Z 9 (^) 

sAi^. j c_u£jj 4 \ i nl i in o JaJjJalb IgJ aJIAj! oj-o j <JS ( ^ ) 

4 (—iLiiaJI ^ AjjoiLujVI Ajjiaill ^-a AjLuoll tj-a £ jj l$J J^3 jA — tjl^Jja. "SiJ^ ( *) 

(Ji^aLa. aJu^j <aj_jJaj A \jl->"i (j^-aJ 1 ( -r L ? , J- a ^J*> » <*» (j£ (ji JjAJ 

. gJ «> ■ n jjjUiill .(^ Jll* jiiil) ( J ) jjjSi]! : J-^aJl 



Group Theory >4jJi£o>kJ (JjVl,«— 2Jt) 



aL-Lux 1*1 u 1 * ^! (solvable) JaJl G Sj* jl Jlij : t-L uu 

{e} = G cG,cG 1 c...cG,=G 

1=1,2, r ^-oJ aJI^I oj^ ^J/q u) 

: Ailai r-r-n 

Uj^»ic e u^J M-^l » J G tiiilS lila . Jail *Lla "M 1 -^! »j-J <-£ (^) 
: "^Ull" 4l„)„nolt JaVl 6^J ^ ■V^ 31 

M = G cG 

■(G(> t^ Vjjk CP£ u^>0 { g } ' ^ o' M-^! < ~ J * k 

jV cM^lS 5 3 (=^ 3 ) Sj-jll (Y) 

{e}c{ e ,(1 2 3),(1 3 2)}cS 3 

4»uU\\ ^3>ll Sj-jll {e, (1 2 3), (1 3 2)} = : N J >4 ^» 
4t jSLa a£J ,> ^ Jtio jkjl) aJI^jI aj*j ^/^ = Z 2 <■ (S 3 (> 6^ j 11 M^ 1 

{e}c{ e ,(l 2)(3 4)}e:^),{ e ,(l 2)(3 4),(1 3)(24),(1 4)(2 3)}(=:A' 2 )c4 t aS 4 

a^ajll Sj.^iU <J* ^ *_>0^ C>* G'' " 43Sji*ll a _>-«3^ " (J^'j 

Sj*j % , Ifrl G' j • a,b<= G fl''i''fli cAJ^yi <> ijS * G 

jVi AjilAjj ijj -»»^; 4 G t> 3 junk Ajjja. aj-j // CiilS lijj 4 Ajlliil 

. G -J (commutator group) £*U\±H\ 5 y> j cilliS . H ZD 

T YV 



.aJI^I Sjxj jjS ^"/^„) ' G^o* uj^ d* J^Wj 

Are N\ {0} : A: jyyJa asc li] Jaiiaj IjJ Jail aLIs G s>. jll : h& T-1-\ 

(jyU-JI G >-3a e) G (A) = {e} u! «^ 

ij^JC . Jail ALU a jxj G : <'M >4I 

{e} = N <zN i c...c:N h4 cN k =G 

.i=l,2,...,ky\*ACi& N j/^ d^i 

U\4 N «y N • N k _ x ^N' k =G' d aJI^I % uVlj 

Jj J^ aKUI! 4 iA <> J j-S-VUj . tf t _ 2 3 JV^ => (G')' = G (2) 3 
M = iV DG (i, ^G w ={e} 

: aLUI j^ul . G w = {e} : o^*hj 
{e} = G w c G (kA) c G (i " 2) c ... c G (1) c G (0) = G 
t m = 0,1,..., A: — 1 tlua. t aJI^j] ^ ( y^, (m+ i) u) l> \) > .' 3^ ■"*>'> »i* 

• Jail <j j^j G (j)^ f-* t>° j 

Jail ALli! (jj^J (Jail ALU Sjx j (jx Ajj_)a. 6^>x j fj\ ( i ) 
^/jy '-^ . G 4j» nli ^_)? > * j O-^J ' J=»il ALIS a j G (J&J (s-i) 

cSJliS J=J aLIS jjS 

Oli < Jail tjtiUS 4 7/ <j) <*t;^i G <> A jTj.tk AJJ ja. e>4 j I j] (_^.) 

Jail aLIS jjS G 

Y Y A 



Group Theory >»>)ic^j>iij (JjSft^— 2Jt) 



H c G => # (1) c G (1) => H (2) c G (2) => ... => w c G (4) => ... 

(jli liSAj G (i) = {e} ji u,ki,h A: ^ j-. . ^ j^J <uti <Lli G jVj 

. JaJULlS i/ J tfi i tf w = {e} 

: a,beG ^. G:=G/ H M 

(a x b- l ab)H = (a l H)(b- x H)(aH)(bH) = (aH)~ l (bH)-\aH)(bH) 

: J g&i p\ j^Vbj . G^ = (G) (1) : J J « G' = (G)' : ^li i>j 

JaJl aLIS G J ' (G)" = {e} J 5% li* c>j G _>^c 

M =: H czH.cz ... c //„_, cH n =H 

H / 

^jSjlj . 1 =1, . . ., n <■ aJI^j) <jj^ < " ) ' '* ^ — ^ ^-'"J.^" 1 ^luiLiln 

H / H =:GJH czGJH czGJH c ... c G m _, /# czG m IH = GIH 

: lipJ (jjSL illic. • I = 1, /n t uj^j 

{e}=# czH x czH 2 a...czH nA czH n =H=G czG l czG 2 c.cG^ cG m =G 

' j = I, m 1 i = 1, n t AjIIajI^/ t jV 5jJ»j j i A j»nVi 3 LAml« 

' /% / H A 



M = G,cG 1 c...cG,cG„=G 

. i = 1, n t 

G J 0n/(G) = 1 jl£ lil . (G)^ J( > = ^ *dl 

AJJJ IgJ ^^jll _>».j5l ^aaJ ^Jajb-a fclfcjYI (ji ^jiajjiil . ^ "-J - *- ■ ^ ^IciYI ijj^J ^JaAuuJ 

'G t>» jjc- Sjx j // lil . ** ^j 1 ",' '"'"'j^ G i Ord(G) <j<« <Jsi 

S-U^JJ (J-«l Jfr £-« S-y^JJ I'll i nl ■ 'U,n ' ^ UJ^! frljiluiVI (J^J* t>" 

. (_>) (£-Y-l) ^ LJlo i_j jlkall j^ll J*-ai j . <Aj\ .il-Sfci AjjjIJ J*j 

: *i.tia* 4&4i i-t-i 

. *Lti S tt (= y n ),n>5 i) J^C^Ji- Ui=! 
JS Jc. (jjjaj AT jSilj n > 5 t G = S„(> <H_>?> » _>«j Af 0^1 •' iM j4) 
s j-jll =) A/ - — S JI^VI i j*j N' J o*j±» . S„ <J 3 JjU! Cilj cjl jjJ 
: ^VlS 3 J tiili till jjjjll ^ ^ (A'' t> AaLUI 
: jltie. . A/" ^ oiJ^- b = (3 5 4) * a = (1 3 2) 0^ 
<T Vafc = (12 3)(3 4 5)(1 3 2)(3 5 4) = (3 1 4) = (1 4 3) e N' 

S n t> ^ J»J'K <p ja. j A/ Ikllj 
Cr _1 (l 4 3)<7€ N' : jji) CG S n tiV l&l j 

(7, 4 ^ <t(3) = / 3 « <t(4) = / 2 « cr(l) = /j : uj^i <re S n 

<7 _1 (1 4 3)cr = 0", / 2 / 3 ) 



Group Theory j^jJljo^ ( jjif(^«2J») 

a jxj G (A) OJ^ 5 N <jV. fj^J • 3 J_>lal1 Cjlj djl jjJ 

^xna, ^^la a (jjSj (3f"il-« (jjiVi"' Ajli t G <j-« 

. 2 U....< A n ,n>5 ojjilali ajxjll jjl ^jic. <jAjj : Y Jlla 

I j] <ii ^jlc V ji (jAjfijui . A n l>" ^Jwk 'J-O H tj^il : ^jlA < )jli 

{e} tijL-i Vj # ^ <L^j or ^ . 3 1*1 jL Sjjj H cP H * {e} 

(X o^j ^1 lij . tL\j {1, 2, n} (^a j.^lwll (>> joe jjSi (iljjj Up] 

CX ij M J ' 3 ciJ^J J U-* Vj^ 3 a JJ J LSJ^ M ' 3 Ij-Sjla 

: La] flf (ji ( (JaVl ^^ifc (jjjL^aila ((jjjlljaa) (jJjlsj (Jx-aLa. 

(1) Of =(123...)( 

(2) a=(l 2X3 4)... 

c^aJ or jV i 5 . 4 U jSJj j^j JaVl ^ " A Jjl\ aJUII J 

* ^ = (3 54) oS3l uVlj • (1 2 3 it) Jiill 1*1 ^1 ^ jiM ci^Ladl <> s^l j 
<^l£ ijj ui< y=(L24 ...) ... J* (I) J l& a cuis lili . /= /T'a:/? jSl j 

. 7=(12)(4 5)... J*(2)JUL a 

i& a ii) a"V(l) = 1 t^* 6- j^'j • -j tuV5 «djsj jjHaiLj 
. (2) yi U- a lij Qr"V(2) = 2 « <2r _ V(l) = l ^ < (1) ^ 
(j^Lii liA j t a ti^i t> j^i j^jLlJi j> tijij t^^c tiljij a~ x y <jii j 



JftU iLliJI >*>ll$ wuSjJI >aMiiiliiii«j iyiijihll QM mi I hi it I : gudLJI yUl 

QjS A n uli f5 o-j ' H = A n oj^ (jX® ^Ul ^ U Jli. Slclj* ^ Jli. 

. A V> J ■ »i 1 ij< j 

jl£ til . G Ax"'i« 
jce H gcd(Ord(x), Ord{G/H)) = 1 
.gcd(Ord(xH), Ord(G/H)) = 1 : J gcd(Ord(x), Ord{G/H)) = 1 w'iU m» 

J cS^ 0«/(xfl) = 1 CP £ i>j • (*) 0"^ ) Ord(G/H) ^ Ord(xH) J 

■ xe H d* 0r«/(xH) = // 

24 <> c5i^^5 d t> JStM uLoj . Ord(H) = 2, 3, 4, 5, 6, 10, 12, 15, 20 
AjjjI! ^ j ■ ^ ' <r> *M (^c- l5 j^^j '3 ^jj^I (j-a Tjirt'iR 20 ' 5 o* TjkV<r 
t> j gcd{Ord{A s IH), 3) = 1 15 J 12 jl 6 J 3 ^ (#) *i j Cul£ I j) . 15 

H I^jj gcd(Ord(A 5 /H), 5) = 1 20 ji 10 ji 5 ^ (fl) <h j 

yli 30 <^a (H) A^j I j] U . 5 Ajj Jl t> (jjj^fr j AjojVI >-U«il 2^ 

« gcd(Ord(A 5 /H), 3) - 1 

. 5 iijll . 3 ^ujll t> j—liJI J£ H ijj^ I j«j 4 gcd(Ord(A 5 /H), 5) = 1 
S^oj . 15 j! 30 ^ (A 5 /H) a±>j di 4 ji 2 ^ (#) 4ju j CiilS lil t j^i j 

30 <Z J 
* 15 ^Lujll 

■ (J^ aLIS jjc. (JjSj AjJliij JJ&j A j-ijuij Sj-aj G (ji jjA jj : f il&a 



Group Theory j-jJl^^u ( JjVl,fc«211) 

{e} c G 

. JaJ] ^Lli jja G (jjSj Ij^Jj 4j3!:u] ill.. a! y^ e | 

lilU^i ^Jajjau G £)\ i^y*. £yj • G ^jtjiVi ^jjj^ G y Cy '• <s ^ ^ ^ 

1) G'={e}^\/a,beG:a- ] b- i ab = e^Va,beG:ab = ba 

=> G : (jiaSLu life j 

2) G' = G => G = G {n) ±{e) VneN 

(r-Y-1) JsJl ALla cl^oJ G J J 
Ijj ^ S„ ! i> i> j* cJ^A*-» (V) i (X) ^\2ix ^i^b : i JO. 

(^Jll.^. jjlS) «>5 

jjc oj^ « ^ 5 l*iie ^„ t n > 5 111 aWj ,4„ <J ^ X Jlls t> : t -jU >4 

. JaJl *L15 jjfc 5„ jjS (l-Y-1) j>j .JaJl aLIS jj£ 4, <jj£ r Jlic 

. S„ _1 i-uSji UuaLu* n > 5 ^ {e} c A n c 5„(= J u* : fl ^ 

iiJJjS . (.3^ X Jli.) n>5 ^ku-j A„ i A„ aKLSL* 4 /{ e } : j4i 



xrr 



Jail ih\il\ j^jJIj waiajJI ■"• M ■' ii m jhll all ni I hi i II : jujLJI mUI 

. JaJl ^IS li^l n > 5 ^ 7„ t 4, jljjxji! 
Jail aL13 % t ^ 2 i ^ 3 i ^2 J o 4 J cr^ 1 s-'W 11 OU^ (Y) 

Jail <LIS ^ ji ^ylc (jA JJ £tjl ja.7 ^jiaj Uiaai-ba (V) 

Jail jjULla y A 1.A4 3 J^- 6* (0 

G ^gi Ifrljl-i <JJ_ja. S>aj (JJ^ <J ^ilall 4_>xijll dlil£ Ii] -Ail (^Ic 0*J^ (°) 

^Ja^uU ■ -jl G ' 2 (_$J^J 

. t_u£jj AlxuLaiLo IgJ Aj^ILo J-o j J£ ( ' ) 
Jail ^Lta 5 7 (v) 

Jail <Lli (jjSj ' * J* j d& ( — 

? Jall<Lla 5 3 x5 3 Ja . ^3X^3 _S J> *U*-L. ^ J (V) 

Z 5 ®Z 5 1 S-uSjoll C^mlm'o £j*a. .la.j! 

Z 3 ®Z 2 —1 Jill CjXuIwI* £J*a. .la. j! ( ^ • ) 



. R AjIU. jjc. <c ^ ^ jj^l! (R, +, .) JOXft ^Anij : uL? 

: lit Jaaa j) jjlSI 3) (ring) 4&la. t . 4 + l j±uLc 
(commutative group) l:u] 3 j*j (i?, +) ( i ) 
: a,b,ceR ^ <_sl (associative) (aj*.^ J J) ^ jLS "." ajLuJI 

(a.b).c = a(b.c) 

: a,b,ce R 4ji <ji (Jjm^m ^JjjJI UjjlS (_?.) 
«.(6 + c) = a.b + a.c, 
{a + b)c — a.c + b.c 

a.b i> V^J ab tilli. u&u j . (R, +, .) V^j R ajlc i.^i.i : iUayala T- ^ - ^ 
jjbii^j . ASlaJ (additive group) <j» * > ll a jll (R, +) » jll . 
(The zero element of the ring) AaIsJI >Lua ^r^j "0" jftj ajU-»5I U jj^aic. 

. liUji jjc. ^ (j-ajj !j] 4lla. LulJ _j ^^jilu. 

: a,Z>e l& > (commutative) R <5i=Jl JlL (i): ub r- > - N 

a& = 6a 

: flGi? l£J (j 15 ^! (unity) S^.sll >uak. <ql lei? JlL (<_i) 

la = a = a\ 

1 = l.T = 1' : u\* j^*- L«a^j 1,1' ^Ua jl£ I jj AiV A^j Mil Jiatf) 

: ^Vl^ IjjI jaU aE R j» .Vir . jS s_j ( — =».) 

a 1 := a, a" := aa n ~ x ' 

. n>2 * ne N ^ 
. a°: = l uj^ Usli leR 

m 



Ring Theory CAiiseii^jiij (^"p ■"**) 



: a,be R JS1 : *\ 4 

a0 = (0 + 0)a = 0a + 0a (i) 

=> = -Oa + Oa = -Oa + (Oa + Oa) = (-Oa + Oa) + Oa = + Oa = Oa 

a = JiXj 

= Ob = (-a + a)b = (-a)b + ab (<J) 

=> -(ab) = + (-(ab)) = {-a)b + ab + (-(ab)) = (-a)b + (ab + (-ab)) 

= (-a)b + = (-a)b 

-(ab) = a(-b) JUUj 

(-a)(-b) = ab : J> » j^U* jjjjj 

: tnnemp} 

a m .a n =a m+n , (a m ) n =a mn 
: Vjj l^O.'u^ Jiato. * {0} oSHj » SJa. jll € oSJ : ^Jaial* 

l = 0=>a = la = 0a = 0=>i? = {0} o^aLii 
(right zero t*^\ n Aua ^Jk <U) a e i? JUL ( i ) : <Ju *\ — ^ — > 

(ax = 0) xa = <j! ^ xe R \ {0} li) i? —5 (left) divisor) 
dul£ I jj (has no zero divisors) ^ A^ll ^u<l,^l R <SiaJl JUL (u) 

(integral tU*l« jUaj R JUL . 3 1 * l*> Aiik u&J : l-L *j V- > - ^ 
(o-^-^j ^ Ujij^ . ajjL^i1\ ^JjSSI (>» ^U. j ajIIai] i? Ijj domain) 

(/? = {0}<^0 = lGi? 

S4*,« -q! aeR j.nwl JUL . 3 1 * c&J j ^ /? u^ 3 : <-L j«2 A-^-> 

: jj diiaj a,cG R o 1 ^^j* 1 j ^! (unit) 
ab = 1 = ca 

rrv 



. R3\*Q i X^R r£A : AJa«al« 

. <_£ jjjiJ ji ^jj-sJ AjjL^s ^jjjiI j3 (J^iajV 7? ( I ) 

6 = c J ^ • a6=l=ca i ae R* i a,b,ceR <j£iJ (^) 
4 b,ce R Ajli iliie . _>uui tjjix-a Luiili ae R* <j£jl ( i ) : ^jU >4I 

0) iLlau Z> * 

: jli jjjjc . a6 = , ca = 1 
= c(a6) = (ca) 6 = \b = b o*&Z 

R* ^ 1*. jjV Aji *'J JLalbj 

6=16 = (ca) 6 = c(a6) = cl=c (s->) 
Z?3l*0 t Aiki?oSi3 : ^4al4 ^ ,-\-\ 

abeR' <= a,Z>e£* (!) 

t R*xR* — >i?*(The induced operation) Aj w*i . n< >\ l ajLuJI ^-o /?* Ac ^o^<JI 

• » _>"0 uj^J l— >• «6 

a,6e i£* =>3c,de R:ca = ac = l,db = bd = 1 ( i ) : pU>4l 

=> (ab)(dc) = a(bd)c = ale = ac = l, 
(dc)(ab) = </(ca)Z> = d\b = db = \ 

AA^H\ AjLuJI jV (^tLoaj t 4j£jLSj AjWumJI AjLutli (ji £jJal j (^-l) 

a g i?* JSJ Ajl J (^iijj . lei?* ji jJi qa liJliS . lilliS 
R* <-«jj*j (j- ^tjJal j Lid jSJj 6a = 1(= ab) o\ « *i.r>j 6e 7? 
. (6a = a6 =1 Ji Z> e i?* ^jj ae R* <jl£ ^1 ^ ts*^ ) 

Y VA 



a6e i?* 



Ring Theory u&beft^ojlaj (<^U)1|»— ill) 

: tiiSSa. | j| (skew field) 4-lui (R, +, .) <aLA\ : <Ju ^ ^ - ^ - > 

J tii «Z?g i?\{0} «= a,fre tf\{0} J ^ ' H <> ^ u * ( 1 ) 

R \ {0} "." LJ ^1 ^i) ^WlhJ <_> jjJaS £x i? \ {0} Afi oil 

Aj! jSaJ AjJi ^ jjLu I i) ( i? 3 1 # u' Cy^i <j' ■ » J"0 UJ^ 

. (field) SUu uj^J lM ^ ab = ba a,be R l& 
rt=R\{0} jl* lj] Jaiij I j) J*^ ^ • itel^O « *ik : ^a »al4 1 Y — 1 — ^ 
• ^ (finite) a^* cUSla jUai : 4-> 

\ {0} c J cs^ J* 51 M J 1 ^ 1 • W"- ^ £ 0^ : u 1 * J^ 1 

^jJl • flGi?\{0} jSJ . (7?* ci?\{0} J ^) 
^ :i?->7?, 

a ' 

x (-> ax 

: (^jS j) ti^i J 

Vx,y e : ^ a (x) = ^ a (>>) ax = ay => a(x-y) = 
=> x- y -0 ^> x = y 

J*l£io jlki l$jV AjjL^I ^jJ jail t> aJU. 

•^uj^^J^Wj «ei?* J ^ az = i a {z) = \ j] ^ 
<_s't t (jjj^ o» Ai a ji slit* ae R* t J*t£io JlLj i? $ \e R <ji 

.(Jxl£i» jUaj .-It l<jlj^ j Aill^jj ASk. tl oixjll j^^ic. l^J Ajk. 

XT"* 



^ Aaaau^all cl£UUx3l tllli J j-isJ till Ac j-aa-a : 1j[X] Ac jxawall : T 
. lS.la.jll j i <*i\f*. IgJj Ajilijj Alia. (jjSi (jjipUJl c_ljjJallj ^ <\-sll ^jJtiLaC £-0 X Jj*±^ 

( JxlSla jUai ^A) 

2x2 £ jill t> A*j Cili ji.^ll Ac ja^i : M 2x2 (Z) Ac j-aa-all : f iM» 
».la.jJl _^_aic IgJ Aila. (jj£j Aauau-a jl.lci (l^-i-o A3 ji* <in ^'l ji^Ucj \A ji <i1 if*, j 

(l 0^ 

. AjIIAjI uc , -A a 

v u V 

^A^jjl! jtoc'VI acj*~ : 2Z = {...,-4,-2,0,2,4,...} Ac : t Jtl, 

. is.la. jll j' — '«*- tgj (J*}lj 4jll-ij] Aila> (jj£j (jJJJjUSl L_l_ i >jJall j £*?Jl ^jjLoC 

C 4 Aji/^ll iocVl acj^ K t (Ai>-Sll) 2Uu-iil JlJtVl acj^ Q : o 

Ulj Ajll^jj i-ilat'*. (jj£j (jAjjlxil ' , ■ J ■ u ^ J ^"^^ ^jjLaC £x Aj^jxJl ^l^cVl Ac jny A 

.(Jjiia. . 1 9.1a. jll jj^aic 

Ac jxa-o ^ Map(X, R) (jSil . Aila. i? i AjIU. jjc Ac j*a>< X (j^ : ll^* 

(f + g)(x):=f(x) + g(x) 

ilul£ Ijlj . aJIjj) R CulS lj| aJI^j] AiiL. jjSj tjjjjjSioll (jAiLuiJl Ac sift 
f^S a.la.jjl jm'ir. jA (JjSj ^uiljll (jli "1" e.la.jjl jj-ojc L$J i? 

. Map(X,R) 

X o- ^\»n*ioll JI j^ll ^ Acjx^ C(Z,M) : L^jIjjjj tcl ja X o<il : V 
C(X,R) ^ * 1 Jll. yi.Lu US oAaj" pluUrll ^j . R ^1 

. S.la.j jm'ir. djl j AjII^jJ Asia. (jj£S (jAiLaaJl 



Ring Theory GliiseJljoolij (tt iUJt^-aJ») 
^jo> Ac. j^t> i 0[X} ' C l>° ^ " (j^jl : A 

"." AjLaxll <_s^)*iu! . AjLa-all lAjj^aic. jA (j^J ' ^J^) (G, : ^ JlLa 

: V^G> 

Va,beG: a.b = 

. AjII^jJ Alk. jjjSj (G, +, .) (jlfl ijAic 

ja G 5t {0} ilul£ I j] Ui . Ajji^ll aSLJI AikJl s iA G = {0} CulS I ilj 

» (jjiLjla (_Jj*iaJlj £a=>JI ^'nUr. Z n = {0, 1, 71 — 1} Aft jAa-aJl : ^ ♦ JlLa 

. U(n) a&ja -\ a \ \ I^jI^jj . 1 s.i*.jJl ji-^iic. l$J ajJIjj) aSL. (jjSj (modulo «) 

i>»Jjll J ^ (jAjj : ^ JH» 

a "a 

x I— » ax x I— » xa 

= ax + ay = £ a (x) + £ a 0;) 
Vx,yeR: r a (x + y) = (x + y)a = xa + ya = r a (x) + r a (y) 



kijimW jxui! jSJl <JU. ("unjl Map(X,R) 

J(a) = g(b) = 0, 
Ab) = g{a) = \, 

J(x)=g(x) = \/xGX\{a,b} 

■ fg = (lS H J j* ) / * 6 * g : 
M nxn (M) ttkll uj^ "^2 <neN J <>■ i> j* = V 

: nU nil 











o 



J 



o 



o 



J 















Aikll J tjc ,jA jj . (open) ^ Aj5 ja. At ^ ^IcC : i JUL* 

iosj Ijj Ajji^ll jill (> <jjSS ((^ A Jlla jkil) 0(X) 

■ (connected) <kjljlaX cjjl£ Ijj 
t (/^jijJla. jjfc (jlla. jjL> (jUc jau <5li iliie .aJojI jlo CLajluJ : n\A >Jl 

ru.jxi. UnV = » [/uF = I : jjljd^Xox r 

0, *e£/ _Jl, xgC/ 

1, jcgK ' g(x) '~[0, xeF 




Y1Y 



Ring Theory CAibJlC^iii (^sllMi^-Jill) 

(open £ jjia jlja.ia.jj <u\i <Lala g j • g(x) ^ < *\r > J X G X JJ Aili 
./g = j7j «e(/ ^ j! * dj*- ^ neighborhood) 

Uul JL. X * iUS\ f iji j • (0 = 1/ ^ ' aJJ ^ j) f\U = 3 Ajli 

. Alia. <jjfu ^-^j &J"0^ tllLajj3jJ-o J-^jVI ^£j4a-» (jl Jc. (jAjJ : tJl^La 

jjJi^j i "+" > JL G J J! jiJLi** . \A\^\ Sj-j G <j£l : <'iU nil 

Va,bzG: f(a + b) = f(a) + f(b) 

: JVIS "^^>\l"JjVl AjLuJI i-ijxiw (jj^ (Jc- q/v^r. jVl J 

+ :ZxZ-»2 

(/, + £ 

dna. 

V«eG: (f + gXfl) = /(«) + *(*) 
( G —1 jUjjajj-j^l g i/) G —5 ? Jjajj-j^] /+ g u' 0*j^ 

: J^ 

V«, 6 e G : (/ + g)(a + b) := /(a + b) + g(a + b) = f(a) + f(b) + g(a) + g{b) 

= f(a) + g(a) + f(b) + g(b) =: (f + g){a) + (f + g)(b) 
G 

: JVIS Jill" A^n\ <j j*j ctfh 



VaeG: {fogXa)-f{g{a)) 

fog (ji ^jk. (jA j^j liil (jl : f Jja. 4i jx-a "o" AjluJl (jl jjJc. <jVl O* Jf>J 

Va,Z> e G : (fog)(a + b) := f(g(a + b)) = f(g(a) + g(b)) 
= /(*(*)) + /(8(b)) =: (fag)(a) + (fog)(b) 

0) 

VasG V/,g,/*e£ : 

((/+g)+W-C/'+gX«)+^)^(/(«)+g(fl))+A(fl) = f(a)+(g(a)+h(a)) 

: ^Vl* "0" > jib AjIJ j^ijj jL^> <_i j*j (T) 

: G -» G 
a i-> o 

\/a,beG:0(a + b) :=0 = + 0=: 0(a) + 0(6) 

V/ e ZVae G:(0 + /)(a) := 0(a) + f(a) = + /(a) 
= f(a)=>0 + f = f 



Ring Theory CAajbJii^&j (c ^l^l^2Jl) 



-/:G^G 

a h-> -/(a) 

: ^VlS -f+f= J j f Jyaj_>- j^jj <ui cii <-ij*-* -/ J tjic- a* 
Va,beG: (-f)(a + b) := -f(a + b) = = -(/(a) + /(*)) 

= -f(b)-f(a) = -f(a)-f(b)=:(-f)(a) + (-f)(b) 
U\±\ G 

Va g G : (-/ + /)(«,) := (-/)(«) + fifi) = -/(a) + /(a) = = 0(a) 
=>-/ + / = 

(+ 4jLuJ1 <juuajiij) y ^jjij'st o ja -y (ji 

(0 

Vy , g g Z Va e G : {f + g)(a) := f{a) + g(a) 

= g(a) + f(a) =: (g + f)(a) ^Vf,geG:f + g = g + f 
G 

(°) 

V/, g, h e £ : (fog)oh = fo(goh) 

0) 

V/,g,/reL VaeG: 

((/ + := (/ + := /(*(«)) + *(*(«)) 

- (foh)(a)+(goh)(a) -. (foh+goh)(a)=>Vf,gM 2: (/ +g)oh=foh+gph, 

(fo(g + h)){a) := y((g + A)( fl )) := y(g(a) + = /(g(a)) + >(*(«)) 



r to 



=: Ubg)(a) + (/oAXfl) - (fog + foh)(a) 
=> Vf,g,hG E: /o(g + /z) = /og + /o/z 

: E Aakll ^ jll j.,Vir. jA I (V) 

Va g G : 1(a) := a 
V/eE To/ = /, fo\=f 

■ Ji* 

Va,b € G : I (a + b) := a + b =: 1(a) + 1(b) 

V/eE VaeG: (\of)(a):=\(f(a)):=f(a)^\of = f, 

(fo\)(a) - /(1(a)) = f(a) =*fol=f 
=>V/eS: Io/ = /=/o! 

Ails. sMcl (jjjjLuill £-0 E <ji 

(cancellation uisJl ^jj^ <j' <-!^J . a,b,CE R < 4iik ^ : T Jll« 

li) i? ^ jjlSLai* laws) 
a ^ 0,ab = ac ^> b = c : jL-all 4$^. j> tikll ^ jjla 
a ^ 0,ba = ccf=>b = c : jxaJ a^?. Cy ^-*^JI oj^ 

(jSJ j a,b,ce. R cfiAj 4jji~ail j^ 1 c> ./? <j£jJ : }A\ 

ab = ac, a^O 



Ring Theory iUUseJlSoj&j (t pU)t^i5Jl) 



t AjjL-all ^IjSli ajJU. i? . a(b — c) = 0, a^O J ^ 
ba = ca, a ^ o' Ji-^j = c <_s j jj 11a j Z? — c = jls a 

. (jlSSala <_iiaj| ^jjla (ji ij\ ■ b = C (jl ^. ' ^J 
(j« AjlLa. /? (ji dlbjj L-JjllaxJl J R (Ji (jlaiaJLo i_aAaJl ^jjlS (ji (jiajaii] (jVlj 

(jjjla <jV j . aO = ai J ^ . ab = 0, a^O^b (j£J ^1 jSJl 

(jl (j^-ajV i? (jl t5' . (_>iaiiLii I^Aj b — (ji (3*=^-° J^-" 1 ^ ^-fr?- tj* >■ Vi*>il 

AiLJl (axioms <_>=jja ji) (postulates) dlaLi* (jL»j UUij R (jfLJ : V Jli* 
\/a,bs R:a + b = b + a 

: (jj^J t'n^.i C G R j - j I 



[Va,Z>G R : ac = be => a = b] 



(a + 6)(c + c) = a(c + c) + Z>(c + c) 

= ac + {ac + be) + be (1) 

(a + b)(c + c) = (a + b)c + {a + b)c 

= ac + (be + ac) + be (2) 



twxli liuJ o 
- - _j 



: J 2% (2) 4 (1) (> 



ac + bc — bc + ac 
=> (a + 6)c = {b + a )c 

a + b = b + a 



Vx,ye R:(xy) 2 = x 2 y 2 ti* J\ y^z. j <aL. i? : A JIIa 

Vx,3;e7?:[^ + l)] 2 =x 2 (^ + l) 2 

=>(xy + x) 2 = x 2 (y 2 + 2y + l) 

=> (xy) 2 + xyx + x 2 y + x 2 = x 2 y 2 + 2x 2 y + x 2 

=> xyx - x 2 y (1) 

: ^^ic J» rf-i-» J x o* V Jj x + 1 — j jj^jjjuIUj 

(x+iMx+i) = (x+i) 2 j 

=> (xy + y)(x+l) = (x 2 +2x + l)y 

=> xyx + xy + yx + y = * 2 jy + 2xy + y 

=$xy = yx 
en 

Vxe : jc 3 = x 

(* 2 j; - * 2 ja 2 ) 2 = x 2 yjc 2 y - x 2 yx 2 yx 2 - x 2 ^ V + xfyx^yx? ( 1 ) 
Vxei?:* 3 = Vxe R:x* =x 2 



yia 



Ring Theory oUUbJii^^j (^ M * w p 



JiC Jx^aJ (1) u^yulLj 

(x 2 y — x 2 yx 2 ) 2 = x 2 yx 2 y — x 2 yx 2 yx 2 — x 2 yx 2 y + x 2 yx 2 yx 2 = 

=> x 2 y - x 2 yx 2 = (x 2 y- x 2 yx 2 ) 3 = => x 2 y = x 2 yx 2 (2) 

(yx 2 — x 2 yx 2 ) 2 = yx 2 yx 2 — yx 4 yx 2 - x 2 yx 2 yx 2 + x 2 yx 4 yx 2 (3) 

: 'IsJ 

\/x<=R:x 4 =x 2 ^ (yx 2 -x 2 yx 2 ) 2 = 

=> yx 2 - x 2 yx 2 = (yx 2 - x 2 yx 2 f = => yx 2 = x 2 yx 2 (4) 

: Jc J^j (4) i (2) o- 

x 2 j; = yx 2 (5) 

(x 2 - x) 3 = x 2 - x => x 6 - 3jc 5 + 3x 4 - x 3 = (x 2 ) 3 - 3x 2 x 3 + 3x 2 - x 

= x 2 — 3x 2 x + 3x 2 - x = x 2 - 3x + 3x 2 - x = x 2 — x 
=>-3x + 3x 2 =0=>3x = 3x 2 =>2x 2 =3x-x 2 (6) 

(x 2 — x) 2 =x 4 — 2X 3 +X 2 =2x 2 — 2x 3 =3x-x 2 — 2x 3 =3x-x 2 — 2x=x— x 2 (7) 

(6) 

: UjjI (5) o-j 

(x 2 -x) 2 ^ = >>(x 2 -x) 2 ==>(x-x 2 )>> = y(x — x 2 ) => 
xy-x 2 _y = ^x-_yx 2 =>xy = .yx 

: u' L?' ' (idempotent) S,»aM JjU1» Aik. ^ jj^uc. <J£ |j] : ^ » Jlla 
? <ySj«Jl Ja . aJI^jI J ts^ 0* ' x 2 = x : XG R ^ 

Y£<\ 



Vx e i? : x + x-0 

X€i?=>X + xei?=>(x+x) 2 =X + X 

=> (x + x)(x + x) = x + x => (x + x)x + (x + x)x - X + X 

=> (x 2 + x 2 ) + (x 2 + x 2 ) = x + x==>(x + x) + (x + x) = X + X 

x 2 =x 

=>(x + x) + (x + x) = (x + x) + 0=>x + x = VxgR 

a,bs R^> a + be R=> (a + b) 2 = a + b 

^>(a + b)(a + b) = a + b => (a + b)a + (a + b)b = a + b 

=> a 2 +ba + ab + b 2 = a + b => a + ba + ab + b = a + b 

a 1 =a,b 1 =b 

^>ba+ab = 0=>ba+ab=ba+ba(yxeR:x+x = 0,baeR)^>ab=ba 

(George Jjj ^ ^r^JI J) <^ (Boolean Ring) Alia. <1LJ! 6 iA 

((Uli-Uir) Boole) 

Jxl£lo (jUaj ^ S jSJl JjUIo tj.nV. e # u 15 ^ cs^ U*-W : ^ > cilia 

e 2 = e = ee - e = e(e - I) (R S a^. jJI j.^v. ja 1 dua.) : flU >4I 

e-l = 0=>e = l 

AjjWal! ^1 jail j^x JU. R j e^O 

Yo. 



Ring Theory £Ula«JtSo>&j (^lilt,*— 2)1) 



lij (nilpotent) S jilt ^julL> <ii AiL. ^ a j.^wl JUL : ^ V JlLa 

ai^jJi j t ^ii»\| jA (ji ^yic (jA^)J . flt" = (jj^J >> U'>.' jik^all (jx n £cJa_>^a 

'd a" =0 : neN . s jill ae D : f]U »3t 

ji a = H j 5 ^ -D l/^j • " -1 =0 : n G N ^jj 

»l jSl^VUa a"" 1 = 0(jlS I jj . Jc £ oj^ fl = 0j^li! • a"' x = 

. a = a 1 <J ^fy is*^^ 

.b 2 = « '^jfljj £u=^a,beR jSJj i *dlbJ ASk : ^ V JUi 

. R ij^j a + 6 o' c?^ o* 
1 t af'tf = 1 jj tiiiaj 7? 3 a x o^j # g i? u! t> : iM ^1 

[of 1 - (a -1 ) 2 6] [a + 6] = (a -1 - a 2 b)(a + b) = a' 1 a + a x b - a 2 ba - a~ 2 b 2 

= 1 + a x b - a 2 ab - a 2 b 2 ( R ) 

= l + a- l b-a~ l b-0 = l 

= [a + b][a- l -(a l fb] (M^J R) 

. R a + b <ji <ji 

j-all l_J_)*iaJlj £-oaJI (JllLlLaC. AjjVI '''^ j^ Clljl£ La lij JAa. : ^ t Jlj<a 

: jJJU 

^ LaS 4_1 j^JIj £-aJ 2Z ® Z ( J ) 



tjjjjAj*^]! <_j jxi«Jl j ^aaJI Ls ^oc {a + by/2 \a,be Q} ( j ) 
Z + (jV (<-j) <_s^ Aij«-oJ! j^aSI : l^c Lo;ja tlla. (jjfL ^ <J^ : 

lilLiA (jj^J tjl Ail LaS) £-*=JI AjLo*] A im'ilj AjLa^all j»«Vi»ty jAj ji^oll ^^Sc jI^jY 
(j) '*1J^ ( j ) CS^ AS^jxaSI Ac oil i ^^a^JI AjLoC A im'iftj j^jji j'st.o JUllj 

: Jail 

AiV dbuul j 4 « = 1 jlS I j) JaSSj jlS Ijj ft^a. jil j..-nr. Lj t AjII^jJ ( i ) 

(ft =1 (jl^ I j)) -1 i 1 l-ic Laja j.^iir- (_gV l-jj>o\1 AjLaxJ A un'ilb Qa j£»-o .la. jjV 

(jaj^a-a -1?.jjY AiV Mia. t'h.nl t (1, 1) jA a.la.jll : Ajlllj) ( a.) 

(1, 1) l-ic LojS t_ljj_iall AjU»\ AjjouILj (jii j£x-is 
511a, t - < . t ia.la.jll j. l^J t A-Jllj! ( ^ ) 

(jjijSa-a -i?>JjV AiV iiia. ("luijl t 1 + 0"\/2 jA ala. j^\r. t Ajlllj) ( 

!^ 2 + 2V2 ^ixll^j^ 

<J*»> ' 1 + 0V2 jA Si*. jil j.^iir, 4 Ajllljl ( j ) 

ji) 5 t> ^ Jh^I ^ j*a-M l£ (collection) p(S) cjfil ■ ^ 

-: ^VlS "•" 4 "+" «-i J*±» ■ (S — J Sjill Ac_^o 

^ + 5:=^u.5-^n5 = {xG ^ or xg5 but x<£ AnB} 
A.B - Ar\B 



Ring Theory GUlsJlJvjjiii (^ISJI |»— 511) 



: JaJl 
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{b} 
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<t> 


{b} 


{b} 
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{b} 


{a} 
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{a} 


{b} 


S 



: AjlaU. ji AjjVI till JJjSill lM£ La 13] JAa. : W JlL> 

<ala. jjl) (Jia. JS ( I 
a.ia. jll ji ^-i'ir- l^J Alia. (JS (t_s 

^jlt (jtjj^j L^j (jj^j ji^iir. l$J Asia. ( j 

• ^ j?> ^k 
Ajlljj] JU| ^ tjjjJall AjLc. ( j 
(JSaJl ^ i_JjjJa3l AjLaC. lliaj Sja j (jjSj Ajji».-ill jjc. <JiaJl ^.i^Uf. ^ j 

AJ.lj) Aila. Aji ^ £xiaJl AjLc. ( £ 

* (Jji j£a-a Alia Aji jj^aic (j£ ^ Ja 

Aa^ (J,),( c ).( J ).(_ A ),(i):^a 



. 1 oAi. jll j i >iir. ^^A j aAj=k j Lj Z 2 ( ?>■) 

Cjl-la. j "0" I^C- Uua lAjjuaUc. <j£ i 1 j^iic. IgJR ( J ) 

a** < a* j) aG R * 1 S-^jJl jjuojc. Cilj <aL. j^il : t 'M >4l 

a =l.a =(a .a). a = a .(a.a ) = a .1 = a 
ba^O ab = o! '"'j^.' <^ b <■ a <jjj*-aijJ VIj* i_j : \ ^ 



b:= 







ri 


-n 




<■ a := 












o, 



o£J M 2x2 (Z) ^lijL^Jl ^ :JaJl 



aft 



fl -lY-l 







1 



r-i ovi -l 



\ 



1 







ro o 





-1 1 



ro 





v 1 ~K 

: (ji J^JU j £-aaJl <-j J*i-i i? I = {0, fl, b, c} J&C-\ 
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Ring Theory DUJbcJl^oj&j (w -.i j :«p ...^ti ) 



(Cayley's tables) ^AjS Jjl^ J ai* 

Q[V2] := {a + byfl \a,beQ} J ^ <j* jj : 1A_J&$ 

: jj%ui ^j^all <U:j£« a + b-sfl G Q[V2] 

1 _ a-b4l 
a + bj2~ a 2 -2b 2 

(j^l t L jL^a Laj-uli La^la (jj^J '* I'V ' ^ b <■ a -i?- jl : Y t Jllo 

j£ ^ a + b 

5=2+3 Uiu 2.3 = « 2*0*3 ulj>^ 3.2:2^ : JaJl 
5.1 = 5 , 5.2 = 4 , 5.3 = 3 , 5.4 = 2 , 5.5 = 1 

SjSlI <!jLaLaj dll-I^j (jjSj ( * \y\ i i? Alia. ^ ji Wll ^j.n-> -^jl I T V 
W U^'j U V = I <jjfe ','•>.' VG i? cs* U o^jl : i)— ail 

<_5* H 1 = 1 J Li' U(UV) = W 2 V = «V = 1 J 2^ ■ U = U J\ (j\ ojSJl AjjLsIa 

U = 1 <ji 

U-'J' L r J ^> i ^ a lS' ^ ~* (j^ ^1 • 1 o^-jll j' -■'"*- diljs Asia. (jSjl : T i JII4 

aZ) = 1 ba = 1 



Va,fee/?\{0}: 

aZ> = 1 => aba = a => a (6a - 1) = aZ>a -a = 0=>ba = 1 

a = b <= a 3 - 6 3 * a 5 = 2> 5 ( i ) 
1 ijj^j A£ jlix ^>jail jS Lo^jjj (jiul 6 t a tiii^ a" — b n t a m = Z> m (<-j) 

a = 6 <= (i? ^ S.i=kjll j*^»ic. 
: uVI j - a 6 - b 6 a 3 = Z> 3 ( i ) : nil 

a 6 6 5 = Z> V = a 5 b 6 => a = 6 ( JlLiS ,J i_jjaJ j^la) 
M R 



(^khb = <= a = aJUII) 
■*J^j ( j, ■ ^"'l! ' <jW>aj (lei? cS.>") ^ j^jS 1 "<s ',v t>yl m,n 
rm + jw = 1 (jj^! ^U^J J j^VI j r C&J '-^■j* r, ■ ~ (jjAac 

: J a" =6" ' a" = 6 m jVlj 

R 

=> a = b 

rm+sn=\ 

{a l a l ,a l a 2 ,...,a x a n } *3kll ^ .q#0 ^ tR := {a,,a 2 ,...,a n } = lW 

^UlUj t a, * * ajjL^II ^1 jill ;> jjSlj a x {a r -a s ) = r * s 

u 1 cs^- u^ 1 u* jJj • * o^*^ a, = j]i t>j . (j^aLjj liAj a r = a s o\i 



Ring Theory oUJbJi^jj&j ( Cr jtut l >..,an) 



£ t>j * a x a k = a l a i a k :o\i a k e R <jt£ lij :<jjVl£ i? ^ ji> a\ 

a^O i ^IjS 1^5 AiLJi ijjaS ■ a x (a k —a i a k ) = o\i 

. R ^ ja ai J ts' ] • ap k = a k (J^hj 

(R, +) kuu^l) a j-ajll ^3 Aluji R AikJI ^ 4j*^JI <_i j^j : YV Jlla 

jjfr i? j i ("il ir. ^jo-> (jl ( _ 5 ifc <jAjJ • Aj_)ib-a ^jjoiI jii lg-S (jiul ^jJl^jj Ails. R (jSjl . 

. m <n a^Jj <. n b <&j <. m a <jj j . a,&e i? \ {0} 0^ : t'M ^11 
. (j^Uj liAj = (ma)6 = m(ab) = a(mb) ^ : o^j 
. (a(rafr)*0jli J^Wj t^jjL-JI f-l jill <> *M i? j mZ>*0 « a * J 

tij^ N J! D i> *uIj jjc Alb jS3j * 5L.IS1. UUaj JD : XA J&i 
. ^j(jc) = 1 Cs\*D (J'^jx diil£ I j) Ajt Jic jj • #>(xy) = (p(x)<p(y) 
J j^) ^(1) = 1 JlsLj < qKx) = = p(l)p(x) : >4> 

^O)*0 61* J^bj 1 = ^(1) = (p{x- l x) = (p{x' l )(p{x) :jVlj 



(1, 0) 4 IfrAmj jaj ^1 <Lal*ll AjLiaJl (Jlj^ll <Cj*a^o ^^ic. (^) 

VaeR:(/ + g)(a) := /( fl ) + g(a), (f.g)(a) := f(a).g(a) 

: . CASk R n t ... t i?! 0^ ( Y ) 

:= R, <S> ^ ® ... ® R n := {(«, , c7 2 ,...,«„) | a, e i?,} 

(a l ,a 2 ,...,a n ) + (b l ,b 2 ,...,b n ) := (a, + 6 p a 2 + Z> 2 ,...,a„ + 2>„), 
(a 1 ,a 2 ,...,a„).(ft 1 ,Zj 2 ,... J Z?J:=(a 1 Z7 1 ,a 2 Z) 2 ,...,flA) 

yZi[jj>}) m >uail J^Ia ^ Alia. J^S LiP'-* UiJ^' O*-^ 

. (jxj Ltd I^jjj^Lo! t R n i . . . i R 2 i R\ dlikli 
JJC. J^LlC- (^ifr (JjivJ R n i ... t i? 2 ' R\ Or^ » J^Lix (jjjtuill (j^J-ojll ^ (V) 

^oJl ^pA^ ^ 4ik Z[<j2]:={a + by[2\a,bEZ} J u*Ji (°) 

(i? ^d^jll JS^^^ U(R)) U(R[X]) i U(Z[X]) o*- ( v ) 
9|12:Z I5 t 3|7:Z 8 ^ t 4|2 j^^^ ^ (A) 

: Z ASkil 

a = 1 ji a = o' f» j^J a 2 = a (!) 
6 = ji a = c)?3^ab = (v) 



Ring Theory oUUbJi^^ ify 



b = c f jlluu a b = a c ( — =>-) 

AiiaJl ^ j.^ir. J£ ^jui£ Alia. ^jS sJa. j (jl (jA JJ ( ^ ' ) 

Aji c C)j**^ J I J »<•»*!& .lajJ AjI ^^ic. (jA_>J (JjjtuJl Y • ) 

tjxJ 6.1a. j jirtir. .la. jjV LaiJJ (^SlaJl <j3 X rX = X <jj£j r 

Ajlljj) ^Sla, jjjSj 6 (J^t»4-o i—ljjJallj £-aaJl ^nl «r. ClaJ {0,2,4} Ac j^-> «\l Y) 

lilli ( _ f Ic. (jA JJ • 6.1a. j j*«aue. till j 
6 = f jSi*» ab = (jj ijc- j^Ji • X £AaaJ X 3 = X tiia^J ^ tS* ^) 

Ijja. j ^jjbill Igjui (jj^i ftllx J J' ^ ir " Aila. ^ S.la.j AjI (ji ( _ J ic ^jA jj ^ 

: j] ^ 5 Jb. jlijLc "." c "+" i 5^.(5, +, .) jiSel °) 

*J-j (') 

jL-all "^-aaJl" AjjuiilU 

a(b + c) = ab + ac (—*) 
(a + b)c = ac + bc 

a,b,ce S £}*?J 
. jLk (5, +, .) J ijc- U*-« 
AjLc J jAji ^£1 (1 + + 6) ^ £Ujj51 oJjIjS f -laoJ : JlijJ) 

.(aJ^i 

: J ^ o* a,b,c<=R « Aik^ jsa (U) 
a(b-c) — ab- ac, {b - c)a -ba-ca 

(jli (s:j*.j!I j~aic)le.K ljIS lijj 

(-l)a = -a , (-1)(-1)=1 
(rna)(nb) = (rnri)(ab) : J ^ a,b&R<- *&=>R * m,neZ<jt£ ^! v ) 
YM 



n(-a) = -(na) : J ^ ^ a £ i? < Aik t «eZ I jl ( U) 
m(ab) = (ma)b = a(mb) :<ji ^ -meZi a,beR<. <ak jSjI ^) 
: <jl£ I j) JaSaj ^ lij M^ 1 ! /? J ^ c> j* • *2U- £ l>S3J (Y • ) 
Va,beR: a 2 -b 2 =(a + b)(a-b) 
a " ~ ojfe ' ''u'*.' as R JS1 « s^?-^ t5^j j -"^ _wj 4^ (V ^ ) 

. - a = a : ae R JSL] <ji ^jlc. <jA jj . a 
: (- a)(- 6) = a 6 J ^Vl j$ <J ^ ji) I- (Y Y) 

(-a)(-Z>) = (-l)a(-l)Z> = (-l)(-l)aZ> = lafc = aft 

Z 12 ^ x 3 -2x 2 -3x = AbUJIJjU^jl (Yr) 
Z 23 t Z 7 ^ 3 x = 2 II J* (Yi) 
Z 6 ^ x 2 +2x + 2 = AbUJI (Yo) 

Z 6 ^ x 2 +2x + 4 = ALU- II J* (Y1) 
: ^LU f i j^,,-. a_jjVI CjI jjjSISI U Ijj j^. (YV) 
. LI ji hoc. tlbauJ n Ci3l£ I jj <jji*^> ^jual jS Ui nZ ( I ) 

(_jJJ^a ^jitx A} tjjfLjV s^jll jxVir. dll j Ajll^jj AiU. ^ tiji*^a fJ-A5 (ji ( a.) 

« tiV ^uoljaUJ^J^C ji R ji Q jA F tiua. M nxn (F) ( j ) 

JaISU jUaj (n ^ULo ^j^.^ill jI^cVI Aik.) Z n <iLJl ( j ) 
Uklicj 2x2 £jiil t> ajujJI cjliji^JI <5k) M 2x2 (Z) AiikJI ( j ) 

j^aUc a*^ ^ tjj£* JLx Z 3 [z] = {a + 6/ 1 a, be Z 3 } (^) 

Y1. 



Ring Theory oiiJbs)!£j>lii (^ttll,*— 2)1) 



? <jj£ ^Vl cAftj^l <j;i (YA) 
Z[/] := {a + bi \ a,b eZ} (u) Z ( i ) 

Z[V2]:={a + Z?V2|a,6eZ} (j) Z[X] (_^) 

(p ^jVi xiA K'^> jIjcVi Z^ (_») 

-1 ) ^ 1 Ji* <-ii»Jt UjSlS 1*1 jis^ AJl^j Aik \1\ J <>JJ (t ^ 

tiUaj Cuiiil 1 t Ajji^all ^jJjSJI jj-o AjlLi. jjSj AjIIJlj} 3iLaJ VH» CJjiial(V • ) 

.lift n '*'."- < a" = jSJ j 4 1 eia. jll J^ajc- I*! i? Alia. ^ t j>^iic a jjSJ (V ^ ) 

• t^j*-^ o'J^*" 1 ^ 1 — a ji <jA jj 
((l-fl)(l + a + a 2 +... + a n_1 ) jfScI : ^J) 

((^-^) J Ujli. >3l) 

j La Alia. ^ ojill ^fil jjjji^iift CJjiJa Jj^aLa. (jj ^JjiC (jAjJ (VV) 

AilaJl ^ S jail JiUla 
: (jl ^jlc. (jAjJ . t*Jj« (jjiil t-tj>.>,,o !.}.lc. c/ (^) 

Q[-Jd]:={a + b^[d\a,bGQ} Ji* 
^ . 10 u-^L. ^ t^jl-e ^ P = {0,2,4,6,8} oSJ (ro) 

? ^>J! j-isui jU^ii Lij»j t _i J s (n) 

UUai jjSj P := {«1 1 n E Z} J Jc. jj . Uj* jll >^ic. a! tSUai D££A 



' a~be P : a,be P J£l <ui ^ <>jij D a* iA)?- ti^" ^ J ^ 

.( P ^ lsj^ '-^j ' ne Z 

(! jjSj -Oi. J^lSi. Jliu <j£ J jSii : jLiJ) 

a 2 + b 2 = (j) < fc m-^ j Z? i a (jjjji^ jjc. (jljmir. «ua <jj£j U^Hx Mia. ^jjc (V^) 
(Z 2 [i]:={a + bi\a,b<=Z 2 ) . Z 2 [i] _S ^>^lljj^ j^iii (* •) 

? J*l£La (jlkj ^ Ja ? Jia. AlkJl oJlA Ja 

• R (S j**- 3 b J R ij jiu-a ^15 a j! 
Z 3 [i] ^ x 2 -x + 2 = 2djl*-ll 
;c 2 -5jc + 6 = 4bl**II 
? Z 7 J Jjk ^ ( I ) 

Z 12 Jji^ 1 4^ 

J XalSLa tSUai Ci-ul l^jSl S^a. jll j-^^- till j AjIUJ AiLJ (j^H!^ 1 ^ ( £ °) 

Y1Y 



Ring Theory CAibJic^iij (^tifl,*— ify 



Ring homomorphisms, Sublines and Ideals 

y.R^R' ^ J ts ~ i . oASk (R\+\:) « (/?, +, .) ofil : uugS ^-t-^ 
: a,b& R (JSJ : (jkj li] (ring homomorphism) <jk ^ >>a j »4 »4 »A 

(p(a + b) = <p(a) + >(Z>) ( I ) 
<p(a.b) = <p(a):<p(b) ( M ) 

p(l) = 1' j 11 ci >^ l'e R' ' 1g J? cP> »jj (->) 
> >ifl j »4, ; S ji t (epimorphism)^jjfljj:4Jj| t(monomorphism) ^ jjfl j v »j. v :^AlLall 
. (automorphism) ^ >4 ^ v £ ?i ; (endomorphism) * (isomorphism) 

H , ■* II t II i II . 

. + QliA J + ' _ ' ■ - J 

J Ksr(^^{asi?|^(a)=0'} *c j*a-Sl j*j . Lik ? jja jj-j-jA (p-.R-tR' c££ 

(Kernel (p)) (p) ilji ksL (R' *ikll ji— 0') 
(jk. f jjajj- j-j* (p:R^> R' o^j! : CjUa Y — Y — > 
0) ^er(^) = {0} <=> ^ .slJ ^1 j <p ( i ) 

(3k ^ jJjjx^ojA y/o(p:R^R" <= <jjk f jja y/:R r ^R w 
(subring) Itlfr &k 5 ^ .Aiktfdi^^Scfl : <Jj *3 r-Y-\ 

Va,6: a,bE S=>[a + b(= S, abe S] ( I ) 



SxS-^S,(a,b)\-+ab * SxS^S,(a,b)\-^a+b jpwu^ oM^ 1 5 (m) 

. mZL* CjI jjj&I . 0*S<zR i *ik /? jjfil : hiatal* t-Y-^ 

i? j> Ajj ja. 5 ( i ) 
a,be S => abE S i R —1 X ±im *1\ » jll t> » _>» j S (s-i) 
a,beS=>a-beS , abe S (— ?.) 

: Ji»3 lj] (ideal) ^AS*^ . 0*AaR jlJ : ju o-Y-> 

Vae A Vbe R^bae A,abz A (m) 
jUalSlo tjLpVI (jl jjjfcil . (f)±A<zR » : 4Ja»aX> 1-Y-^ 

J (i) 
\/a,beA: a -be A, 
Vr e i? Vae A:rae A,arE A 

: V-Y-^ 

jA i? ' {0} Ua ji^ilj o££j* O0^* ij^ lSj^ R <-£ ) 
Jll. J\ . R Aik oWitill u^^l tdliS . (/? *2aJI J^R <J<j jL-ll 
Lpl JUL jjc. ^jj ja. <Sk. ^ij t (proper ideal) Jiti Jlla <I JUL AiU jjc. 

(proper subring) 4-u >» 4ila. 
<e ^jjSj as i? tiV Ajla Ij^ic . aJIjjI aSL. i? jSlS (Y) 

ito:={ra|re 72} 

Q = 0aeRa ()) : ,-jV Ra^(j) : wtt 



Ring Theory CiOJbeli^j>>^u (^LDlji^JUt) 



: ra,sae Ra £u*?J (Y) : 

ra — sa = (r — s)a g Ra 

: s g R t rae Ra £^*?J (V) j 

= (sr)a g ito, 
(ra).s = s(ra) = (sr)a g Ra 
R 

. ' 6> iU« *u^yi gsij (r) ( (y) 4 (>) j> 
3meN:A = mZ <=> Z ^ Jli. ^ . ^^(cZ (r) 

\/ne Z Vas A:nae A,ane A (*) 

. a = mz Jl z e Z ^.jj a g <J£J ^ u^ 1 j 
V« g Z Vmz g ^4 : n(mz) = m(nz) g mZ = ,4, 

(mz)n = m(zn) g mZ = A 

. Litis jjSj ul ^ jli (*) (jjiill ! j] Ajt ^lij 

(Z 6 :={0,1,...,5}) c>^>^k {0,2,4} (£) 
. C J Llti. c^J U£l C (JLJ) ttkll t> V> ^ %i\t=fr+bi\a,be7} (°) 

Jlia : jL^x Jtio) Llti. ^> ilk JS i^yl <j£l « jA Jli. (1) 

: *g »Sla %U> A- Y- ^ 

R\ax = 0} J o*j> ■ aeR c££j ' '^R ■ * ^ 

R t> V j*- 

. 5 * J cii 4 0g S J is^&i a0 = 4 0g i? : t'lk >J 

no 



: u^'j • ay = <■ ax^O : J t^^i ^ x,y G S u^jla c*13iS 
a(x -^) = ax-ay = 0- = 0=>x-_ye 5 

: jli (iUiS 

a(xy) = (ax)>> = 0>> = 

• lM j^' t>j • xyG S <J l$\ 
<& j. a ^ n ll <jU i? (The centre of R) v <-i j*j . Alia, i? (jSol : t Jtx* 
. (> \£ ja. Aak. i? j£ J (^k. jj . S := {xg R\ax = xa \/ae R} 

Vx,j>: *,j>g 5 => xyG S 

jcje 5"=> ax = jca V«g7? (1), 
ay = >>a Va g (2) 

Va g : a(xy) = (ax)y =(xa)y = x(ay) = x(jya) = (xy)a 

V x,ye S : xyG S : J 1 ls' 

. a 2 = 1 Oj ^ flG « ('^ jM 1*1 tii) Aik 1g ^Sti : r 

? 1g 5" Ja . R <> ^uja. 5 := {ara \r& R} J <> jj 

• 5 * J ci' ' l = a 2 =aa = a\aeS : ft* >A\ 



ara,asaGS=>ara — asa = a(r — s)a g S 1 , 

r-je/! 



caraasa — ara sa — ar Is a = arsa g £ 



nn 



Ring Theory GiabJifr^&j (4 ^ttJl,»-3) 



Ajjja. R : ji jjA jJ . R '.— 



a a-b 
a-b b 



\a,beZ[ ljSsI : i J&» 
M 2x2 (Z) o- 



: iM 



R*0 J J 



(\ \ 

v l y 



e J? 



: a,b,c,d e Z 



f c 


c-d s 




r a a-b^ 


^c-d 






K a-b b , 



a a-b 



a—b b 

( a a-b^f 
V" 



K c-d 



a-c a-c—(b-dy 



a-c-ib-d) b-d 



J 



a-b 



:-d\ 



J 



c-d d 



2ac-ad-bc+bd 



ac-bd 



eR 



R 



ac-bd ac-ad—bc+2bd y 

• ^2x2 ( Z ) t> ^> ^ R J 

Z 6- <j3> ^ 2Z u3Z J ^ 0*j* : 
3-2 = lg 2Zu3Z 3g3Z * 2e2Z : <-M 
* (\-\) ^jUM ( Y ) C5* ^ i?:=M®M®]R oSJ : 1 ^ 

S:={(a,Z>,c)e i?|a + Z> = c 2 } 

(2, 2, 2) -(0,1,1) = (2,1,1)^ U»(0,l,l),(2,2,2)eS : ±* 

• R Ajj ja. Asia, (jjul 5 (jli (jM^J 
— ^^Ic. (_j jjau Q ,j* Ajj ja. Alia, jxj-ai .la. jl : V 

m . 
^jUaJ ^>Il ttkli ^ 5 = {— I me Z,«e N} ri ,Jc * : JaJt 



nv 



2 », 2 "2 



m, m 2 m 3 
2«i 2 n;t 

— ■ -= 1 2 G 5 

. ...... 1 



4 «g N tiya. 



V 2 2y 



2 



d -b 2 =(a-b\a+b) uj£j ^ <>i ^ jj • ^ ^ o^ 1 = A JM> 

Va,be R:(a-b)(a + b) = a 2 + ab-ba-b 2 : 

: jla ^JIjJUj = fea oli ^! 
(a-b)(a + b) = a 2 -b 2 
(j (j\ ab = 6a uj%j ab- ba = <jli (a-b)(a + b) = a 2 -b 1 ^! o^Wj 

. ((!) Oij^ ^ J^) ■ W R 

Vr g i? Vn g N : #>(«r) = «#>(r) 
^(r") = ^(r)" 

; jjLaaaj-a (jJJJJiill <jl £SjJoIj n = 1 .lift I (jjciabjll pi jiluiVij : cM_>^' 

Y1A 



I Ring Theory caiaJtOo^iii (^un^ai) 



: n = m + 1 .lie 

(p((m + Y)r) = q>{mr + r) = <p(mr) + q>{r) 

= m(p{r) + (p{f) = (m + \)q>(r), 

(p{r^) = (p{rr m ) = <p(r)(p{r m ) = (p{r)(p{r) m = ^(r) ra+1 

j^aic. (jjli ^7(1) (jla jiije ; (LiSja t iULi) tjxU. LujI j ^> J&j i S ^ {0} 

: j . (f{x)=y <j! xei? i?.jjj;G5 ur-^Q (p '• >d) 

#>(l).y = ^(l)^(x) = <p{\x) = (p(x) = J>, 
Ml) = = ?>(*1) = <P(x) = y 

B czR i Ulla ^4 c i? o^ 3 j • (i^ f j>° <p:R^> S c££ : > ^ JH« 

0>(^) C S ' <= (J-L5) ^ ( 1 ) 

Jli. (m) 

^>^Sk <p-\B')c:R ( 
o^i (o-T->) t>j t j*j>11 ^jki (( i ) r-i-\) 20ij=J- j> ( i ) : ,-)U >!» 

V^(a) g ^9(^4) Vs g S : s#>(a) 6 #>(;4), #>(a)s g p(A) 



: Uj^ij cp{r) = s rei? ^jj5g5 JS1 Ajla o! t>j 

s(f^a) = (p{r)(p{a) = (p{ra) e q{A),(f{d)s = <p(a)(p(r) = (p(a.r) e ^) 
Jlio AcR JSaAcR 

Va e ') VreR : ra e qf x (A '), ar e <p' 1 (A ') 
=>raE <p~ x {A ') 

are ^'(,4') Ji-lUj 

J ^ <>_, ^jki (( i ) r-£-^) o- (^) 

Vx\y'e<p(B):x'y'E(p(B) 

■ uVlj 

'e y(B)^>3x,y e J5 ' = ),.y ' = p(y ) => pfoO 
Vx,ye<p- l (B'):xye<p- l (B') 

: jVlj 



Ring Theory CAibJi^jlij (tJ jUJl ,*.„(>») 



x, y e p - ' (5 ') => p( >;) 6 B ' => pC*y) = (p{x)(p{y) e 5 ' 

S^V^^Sk 

4*k Cul£ lj) Ait (^Ifc jA jj . (jk f jjijj- j-jA \ R — » 5* : > t 

. Syj^y <uj>a. 4sk jjSi M^l 

a^lfa ^luill ( a.) ^ ^ Jlla (ja Igjjiij Ajj ja. A3k i? jj lilia. (ja '. t'jU ^1 

jVlj . S t> Ajjja. Aik (p(R) jj£j 

Vx'^'g #>(i?) 3x,^e R:x' = (p(x),y' = <p(y). 

x'y' = <p(x)<p(y) = <p(xy) = <p(yx) = <p(y)<p(x) = y'x' 

U\±\ R 

3Z iiUll ^. ji') JSLiS 2Z MlaJ ( i ) : Oil jl o* J* : ^ JH* 

4Z AikJl ^- JSl^S 2Z *ikll (m) 
. ^:2Z-^3Z 

• (jk f jjSjj-jjjI (jSJ : J-aB 

2x h-> 3x 

p(2.2) = 3.2 = 6 * 9 = 3.3 = <p(2)<p(2) 

(3Z -J jJj- 3 . 2Z -J jSj* 2 J . £>U. 

. . . JxSfj JUb 

(R S C) O^Lia. C . R j^kJl : «— k3l jl o* : ^ i 
g Lb - / U C ^ cPk. LJ = -1 • £>k> J^ 1 : ^- aJt 

R Jikl! ^ 

jJSUli- oUjSj C\{0} ' R\{0} jl* o^L^- C ; R ^ : >• & 
YV^ 



C \ {0} <jk La) . t_jyjjjli j^Ic 2 ' 1 <jj jil 1*^1 jjlijjlj ijjjj La^-ili -1 tl 
ojilUll ^ V^ 1 ) • 4 Ai5j5l {/, -1,-1,1} AjjjIjII Sj-jH ^ i j.nU &tt 

p:M 2x2 (Z)->Z 



c d 



: Jail 



m i 



vv 







(1 
1 



= 9 



J J 



2 0' 




= 2*1 = 1. l = p 



(\ 


n 




°1 











fit 6 
C 



->Z 



c 



: J_^l 



V 






fx 






,0 cj 


5 


,0 





si?: 



9 



((a b\ fx 



VV 



c 



+ 



z 



J J 



a+x b+y 



V 







c+z 



= a + x = <p 



9 



a b\( x y 



W 



c 



A 







9 



ax ay + bz^ 
cz J 



= ax = q) 



a 


& 




fx 


y) 













Z J 


b\ 




r x 


/ 






9 

■ 


,0 











Ring Theory Gl2JbJ!jvj>&i (to suil|»-«5)t) 



. (M 2x2 (Z) t> <p> t5* j * ^sk /? i> j^juai ^Sjij) 

. (ASk Z[V2] J 6- o^s) . Z[V2] := {a + bjl \a,bsZ} c& ■ ^ 



H:= 



a 2b 
b a 



a,bG Z 



H i Z[V2] J J* o*j> ■ M 2x2 (Z) 



a 26 
6 a 



c 2c? 
c/ c 



'0 o N 

,0 0y 



a 


2b 




c 


2d 




b 


a 




d 


c 





a-c 2(b-d) 
b-d a-c 



gH 



a 2b 


c 2d 




ac + 2bd 


2{ad + be) 


b a 


d c 




ad + bc 


ac + 2bd 



<=H 

^:Z[V2]-># 

j— a 2b 



a 



. -iaJjJ j^lj i^V^j ' (<^J^ ' ti-oL" 1 ) ^olc. j^lj ^7 (ji ^tjuialj 

Va + bj2,c + d>l2G Z[V2]: 

(p({a + bji) + (c + d42)) = (p(a + c + {b + d)42)= a + C 2 ( b + d ^ 

\_b + d a + c 

= (p(a+b42)+(p(c+dj2), 

(p((a + &V2 )(c + d 72)) = ^?(ac + 26c/ + (ac/ + Z>c)V2) 

vvr 





26" 




c 2c/ 






+ 










c/ c 



ac + 2bd 2{ad + be) 
(ad + be) ac + 2bd 



a 2b 
b a 



c 2d 
d c 



= q>(a + b42)(p(c + dji) 



. i?^ Jti. (<?>)) 

= r'({0'}) 

. R AiLJl ^ Ker ((p) u_& (m) ^ t>J ' 5 aSLJI J {J} c& 

• - = 1.-*Z <£J -el 
2 2 2 



1g Z 5&»a <. R Ull* c±4 ZiR J 



. Jlla ^(^4) cS <= ^ll* Atz R i ^ <p:R^> S 

(inclusion mapping) Q u . ^ l ^1 j J ' ^ ^ : ^L-ixa Jlla ^i>U. jjjsjJI : JaJl 

' Q tjlli* I'jiujl l^jSl t 'SHj?- -^i*- ZcQl ZcZ j^JjA J* jA jA j 

*(Z) = Z 

C J R J Q 2Z AikJI : <M 

? (Jii. ^ (jjSSj iLaVSla tSUaj tliuul 



Ring Theory <3UU)i£>j>>&j ^WfuJify 



. aZ> = 4 a * Z> : u! <^y=H i a Wf^jj-ui i iU£l«> UUai CiilS VI j 
= a" = a" 1 (afc) = (fl-'a)i = lb = b 

(_pa3ljj I.1A j 

ujS^^I) J ^ 0*j^ c i? ^jUiV ( / ) slji lijj 4 i?' J-lSi* jlLj 

. 7? ' ^ji sAa> jll <-iV. 

: jjixei? Aili Vlj * f(\) * 0' J V jl : i-iJk >4l 

fix) = /(lx) = /(l)/(x) = 0'/(x) = (V => tfer(/) = R . 

: (jli . R (j jLouV ( / ) Si jj jt £-« <_>ia3Uj liA j 

[/(I)] 2 =/(!)/(!) = /(!•!) = /(I) (1) 

[r , /a)-'- r i/a)='- , [/a)] 2 -'-7a)=o , =*r'/a) /( = , >-\ 

. R' SAa.jll ji r-iir. jA_/(l) (ji ^jjj 
jyk^* ^O5 = {0} jl£ Ijj . Aik ^ ay!!!* 5<^: ti Jll* 

b & B 4 a e ^4 ujls ab = 
J ^ Z>e 5 4 Jlax ^ jV a6e >4 J <^*! &e # « as A : >4 
J cj' J « 5 ab<=B <M&, .be R 

. cj jikali ^jjjj . afe g ^4 n 5 = {0} 



(proper ideal) U*i Ull» j! 3 sj^- .>? : ^° 

. i = F J I = {0} J J* o*j±* ■ IczF . yi^F oSJ : <-M alt 

Z> = 1 .Z? g / : bsF 5^JuVlj • \ = a x a e / jVlj 
. /=Fjlifj t>j t / c F <-Ju t>j i F a I (jt cs' 

<_£ jlajV ' ^Jj] ' jJl j- — IgJ Ajjii^a jjc. Asia. 4jI (ji ^^Ic. (j& JJ : T 1 Jlla 

. ilia, jSj Ajiai diLiHl* ^jic. 
(^k. (_J V J jj-oic. Ifrl t ' AjjL^a jjc Alia. (jSuS : £ jU )4> 

X (Jllo (j* (jVl J. ^ G i?.JJ Ajli AjjL^a JJC. j£ ,jj liua. (j-a . <li*a dj\j3\lo 

J ^(v-y-i) j 

aK .— {ax \xe K} 

t>»j . a^T = K (J& CjLHI* j^ic. (jjxzji K <■ a ^ u' l>* j • c^^* 
tjli ajJUI AT (j' t>j • ob = 1 u' be K aAs Ig K J\ 

. ilia. K uj^j < aE K — 1 oj^*- -^jj tj\ <■ ab = \=ba 
JaSa Ji^u lil (uj) *>JI Ji Uy>i3l ^ : YV Jilt 

.Lsa (jaaj Ijlj t >uut Lf Jl!U ^ J Jlij Vae ^ Vbe R : ba£ A 

(JSjill ^jlc j^jjJl clilaj<> ^flll 5x. jo^. n (ji ^^Ic (jA JJ ilia. F (jSJ 







jill (jx t_ aLa jki <5Ls. (jx jjoijI Lllia cLluu] 1 g i^l i jjxji tjllflo (jjSj a,bs F 

• F t> (entries U j^Uc ^1 2x2 



5:= 



a 6 



a,b,c,d g F 



Ring Theory CA2JbBJl£j>lai (^ISJIi*— 2)1) 



a b 




a, be F 



a x b x 




a 2 b 2 




G / U^' J • I ^ J J^alj 



a, 






a 2 























a, —a 2 b, — £ 2 



a' 2^ • 





S (j* ^^7>1\ M-VmlUj) ^JJ_)^ j I <j' (-5^ 



i r 




"i r 




eS . 




i i 








1 1 
1 1 





1 1 




1 1 









1 1 



u 1 2^ 





y 


a b 










c d 





S ls* o*^ I u' l5' 

G / 



a 6 


e S * 






c ^ 








ax + cy bx + dy 




( ax + cy, to + dy g F ji ia.Y) 
S:={xe R\ax = 0} 



YVV 



. x = x€ j-ut J£ uV « 5 = i? a = jl£ lit : >Jt 
J cii « = J -t*V . a * Jj\ j . AiUJl J]^l\ S dj& J^ij 

. aAIl jjc. S j ' e 5" 
a( x -y) = ax~ay = ^ o*j ay = i ax = -d • Jje5 

. (1) i? t> (^-aJS AauuJb) 

: J&lij . ax = J g& . xg S 4 r G (jSJ Jt\ j 

a{xr) = (ax)r = Or = 0, 

= a(xr) = 0/ 
aA\±\ R 

((A-Y-^) ^ \ Jli. jjlS) . s^^Ox. ujIkJl jiij (2) 4 (1) o- 

AjLia. Jl^cl (U^^Uc.) IgUI-lo ^jjll 4 2X2 £ jiSl (>a dlli jL^lJI A5la. j* 



(2) 



M:= 



a 6 
-ft a 



a,be 



. K <>» (lAjj-atic.) l$AiJ.l« ji 2X2 £ jill 

a-c b-d\ 









f C 












f C 


<0 




V 










eM: 




































V 



a 



-ft a 



' c cT 



-(b-d) a-c 
ac-bd ad+bc 



M, 



: 4_i j*j . M. 



2x2 



-(ad+bc) ac-bd / 



/:C->Af 



a + ibH> 



a 



-ft a 



YVA 



Ring Theory CiUJbJli^lii (to iU)t ( ».,. l ;itt ) 



Va,b,c,d g R : 

f(a + ib + c + id) = f(a + c + i(b + d)) 



(a ^ 




f C 


d\ 




+ 






,-6 aj 









f {{a + ib){c + id)) = f{ac-bd + i(ad + be)) = 



a + c b+d 
-(b + d) a + c 

= f(a + ib) + f(c + id), 

f ac — bd ad + bc^ 



a b 
—b a 



c d} 
-d c 



-(ad + be) ac — bd 
= f(a + ib)f(c + id) 



f(a + ib) = f(c + id)=> 



a b^ 
—b a 



c d 



-d c j 
> a + ib = c + id 



a = c.b = d 



ia.ljl .ia.lj f ^> ?j£jJ*JJ$f 

. tilliS J** M o\i J* 3 - (C,+,.) : *Ja»xL» 
M:={a + bjl\ a,be Z} o$sl : t. 
/ : M->M 
a + b4lv^ a-b4l 



\/a + b^j2,c + d42e M : 

f(a + b42+c + dyfl) = f(a + c + (b + d)4l) = a + c-{b + d)Ji 
= a-bj2+c-d^ = f(a + bj2) + f(c + dy/2), 
f((a+bj2)(c+dyf2))=f(ac+2M+yf2(ad+bty 

= (a-b4l)(c-dj2) = f(a + b42)f{c + d4l)^> f jJj^j*> (1)/ 
Va+b>/2eM3a-bj2eMf(a-byj2) = a+b>l2=z (2)/ 

,a,b,c,d€iZ 

=> a-c = = b-d => a = c,b = d => a + byfl =c + dyll 

^juuiI j (Q) ^1 (Q) ^ aAia.j]! diLa jjSjj* jx_j^Jl (jl LS lc (jA^jj : V ^ JIa » 
(0 j^aLixll <_£ ^ jj) ^ jL^ill jll t (The identity mapping) 
• Jl* ^Jj3 jj-j-jA / : Q -> Q l&1 : w» 
/(l) = => Vxg Q : /(X) = /(Lr) = f(\)f(x) = 0/(jc) 

= => c5 J**^ H J 31 / 

J ^1 , Q ^ s^jM >^ J csj^ *r Jl. 6- :/(l) * oVij 

/(/I) = /(1+1+...+1) = f(l)+f(l)+...+f(l)=«/(l)=« (1) 

V v / N v < 

: i-^j-o i . a JJC. m lijya. i K = - TH 4 tiltui I^j->>>n (.lift ft (jl£ I jl 

/(-m) = -/(m)=-m 

Y A . 



Ring Theory GQJbeJl^o^ (^iUHn^sil) 



fn) = n : J J\ 

: p,qeZ i q ^ tiua. 4 n = — j^J . taoc. « I jl (j JLjj 

, =/(,)/(£) =*£M=£ 

? q q f(q) q 

(q*0=> f(q) = q±0) : ±*X 

VjceQ:/(jc) = jc 

• Q ls^- '^j 31 H-> fd <J 

: ^V^X ^ "." 4 "+" gfnUll 4_i jxix, . i? 4ik 
Vx^eXix + j; = /-'(/(*) + /00), 

• r*(/W + /0')),/" 1 (/W./0'))e X f(x),f(y)eR uV : 

■ x, y e X <JS1 (uniquely defined) sAj^j jli j*j 

Vxjel: /(* + 3;) = /(*) + /Cf), /(xy) = f(x).f(y) 

: uVlj 

V W 6l: /((x + y) + z) = f{x + y) + f{z) = (/(*) + f{y)) + f{z) 
= f(x) + {f{y) + /(z)) = f{x) + fiy + z) = fix + iy + z)) 

=> ix+y) + z = f- l if«x+y) + z)) = f- 1 ifix+iy + z))) = x+iy + z) 

YA1 



Vx, ^zel^ + pji^ (xy).z = x.(y-z), 

x.(y + z) = x.y + x.z,(x + y)-z = x.z + y.z 

: oVX"^ll" jL- jA /-'(O) 

Vxel:, + f , (0) = /- | (/(x + /- 1 (0)) = /" 1 (/(*) + (0)) = f' 1 (f(x) + 0) 
= /-'/(*) = x 

: uV / _1 (-/(*)) j* x 

* + r 1 (-/ (*» = r 1 (/ w + fr (-/ w> = r 1 (/ w - / (*» = r 1 (0). 

• ^ +, •) d* f o-j 

tjAjJ . Alia, t JSa. AjJi ^ dija. 4 j^lL. fj&jyi ja jA <p\K^R : TT 

. (_5jL-a3l ^uJj3l jA (jj^J (jl ji (-1^.1 jJ '■^•Ij) LojluI j (jjfLs (ji La) ^? (jl ^^ifr 

(jl Y O JUa t ^ ^lia ^ ( (p ) Si jj j! fki ^ A Jlia ^ : flU >4> 

: Oj^! M 311 VI ^UH1»1I t> <j?jj^V (JjiaJl »USi Jji=J 
f-1 j P J ,iA ^er(p) = {0} cJ& M • Ker((p) = K J Ker((p) = {0} 

. (_j ji^Jl ^| jj| ji lift ^jioaa Ker(<p) = K I j) Lai . ((JjUJ) .la.1 jj j 

Acja+a I i (ring epimorphism) (jk. ^Jyajj^ul (p-.R-^R' jSLJ : ft 

. i? ! CjUHJ /' t Ker{q))ciA d 'V; ,4 c 7? ^jUlial! 

G:/'-»7 F:I^r 
A y ^(p-\A") ' ^h^^) 

t/'^ s^ j» j ja FoG ji c5» ^oG =1 7 .(1) u' ^1 3* sj ji^l : >4I 

. I i^. jli ^1 j GoF J csi * GoF = I, (2) 



Ring Theory ££Jb^i£o>££ (to iUfl|»-Ji]t) 



FoG :/'->/' 

>4 'h-> (<poq)~ l )A ' 

. FoG=\ J ls' (<po(p~ l )A { = ^' ul* i j-lt) ^ja ^1 j <j! t>j 

U 

GoF.I ->/ 

A h-> (^ _1 o^)(^4) 

<^uiL 11a j . ^(x)e <p(A) J f jH«u liA . x e (^" 1 o^)(^) = ^" 1 (^)) l&I 
j;g A ^jj <ui ? jSi-j Ioa j #j(x) = ^(y)e $y4) : <j_&! J> e ^4 ^jj <ji 
^ j>j . x-^e.Ker^c^ J ti ! 9<x-^)=^(x)-^(y)=0 : uj^ ^? 

. cP* j^l • (^ _l o^)(J) cA J l$\ <. xg A jli * y & A j] 

p':R'-*S' i p:R^S c&j < W S" « S < « i?o^l : V> JH» 

(p:S^>S' Jaj^alb j> jj (p(Ker(p)) c Ker(p') Ji (p:R^>R r 

: (commutative) IJl^j ^Vl J^l jj^ t -y 2 H 




^>):=(/?V>p)(*), 7 =/?(x) 
I^a . p(x x ) = p(x 2 ) o! *2 ' *i : (well defined) t-ii?. t-ij*- (p 
■ x i -x 2 <= Ker(p) : J « /?(>, -x 2 ) = /?(*, )-/?(x 2 ) = 0^ J tf ^3i> 
Ola Jtslbj ^ -x 2 )GKer(p') J gSL <p(Kerp) a Ker(p') u] ^ i>j 

• (p , o<p){x l ) = {p'o(p)(x 1 ) J J (p'o<p)(x l -x 2 ) = s . 

• Mji^l (jiajj (p,yf:S^>S r : (unique) ^ 

^op = ^0/7 => 7p — Xjf 

((J-aLi) j-alc. y(? 

: uVlj • J/, = /?(*,), y 2 = />(* 2 ) u) ^> 

Ky, + y 2 ) = p(p(*i)+/>(* 2 )) = +jc 2 )) = (jpop)ix, +x 2 ) 

= {p'o(p){x, +x 2 )=p\<fe l +x 2 ))=p\<p(x l ) + (p(x 2 ))=pX(p(x l ))+p'((p(x 2 )) 
= {p y ocp){x x ) + (p'o(p)(x 2 ) = {^op)(x x ) + @op)(x 2 ) = p(p(x } )) + p(p(x 2 )) 

_J JUL 

: J J -^JJ Uj 515a. JjS J La] R Jl Jo <jA jj 

S^jll ^ (^jj-jji) ^Uiic ((R, +) J) R J 4^11 Sj-jll ( i ) 

ab = : a,b&R JS1 (^) 
(i?, +) t> <jj>. J£ ^ • a,b& R «6 = V ji : flU >4I 

oA*^ U&j*- oS>J*j J=- cSjoaJ (jijii! j> jiii • # J Llllo 

(r-^ .-^ ) ^jlj?.V AjJ^j t> ^ii) <uli JIjILj Ajjja. ^aj Jo jl^V ^i) 

■ = Y pZ uj&jP J J ^ (R, +) Sj-jll J j-jll ^ J 



Ring Theory oGJbtJtjvjjlij (u -.^tip...?H) 



J o^jiM o- t M>^{0} J li&j . a,Z>*0 ^ ((V-Y-'i) 

"1" _ II Ija . \b = b u! ^=-> 'T'ei? <ol f jH~u IIaj . Rb = R 

• C$ R jfi j» «-»'«*. 
Rb =R ^\/x g R 3y g R :x = yb,\x =lyb =y(]b)=yb =x. 

. 1 * uli 

. wv = 1 <— v g R -uli w e i? \ {0} <J£J <d ^ <j* u! <^jjj 
R J Ji» Ru .(u=]ugRu J*) ^«*{0} u_& wei?\{0} J£l jVlj 

. <jU jJl ^l^j . (<Jliil < 1g ^jV) vi/ = 1 =uv : VG R <ui ' ts'l ( Ru=R 
j^^jc j& l ' ( <p(Y) = 1' (jli (jjk ^ <p:R—>R' ( 7? ' AILJ 

^.((A-Y-^^Ujli.) 
= (p{\r) = (p(r) = cp{r\) = <p(r)(p(\) 

. 1 0.1a. jll jmir. l$J <SLa. 4 Jjla. ^ jjajjAijj (p \ R —> R* (jfLJ : f A Jtld 

w tiul£ I jj Jaaa j I jj R ' ^ SAa. j (p{u) (} o* ■ R ^ »^ J U (jSiS j 

((P) ^ji ljJ-OU& <— Lull] 

.t_UJjj]| ^Jb 7?' t ^3 SJl^_yl) Ij.^V. 1' 4 1 dip. ojSj S ^iUa (JjUJI 

jli ^ j* j . uv = 1 <j-&! V G i? ^vjj 4jl ^ . UG R jVl j 

1' = ^(1) = 9>(MV) = (p(u)(p{y) => [^(w) ^ tjfl ^(w)] 

. u £ Ker((p) lis) Jala j Ijj i?' ^ Sa^j ^»(t/) J ^1 

YAo 



JS1 . aJajVI US j-j (7?, +) iiiL* ."1" s^a. jll j^iio l«J i 4ik i? jjSSl : jU jJ 

: <_i j*j aG R 

f a :R^R 
x h-» ax 

■• uV (R, +) aJI^V 1 " ^J*-^ 1 " o-O 11 f js» jj- j^>/ fl 
Vx, j g /? : / a (x + j) = a(* + y) = ax + ay = f a (x) + f a (y) 

' (1) ts* u^^^j"" u&A-"^ j tjAj E :={f a \aE R] : Ac ja^I i_i j*j <jVl j 

■ (2) 

: a,bG R ^xaJ J V ji (AA 1 " 

fa +b =fa+f b (1) 

/<* =•/>/* (2) 

: fjja. Aijaoi (1) ^ AjIuJ! <ji jjiu ^ (1) Cjliy 

V * 6 R ■ f a+b 0) = (a + b)x = ax + bx = f a (x) + f b (x) = (f a + f b )(x) 

^ fa+b ~ fa~^ fb 

: Aiyu. (2) J J ^ tfiM (2) ^LW 

f ab (x) = (ab)x = a(bx)=f a (f b (x)) = (f a of b )(x)=>f ab =f a of b 

. Aila. E (ji (jVI 

^fa^fbfc ^ • (X ~*~ A) fc~fa+b ~*~ X ~./(a+6)+c — fa+(b+c) 
~fa ~*~ -A+c ~*~ (A X) 

. j»jj3 jj-aj^jj (ji £jJal J . ^ ' ^ ~ ^ ^ <jjVl^ £ y3 (_J jix-all j>^l»H t_Sjxj 

jrh) 



Ring Theory CiUJbJlSoolii ( U "''*"p ■"") 



(0 + f)(x) = 0(x) + f(x) = + f{x) = f{x) ^>0 + f = f 

: ^VIS E ^ f a qxjZx* 
Vx G *:(-/J(*):=-/ fl (x) 

Vx,_ye i? : (-/. )ix + y) := -f a ix + y) = -\f a (x) + /„ ( y)] 

= -/. 00 - /. W = (*) - f a iy) = i-f a )ix) + (-/. )iy) 
'■ tPVlS X jA (-/ o ) J dijdjj . ^jjaj^j^jj -f J (ji 

V* e J? : ((-/, ) + f a )ix) = i-f a )ix) + f a ix) = -f a ix) + /.(*) = = Oix) 

=>(-/.) + /. =6 

: f a ,f b £ E (jVj 

./a fb ./a+i fb+a fb"^ fa 

(/■a /* )°fc=fab°fc =f(ab)c =fa(bc) =fa°fbc =fa° (f b°f c X 
fa°ifb ~^fc)~fa°fb+c ~j a(b+c) ~fab+ac ~J " ab + fac ~ f a°f b f a°f c 

(fa+fb)0f c =f a 0f c +f b 0f c 

. ASk E 3 J 

\fa,b GR:<pia+b) =f a+b =f a +f b = <p{a) + <p{b), 
<P(pb ) =fab =f a °fb = <Pia)o q>ib ) 

. ((^js ' j-*^-) iS"^ (p c) ^-^'j 



Va,*e : ^(a) = <p(b) => / a = /, => Vxg i? : f m (x) = /.GO 

/ fl (l)=/ i (l)=>fl=fll=61=6=> ^Ijl^lj^ 
_>**il) sii.j juVir. till j ^ is-la. j jj-aic. 4lla. i_Li£ ^-^j '• t » Jlla 

(^jjjjjx jj jx <kjJ jj jll j.^ir. till j AilaJl ^ aSLJI ( _ s j*j (embedding) 

: si^j _)j^aic. till j Ajila. (jVI (jjSliu . juajc AiLk i? (jSjJ : J^il 

: ^VlS "." « "+" p/nUII cjjxi . S:=ZxR 

V(n, r), (m, 5) g £ : (n, r) + (m, 5) := (n + m, r + s) 
(n, r).{m, s) := (nm, ns + mr + rs), 

m/" cPLi 1 n s : = 5 + ... + s 

v v ' 

till J-all \n\ 

: jV I^js Sia. jll j^ic. ja (1, 0) j . ASk. (5,+, .) c) i> ii*=^l Ls ^ jjjj 
V(n, r) e S : (1, 0).(/i, r) = (In, \r + nO + Or) = (n, r), 
(n, r).(l, 0) = (nl, nO + \r + rO) - (n, r) 

f:R->S 
n->(0,r) 

V(r,s)etf: f(r+s) = (0,r+s) = (0,r) + (0,s)=f(r)+f(s) 
f(rs) = (0,rs) = (0,r).(0,s)=f (r )/ (5 ) 

t (a^Ij! -^Ij) (_s>^-^ f-^j f c} 1 ^-^1 j 

* R':={(0,r)\rGR}cS 

. f(R) = R' = R 



Ring Theory oia^i^o^lij ((^iUJl!*--^) 

^lmji J) ^uiiaii j> aJu jjc aMc ^isj (jic 

.(l_JJJJjJl ( _jic (3-aji ji JJJji (jfti* ji) <_yl^* ( is"W^ t — 1^^*11 ji (_5_)jujj3^ 

(l_JJJjjll (j-«ji (jJ^-a ji _>"-"ji ji) (^^> J^i J* ^Jaliill I^A jji (_jA^Jj 

. Jill j^-JI CAA&A Ji ^^uull ilMiall J) CjUiall »i* JS'^ 

^jII (^^1 ji (J _>uull ji) CjUlloll j> AjIU jjC. Attic ^Jalii <j^ _>Vl ^UJl ^ j 
t5 lfc (j-aji ji w >"'ji ji) tP^ J» » «*»i AilaJl (jx Ajjja. ACja^x ^^Ic. ^joaj 

ji) Jliall I i& o! <jr* <-^J ' ^ ^ j^ 1 ^ J^^ 1 ^ L$ J^i (mA^ 1 

jA Aikll ^ / 2 ' /l OJJ^Vl oy 11 ^ 51 ^ C> ^ .W^ 1 ^ £j 

. /, + 7 2 := {i x + i 2 1 ^ e /, , z 2 g 7 2 } j^U*ll At 

: ,-)U 

t q+^G/,+/ 2 <jl}l • /j+/ 2 J J^Jalj • J>4 I\+I 2 J (Jc- Vji 0*J^ 

0) <^ i> • ^2 e ^2 ' ^i G ^i ^ b x +b 2 G I x +I 2 <■ a 2 Gl 2 * qe/j du*. 

: J ^jijj ' a 2 —b 2 Gl 2 (■ a x — b x G /, J ^iij c) j"4 u^^h ' ^i 
.a x + a 2 -(b x +b 2 ) = a x -b x +a 2 -b 2 G I x + 1 2 

• (i? +) AjUuaaJl a ja jll (jx Ajj ja. S j . I x + 1 2 c) 

■ re R <■ a 2 G I 2 <■ a x g /, du=>. * a, + a 2 g /, + 7 2 j^l u^ 1 j 
r(a, + a 2 ) = ra x + ra 2 g I x + 1 2 (R ^ J j>4 ' h d*) 

■ I x (zl x +I 2 ujSj aj = aj + g i, + 7 2 si^j <J u^J «! g A ^] l> 
* /,u/ 2 t> jlji-fi >^Vl ^l a&j /,u/ 2 c/,+/ 2 uj%a I 2 al x +I 2 

[I x U/ 2 ] C/, + / 2 (1) J ' A +/ 2 ^ K U/ 2 ] >J^ ^! Ci^J 



[7,u/ 2 ]^7,+/ 2 (2) : J i*1 </,+/ 2 JISJ > JULj ^ e / 2 < qe/, 

: J (2) « (1) 0- 

Ac jxa^ail ilijc « Aak. ae R <j5LJ : (V) AJasal* 

{ra + na\re R,ne7j} 
R tlul£ I jjj . [a] j-ajlU IjjJ] jjjij j ' a jm'nl tj- 4 .il jl»3l j^Vl (^11*11 

: UjjI (JjSjs 1 jll j. — '"~ ^^ic ^ jj^j 

a = 1 a , 

ra + na = ra + nla = (r + n\)a = sa,se R 

^ a (jx ^3ji*ll <j_&j 

[«] = {^fl | 5 G i?} 

jjualidt ^ Ltta. Ac jo-> n (jli illic . i? Ail*, (jx Ajj ja. Ac j-aa-o y4 t j£jl : 4ia»xla 

r l a l +... + r i a i + n l b l +... + rip. , 

a l ,...,a j ,b l ,...,b.e A « n l ,...,n J eZ « r 15 ...,7;. e J? 

: JL51I 



Ring Theory GUJUJiC^j&i (^UK^JUI) 

jA R Aakll Ji a j< j> jIjLJI t>jVl JliJl : (i) 4&tal» 
{a r + «a | r e n e Z} 

{j'ar + na \ r,s e R, n e Z} 

AB:=[{ab\aeA,b(=B}] 

. R \g& ylff <J ^^ic- AiAjJl (j^Aij 

0l£ I j] (comaximal) ^UfcUl* j? Aik ^ 5 < ^ oaaltU : ^ Jti« 

.^ + 5 = i? 

jli 1 S-la. jll 

AB- Ar\B . 

It 

"cz":xgAB=>x = ^ aA, fl , G ^A G ^ 

;=1 

=> x = £ aA > fl A e 4 a A G 5 b^acH) 

=>* = ]>] ap^a^e AnB=>xe AnB^> AB<zAnB (1) 

i=i 

x = lx = (a+b)x = a e V +b*"x eA eAB (aJI^I X^R <#) 

=>AnB<zAB (2) 



4**U2| |f»*Alill : J^l mUI 

. a^iiljua A-\ f\\\\ (2) ' (1) 

: lJli jxj \ » - Y - \ 

cluaj oei? lij (principal ideal) ^Lmi cf Hl> AjJ J? 4lk ^ ^ ^lial JlL 
IjJ (finitely generated) 4tf» L J&* Jhj • (0-^) J^) A = [a] 
. A = [a l ,a 2 ,...,aJ : o& a v a 2 ,...,a n e i? 
talkj J? tiulS I jj (principal ideal domain) 4+uLm\ CiUlla ( jUaj l^jj AiLJ JULj 

. 4jjll ^y^iia l^ia ^lia qI£ I ij (Noetherian ring) 4j jli »j 4ala» Igij AilaJ JtLj 
<JjLjla AlmLi JS iiulS Ijj (Artinian ring) 44j-M ji Ujl aSLJ J^jj 

JjSj dipj «gN ^jjAji^itAia^Lai?^ djLJlUl ^> A ^>A\z^A 2 Z3... 

VA** 0) 

J\ 1 Aiajia jjS i? ^ oUlidl o* A czAi <zA 2 a ... sjcL^Io aL^L. <J£ (Y) 

4,+* = A VA:g N : uj^ <^P^ n € N ^ jj <ui 

BcAtzR : AeI ^.j^ a! e I ^jj 

OLJUJI 4, c i4, c 4 c ... SJaL-i- UA* : "(Y) <= ())'' : ,-,U >4l 

keN 

R uV jVlj ■ ( A, u 4 c i? ^ <=> 4 c i4 2 j A 1 (ZA X : R ^ 
cJuj,: . A = [a l ,a 2 ,...,a e ] : a 1 a 15 a 2 ,...,a £ e ^ 43\i Ajjijjj 
jjSi ja « cP> Ijjj • « g 4 a 1 e N is {1,2,..., lJ^I 

Y1Y 



Ring Theory guuji (^aiai^-JUt) 



^JIjJUj .a. G A n :zg {1,2,. ..,-£} J£I <Sli ^ < ... <. n 2 <■ n x 

^ c ^ c A : ^ ojte A n+k a A c&j A = [a x ,a 2 ,..., ai \ c A n 

t / jj^aUft (jx A-. (Z.A. QZ.A-. CI... dlUIllLaJl fjA a3c\ »<*i*o Aiuilui f_uiii (ji « ^U* .,.< 

^iia CjUliol! 2^ ^ / ' ^ v4ci? uljl :"(^) <= (r)" 

. UlL I J J . {0} G / J^V • /I ^ SI UJ^ t*3ll J 4*^ 

Ijj jT^i JUJI • T = [c l ,c 2 ,...,c n ] :u! ^ c,,^,...,^ 

AG A <j£jla lulSj . TG / T CI A J V jl Jia.V . ^4 = T J ^ Ua jj 

yl ^ (jjo^x L^i jjSjj ^Ijjll (j^jio T':=[c 15 ...,c n ,a] (jilioll . tjjblkl tj^uc 

(jli j^tilUj TCr' ' 7 ^>ci ^ajc. jA T tj^Jj . / ^xic 4j| t 

. f J«aj>^] (p:R-^R r cM- ^ ^ 

y4j C C 4 C ... UoAoJl J f j3lau Ajjyjj Aik R $h ■ A C= 4 C 4 C: - 

ieN (<po<p- 1 )(A;) = <p(<p~\A;)) = <p(A i ) = A; c> 



: aJU \ r-r- ^ 

ll^jj Jlla j» ^11* J* « lU^* ^ Z .a*-U CjUia jjllaj Z(^ ) 

. Ajjjj_jj Ask. jjSj Z (j^ cy^Wj 
V] CjLJlla JSaJl Ajii ^ ia.jjV <iV 4 AjjjjJ J AjjJJjj A£k UJ^J J**- A^S ti' (^) 

{0} 4 <Ua4i JiaJl Afi : oWa^l cM^Jt 

aLoiLJI : AjjjjJ Aila. t'u.ij\ Z (V) 

Z32Z32 2 Z32 3 Z3... 

* * * * 

: 4Ja»al> ^ 

dilj) djULJl ^ . AiuijI CluJ ljiS3 Ajjlijj ASk ij£L* aLLJI AiiaVI ^ UjIj 

t 'lnijl LgiSi AjjjjjI <ak. l$_>a .la. jjV Aji 4 t Jja.j-a (jjtj (_>Axll (! oia.j3l jjuajfc 

: 4i»la^4Jl«i \o-1-\ 

ajjjjJalU (*inij\ 4jjJj_yi3l dilakJl (j-a Ajj jail dlSkJl jLul Vila S J J J "< a ' : ^ Jl^4 

C ^jic (meromorphic)Ajajjx jjxall Jl jJill <J£ Ac ^ : M(C) Ac j^a-J : Jail 

A jljUM l) (holomorphic) aJjj* j3 Jl jjll ac. i/(C) Aa j^Jl j£] 
<_£5 : t*Sli oW^j • SiJ^jj ((differentiable) J^lial! aLISII 4 (analytic) 

: <_i j*i bg N 

4, :={/etf(C)| /(« + £) = () V£e N} 



Ring Theory GtfJbsiii^lai (ty iU]t(»— afy 



0(n + k) = jLu Sj>^JI AW '-uV ^ A n czH(C) 

: f ,h& A n t jjljsjjx jl jA (jiill j h i f 
(f -h)(n+k)=f(n+k)-h(n+k) = Q VkeN=>/ -heA K 

: oS^y ge i/(C) * /e 4, 
(g0(« + *) = *(« + *)/(» + *) = g(n + k)0 = => gf e 4, 

Up] (jVI j fgG A n JjJUj 

4, c 4 c 4 c ... 

Ail (Weierstrass product theorem) <-> j^Jl J*-aUaJ o^ 1 ji^ "Sjj^ t> 
f(n+k)=Q V7ceN\{0} * /(«)=1 u! /e #(C) ^ we N JS1 

4<=4 cAc. 

cli-yl R J\ E j> U^uJl Jl yll Aik) C(R) j l)» JJ = t Jill 

cJjxj «e N\{0} c^J : t'iU j4» 

4:={/eC(R):/|[0,-] = 0} 

t o|[0,-] = o J»>ai (is^ 6 Vjlji ^ C(R) ^ jeu 4 

^AaaJ Ajli . f -gE A n f,g€A n cdliS j * r iUb Uu^Lc 

'(fcX* )=/(*)*(*)• ^ 



g(*)/(*):=(gO(*) Vxg 



A (zAaA.cz... 

* * # 

( A n czA n+l VnG N a' e^ 1 j) "^J^ 
S^iUo ) jjjSill ^ (Y) jjjEII J &ji (U-Y-l) A^lall ^ : r 

( r ) (J^ JJJ^ 1 UJ J Li' 

(jSJ j .^Ijiil (^,(5"" L)*£ I ^^j* J • tSLaa-a (Y) JiJ^' : t*M >4t 

jl w >a1u 1 VUj . a 3 g [a, , a 2 ] <jj£j ^n^j a 3 G I jlliJ ji / <>i«i <jj j?. 

J? ^ *Sh_>?- ^ik l>° uA^j?- u/''^ ^kjl : i_iul ji (jAjj (Y) 

R JU&*0&R'^J ^Jli. frW* J c> C^Ji (?) 

R ^ Ulia 7? 4i»k ^ (jjullia JUjI : ji <j*JJ (£) 

; Z — -> Z ClLajjajj-o j$Jl £XaA. -^jl (°) 

6- o^i ci' ' (Z,+) Sj-jll (^a ^IjJ! Sjjj-fl t> ^jjaj^xjxj^Jl tjjjuj : ^Lijj) 
ctf- J^JJ-J-J* ^(1) = 1 ' <pQ) = J c^'j • PO) = « t^"- ^(1) 

(jA jj . n i m — S jijuoVl liijiiJl i-icLiaJ! ja A: (jSJ < m,nG N (jSJ (1) 
(Z t >< ! j>ASk nZ J jSis) mLnnL = kZ J 



Ring Theory c>UA£jl£o>&j (^iCdln— 21t) 



« a^^W jI^V! Jc 2x2 £ jill t> ji.oJ ^ ^ 7^(Z)6^ (V) 



a + 6 



a,Z?e Z 



M 2x2 (Z) i>» <u ja. ^ : ^ j' 6* J) 



o£J j . IjSLa ^U! (V) jjjxj ^ ^ ULc M 2x2 (Z) u£Sl (A) 



a,b&Z\ 



M 2x2 (Z) t> 4j5 ja. ^Sa. : ^ J u*jj 

ASki? j£il (1) 



S = {«e|«eZ} 



^:Z->2Z 
xi-> 2* 



jjx <U ja. <*ia. 



t> (i 1 ^ fj^J-^J-J* > J* ^ (2Z,+) J] (Z,+) Q* J*j fjl&JJAJAjk 

T (2Z.+,.) J! (Z,+,.) 

: jjli ujjaj a tf?^ Uj%.^ t^ic Z AaiaJl <ji ) 

[a] = [2] + [3] (i) 
[a] = [3] + [6] ( M ) 
[a] = [m] + [n] (_*.) 

AB := {a x b x + a 2 b 2 + ... + ab n \ a i e A,b i e B, n } 



M = [3][4] (i) 
M = [6][8] H 
M = [»] 

J ^ 6*j^ • '^j cw 3 a ' 6*0 4 a,beR ' !>U£i* taOu # ^ ( n ) 

. [aZ>]c[6] 

j ^ o* • ^ p ' ^ ^ u^ 1 A ) 



re i? 



j-> > <n .i-ic 71 tj«n» l\ <jA 

R J I p J oajj 
: d J*- 6* Ji • a,be R < aJIju] Aik i? j£J (M) 
{xe R I axe W?} 

. asjS^ j!jc.i Uj^>U& j 2x2 t> tiili Alk. M 2x2 (M) 

: ^VlSUj** p:C->M 2x2 (R) uSJ(^) 

fa ^ 
-6 a 



(p{a + ib) = 



(p 6 (J* u*jj • a,bsR tip. 



j Ring Theory GUlssllC^lij (Cy jU)1 



, ^:C->C 
a + ib\-^ a — ib 

? 4jl jj La . fjAjjAi)) ^AjLiaJI CliLalst-all dllj 
. jnKlMi'ia U jSj ji (j^ajV «Z ' 7ftZ 

: ji ^Jc. ^ jj . ^jjajjx^jA f :R-> S (Y o) 



fg = fh^> g = h_ 



Vr ^k Vg, h:S -+T j£ ' 

gf = ¥=> g = h . 



Factor rings 4lfrUJI Qlaiall t- 1 

R AiiLJ! ^ Jlla <_£ ' V-^l ^ (^>+) ^-t^ Sj-Oll u! ^ <> 



Vx,^g 7?:(x + ^) + (3; + i4) = x + 3; + ^ 

AJJ^ ^ (V-1 ) jlail) 

: h& \-r-\ 

x i-» x + A 

tjic- "•" sAJ^j 4jLc. Ku^il U <ula ij^c. . (canonical group epimorphism) 

• t$*> P uj^j ' ^ (%' + '-) 0jS % 

(x+A).(y + A) = p(x).p(y) = p(xy) = xy + A 

Vx,_ye i?:(x + ^).(> ! + ^) = xy + ^l 

: (well-defined) "f-ija. 4i j**" ajLJI »i& J ^ o* u' 



f Ring Theory auisJi^jiai (to sttH|«-u)t) 

<ji SiAjill > ujjikxS) . y } + A = y + A * x'+v4 = ;c + v4 u£J 

(i^L»*l! ^ *jLJ1 u) Jl%) x'y'+A = xy + A 
(The operation does not depend on the representatives) 

x'+A=x+A,y'+A=y+A=> 3r,ss A:x'=x+r,y'=y+s (Oe A c&) 
=> x'y'+ A = (x + r)(y + s) + A = xy + xs + ry + rs + A = xy + A 

(J^A) 

V jc,.y, z e R : ((x + ^).(^ + A)).(z + A) = (xy + A).{z + A) = (xy)z + A 
= x(yz) + A = (x + A).(yz + A) = (x + A).((y + A).(z + A)) 
'Asl^R 

'• ^-AVj 
Vjc, y, z e R : (x + A).[(y + A) + (z + A)] = (x + A).(y + z + A) 

= x(y + z) + A = xy + xz + A = xy + A + xz + A = 
= (x + A).(y + A) + (x + A).(z + A) 

[(x + A) + (y + A)].(z + A) = (x + A).(z + A) + (y + A).{z + A) 

: jjSj R/ A U\±\ R I jj jVlj 

Vx,ye R:(x+ A).(y + A) = xy + A = yx + A = (y + A).{x + A) 

<A\^\ R 

: <jV l+A jll l$] R/^ jli t "1" Si* jit j.^V. l$J i? cA<> lijj 

Vxg i?:(l + ^().(x + ^) = lx+ J 4 = x + ^, 
(x + ^().(l + ^) = xl + ^ = x + ^ 



^4 t>AjiLa 7? _1 ^1 jJl Jj*^»a aSU. ji (The factor ring of R w.r.t. A) 

(The residue class ring of R modulo A) 

R=>AJ&* <=>[3i?' Aik 3<p:R->R' S^^j^j^ ■ 

[Ker{cp) = A u_£j ^ 



(p\R-^ R / A t R'^R/ . Uti. 4 c u^i : "=>" : J* J$ 

xi— > x+ A 

(£-1-1) (#,+) ^ Ajjtuia ^i>ij*j (Acn(0)(p) Slji J ^Lu : 
\/re R \/xe Ker{q>) : (p{rx) = ^>)#?(;c) = #H>)0 = => n; e Ker{<cp). 

The homomorphism theorem : ^ >4 jxm.^I V-1"-1 

<p:R~*R' => <P(R) = y Ker ^ 

x + .Ker(^)l-> #>(jt) 

J US *SL. yKer{q>) ^ ^ J ^ J R ^ ^ Ker< <<P) 3 

. Aik Ufldi (A-Y-i ) ^ 1 1 Jii« i_juiia. (p(R) uj^ j 4 RaR 

Vx, e R : x + Ker(<p) = y + Ker(<p) : ut i// 

=> x~ye Ker(<p) (OeKer(<p) jV) 

^0 = <p(x-y) = <p(x) - (p{y) => (p{x) = <p(y) 



! Ring Theory CiiajbJi^lu (w v^(i t^ 

(representatives) "ijjUaJl" ^ a^IuV (images) "jj^" u' ti' 

Vx,yei?: ^((x+&(^)) + (jF + A:er(^)) = if/(x+y + Ker((p)) 

= p(x + y) = + <p{y) = y/{x + Ker(jp)) + y/(y + Ker(q>)). 

ys((x + Ker((p)).(y + Ker(<p))) = y/(xy + Ker((p)) = <p(xy) = (p(x)(p(y) 

= y/(x + Ker{(p))\ff{y + Ker(<p)) 

! ^jJal j : ( L A£ <■ lU^ty >ali- Iff 

\/x,yeR: y/(x + Ker((p)) - ys(y + Ker{<p)) => <p(x) = (p{ y) => 
(f(x-y) = (p(x) - (p(y) = 0'=>x-ye Ker(<p) =>x+ Ker((p) = y+ Ker(<p). 

{(P(R) u*L$j~& 0') 
The first isomorphism theorem f >4^»m>6U {J.M t-T- \ 

: J . l*lib Aak B c i? * i? AiLJl ^ Ulia AczR <J4 

W + B)/ = B/ 

/A~/AnB 

: ^VK 4Sk A + B c i? J i> Vji o* > : t-iU i4l 
f*A + B^{a + b\ae A,be B} (0 = + 0g^ + 5) 

: b x ,b 2 e B 4 t7,,a 2 e^4 £^?J jVIj 
o 1 +Z7 1 -(a 2 +Z7 2 ) = a 1 -fl 2 +Z) I -Zj 2 Gy4 + J 5 (J? ^ 4ik 5 * ^11*^) 
(a x +b x )(a 2 +b 2 )=a x a 2 +ap 2 +b x a 2 +bp 2 gA+B 

(a x a x ,a x b 2 ,b x a 2 G A 4 b x b 2 e B <jV) 

r.r 



T /A jVIj 

^ t>j . 6 + ^4 jA jjSj j.^wil li&j 4 be. B i aG A ilu*. a + b + A 

(p{b) = b + A d\ tiuau ft e ,4 ^a. jj Ajla 

Vb v b 2 e 5 : (p(b x + b 2 ) = b x +b 2 + A = b x + A + b 2 + A 
= <p(b l ) + <p(b 2 ). 

<p(b l b 2 ) = b l b 2 +A = (b l +A).(b 2 + A) = ( p(b 1 ). ( p(b 2 ) 
Ker((p) = {b&B\ (p(b) = b + A = A} 

j (y-\) J (y-r-\) ^ A+B / A JisJ^ j^\j*a) 
= {b<=B\beA} = AnB 

(Jj^aaj (V - V— ) ) ^jjSjjx j-aj^il AJtjiaj (jjjWl.l <jYI J 

A4n£ /Ker{(p)- (pKI5) /A 

jAL (p 



Ring Theory CitiUJiiAJjiaj 



The second isomorphism theorem ^ jja^.g^^U ^LutSll 4j o-T- S 
: jli jiiic. . AczB t R aSLJI ^ A,BczR c& 

R / / 
/A/ , = i?/ 

/ /A 

. tjlA jJ! ^ * ,iA '•^AKj ' % % oj^j d S^J UJ^ ts^ 

x + A h-> x + 5 

Vx,^g i?:x + ^ = .y + v4^>x-_yG ic5=>j: + 5 = }' + 5 

x + A = y + A^> (p{x + A) = (p(y + A) 

Vx,>;e i?:^((x + ^) + (^ + ^)) = ^(x + ^ + ^) = x + ;; + 5 
= x + 5 + ^ + 5 = ^»(jc + 4) + + A) 

(p&x +A).(y+A)) = (f{xy +A) = xy+B = (x+B)(y+B) = <p(x+A)(p(y+A) 

e^ ! J : {<^£ ' J*US. (p 

ATer(^) = {x+ v4 1 #>(x + ^4) = x + 5 = B) 
= {x + A\xcB} = y A 

■ y A J B / A J* f 5 <> J 



R 




^Kerfy) ~ ^Ya* ~ Yb 



jAt. (p 



2 % z y^6c : > Jli^> 
Life* 

2 %Z := *° + 6Z ' 2 + 6Z ' 4 + 6Z > 
IjS*j« 8 + 6Z = 2 + 6Z . 6 + 6Z = 6Z Ji*V 

. 2Z ^ Jli. 6Z a' ^ 

u jia- ^ ^ z„ e jsls % z J j^v., - 2 % z = % z d ^ 



"a, 










| a ( . g Z > 


_a 3 


a 4 . 





^^iSl ( (JsJ-IaII till j tlAi jii^axll ^jjSj i? <C j«xt / (j&J J 



7-" 



« 3 « 4 



+ J|a,eZ 



l+(a,-l) 
+a, 



/=!,.. .,4 



r.n 



Ring Theory OUJbJl£o>iaj (to 3Ull,«-«2lt) 



a x a 2 


+ / = 


"1 orO 


1 orO" 




2x 2y 








+ 


_« 3 fl 4 _ 




1 orO 


1 orO 




2z 2w 



+ I;x,y,z,we Z 



1 or 1 or 
1 or 1 or 



2x 2y 
2z 2w 



G/ uV 



■ 16 (^i 2 4 jA aSLJI j > A V- j^c. (jj^j j>j t><»j 
ujjSj uis J\i> AcR ±ji$> rfujj^-r-y) ^J^\ j ■. rjUt 

• ^ 45 JJ>-^ ^ c> t>-H • R / A *ski» 
. r G cAi • (R Aik o^) R J Ull. A (jljl : >41 

: (jVl j . ra€ A c£4 • ar£ A J mi A £ j£j <ii»aj « e ^4 

+ ^ = ^ = fl + ^ (ae^ uV) 

(r + ,4)0 + A) = ra + A * A {ra£ A jV) 
(r + A)(0 + A) = rO + A = A Ui* 

\/r,se R: (rs - sr) g N 



^ *JI*J <^> Vr,5 g i? : (r + N)(s + N) = (s + N)(r + N) 

r.v 



<=> Vr,5 6 R:rs + N = sr + N <=>rs-sre N 

. 1 + 7V*N J ^! Mji^l • j* % *3kll • % t^'^jll 

^ Yo Jli« j&l) N=R le iV lijj le N J ^ l + N = N c&j 

l + N^N J J . u±s\z Ijaj . ((A-Y-^) 

j^uJl tlilj ^iUll AiLJl J Ul Ji=J UoUJl AaLJl J Je. & jj : 1 

UaUil AiLJl li^jj . ,4 = {0} ji jl A = F £)\ <j\ 

,1a J> % L.J F / A 



% = {x + F\xgF} = {F} 



% } = {* + {0}|*eF} = F 

x + {0} o x 
aJIajI Aak ^ (nilpotent) S jSJl 

k : = m + n uVl j . Z>" = * a m = j] ^ 



Ring Theory CiliJbJli^&i (w -.^Hp ...-ti) 



1 m + n^ 



in ~t ft in i Yl 

(a-bf =(a-b) m+n =a m+n + a m+ "-\-b) + ...+ a m+n - r (-b) r + 



+ 



v 1 ; 

^ m + n ^ 



m + n-l 



a(-b) m+n - l +(-b) m+n 



r<n ^! ^ ' cij^y j*j m + " a m *"' r b r J* ^ jfo^ ^ ^Ull a^J 

I r J 

(-b) r =0 r>n I jj j ' tf m+ "" = 
a — b (ji (ji ' (a—bf =0 o! ^'-'"V k = m + n <-»». j-a > ^ asc. <Uti ^Ulbj 

L»£ a jl£ til Willis 



a w = u! 

• (The radical of R) "R ji?." R ^jII Jj] 4^ ^ » jSJI 4-a.i*ia j^oliJl An j-aa-o ^^-ajaij 

V / 



Z 



4Z, 



x + {0} <-> x 

/ /12Z 



Z. 

t /12Z 



/ . = Z/ mj^j :Uit /12Z/ , ~Z/ uj^JJ 

6Z/ - /6Z UJ ^ J /12Z 74Z/ = Az 

7 12Z / /12Z 



AiLJI jL^ j* ) ^^L, = 



7^ 



V =9l2Z }={ ° } ^ J ' 9l2Z ^ ^ 
/12Z 



'\2% 

Z yiaJl » ^/ 2Z AlLJl ^.jl ^U) Y Jlla Jjj ijLSyU : <\ Jlli 

(z + 12Z)"=12Z (%2 Z AiLJI ja 12Z) 

=> z" + 12Z = 12Z => z" e 12Z = {0,±12,±24,±36,...} 
=>ze{0,±6,±12,...} 

• {0,6} j& J {0 + 12Z,6 + 12Z} j* ji- u_&j 

t ±12 + 12Z = 12Z J Wtf ^ 6 % 2Z > *>il IJ* ji i^V 

. -6 + 12Z = 6 + 12Z 

. {0} _>a Z ji=. J ^1 z = 1 j) 
^j! . J N = {0,3} J 6- «35*2» CiJ^ <A : \ . J&. 

A^={0 + 6Z,3 + 6Z} = 3Z// z 




6Z 



/ 3Z = {0,1,2} 



n 



Ring Theory GlibJli^Jolii ( ^M»Wp... , sw ) 



> {TV} Ji Jc R <?M ^ ts* JV |j) : n Jilt 



Rad(y N ) = {x + N\(x + N) n =N,xg R, hgN o^} 

= {x + N\x"+N = N,xgR, bgN'j^} 

= {x + N\x"gN,xgR, seNo^j 

= {x + N\x nm =(x") m =0,xGR, n,meNo^} 
N = Rad(R) 

= {x + N\xg Rad(R) = N} = {N} 

y[N:={aGR\a"GN KeN^} 
(Rad(N)) "N jV • j» • i? ^ JH. 

: jjVt j • 4c ^ -vZ/V J (j\ G -v/TV J CH 3 ' -5 : 0^ ^ 
VcigJn VrG R=> a" g N,r n g R^ (m) n = r"a" & N 



R 



ra g 4n =e> ar g 4n 
R 



a,bG y[N => 3m,nG N : a m g N,b m g N ■. 



a — b) =a + 



'm + n 



v 1 J 



' m + n 






, 1 , 


a m+n -\-b) + ...+ 






, r , 



a m+n - r (-by +. 



a(-b) m+n - l + (-b)" 



ill \ II 



v r y 



^ 4>j • ( Jli. N) T r eyfN o&n<r cP> tyj ■ (J^ N) TeyfN 0A5 

. a-bGy[N uj^j (a-b) m+n eN jli 

? consistent ^ < V JH* ^ ^ J J " jM" J* : ^ ^ 

: (ji i Wi j ^ Y Jlix ^jx : Jail 

aeR^a n GR neN =>ae>fR'.=> R<z>[r 

i? _! LjL^ Uib yJ~R V Jlio ^ U 
. (inconsistent) <jjLuol<> jjc. <jlsjjxj]l <jj| 

x(=x+N)sBad(^^(xf=N ^ ^jL-ll ^Jl) «6Nj^o 

(The quotient of A by B) 

A : B := {r e R \ rb e A VbeB} UiL 
. R 4ikl\ ^ Jll* ^ : B J Jc o* ji 
A:B±(f) J u\ <■ Og A:B J e^ 1 -» : lj u 
r,sG A:B ^>\/bs B rb,sb&A=>\/b&B (r-s)b = rb-sb e ^4 

J^A 



Ring Theory di2Ju*Jl£vj>iii (^im^— ity 



=>^-^e A :B 

reA:B,AeR=>\/bsB rbeA,A(=R^\/beB:(Ar)b = A(rb) g A 

=> Ar g A : B => cP*jA\ 
(prime ideal) J J P <z R Jli . ASk R ^ : JLyu V-f- ^ 

: ^! 

(1) 

(2) \/a,bER:abeP^aEP J beP 
aeR\P j be R\P^abe R\P 

: ^Lil«i A-r-^ 

m lj) i^j li! Z ^ Jji Jli- mL 3 {™ * 0) meff 0) 

((r) v-Y-O) ^1 j) .Uji Tjj& 
4jj ^jIl^u liA . k£emZ*Z o^jij Uji boc. m jSJ : "=>" : >dl 
m uA 1 ijj ^ m cftj • k£ — 1 ^la w ji <_si . &£ = mz <jj£j *-y=H Z 
liAj £ = _ym J k = x m Ci£i j^jj • £ ji A: 

. £ G mZ J k g mZ J e, ■ ^'j 
4 m — k£ jj^j <-ua-? £,k jb.sc ^.jj <ula t Uj! boc <jju1 m jlS b) : 

A:,/ g mZ \^ k£ = memL c&j A<k,£<m 

J J {0}cZ JtUl(Y) 

: 4ial£ia 

nr 



J*\£l. jLki ^/ <SLJl (Y) 
ASk <j_&> R / p J±^\ SJa. jll >-rfc l«J aJI^) <Sk i? oV : (Y) <= ) : flU *M 

% J ^£ J • y ji yii. PjjS ^ j P=R a& J^kj le P 

■b + P=Pj a+P = PJ* (a+P)(b+P)=PJ^ ^! ^ ^ <j>^ll ^1 jill <> aJU. 
J ilua. o-j . abeP j J ab + P = P J ^ (a + P) (b + P) = P 
.b + P = Pja + P = Po& <J&ij b&P J asP J* Jj 
Ker(p)=P oj&j '^Jl p:R-^f F ' R'^%> ^ =0")H Y ) 

JtilUj UP Jtii 1 + j f jii^ jUai = % : 0) <^ (V) 

.y(a)<p(b) = (p(ab) = j < jr *^i J li* . abeP=Ker(<p) J tlu^ a,£e7? uSJ 
Ji ^UlUj <p(b) = J (p(a) = j g^j J-lSi. jUaj i?' J <> 

. 6 e Ker{(p) = P J a e = P 

: uL j«j > « —V— ^ 

: ^! (maximal ideal) JHU <Uj M czR Jlid JUL . ASk i? ^ 
McAaR uj^^h ^ci? Jli. (V) 

n i 



i Ring Theory d&Jbtii^oj&j (to iiatn-«2)i) 

: h & \ \-r- \ 
. AczR o^j ■ "1" j& ^ ^A>! ^la. R 

,4>7? jli JtilLj lg^ J ^1 A*l + A J ?j^,^R/ A : "<^=" : t -iJk >4t 
i*n->) 6 (jj) . ^4c:5 J (j\ i U*i ^ J& ijjA^i B a R j^J JV'j 

LjLulo (jaJ (jl) tSjL-^a JJC. tj^ajfc (jjfu b + A B ib& A u! 

: ji . (jxu. ^/ J jll ja 1 + A) (b + A)(c + A) = 1 + A 
l + A = (b + A)(c + A) = bc + A 
: J* £ o*j bcs B J be B c&j • \-bcs A c B J ls*^ ,iA J 

l = l-bc + bcsB (J^Bcti) 

. f±c\ Jfc* A J i$\ . B = R J f. jHuy I j 

^/ >- J l + A*A J J I i A J fjk* ^ JH. ^ci? : "=>" 

. ^jxi ^jS** 1^1 6+^4 (ji J <^ ■ b<£ A <■ be R cfth 

B:={br + a\rE R,a& A} 
. (r = ,4 Jc ^ jiaj J\a- 5 J t> (jsaail J« 

( ceR ^ji Ajli li^j le 5 uli jUlbj . 5 = R Jdk {3*e.\ Jli. A u^j 

: jjVlj . \ = bc+a' Ci^i'^P^ a'eA 
l + A = bc + a'+A = 6c + J = (6 + + 4) 

fl'E ^ JH. 

no 



: MJlai ^ r-r-i 

O^li- JS^ ^ ^.jjV <iV Ullo {0} Jtiall ^ cJ^I ^ ) 

Ull. ^ K -((A-Y-^) ^ Jii.) . {0} Jlloll j! JLJI 

. ls *ke. cAJli* {0} Ijb. l^a <JjVI cjUllloll ( ^ Z aSLJ! ^ (X) 
me Z mZ i Jy ^l\ jj£ Z ^ cAJlioil ji ^ (v-Y-1) j* 
. = J Uji f-ise m jl£ lil -kiij ^ Jj' wZ J ^ (A-r-^ ) t > J 

^ = pZ UJ^i ^ P ^! -^J iP> • j) Z ^ Jji ^lia P J 

^ y z I j] -^j JJ P (*-*-\ ) c> uVlj • P = {0} ji 

/ ^ / {uj 

. Z Uli. /?Z uj^j (^-V-^) o-j ' ^ ^ z U_& 

■ (m = jl) (^jJa m tiija. A=mL ^! Z ^ A o' ^ <_s » 
Z ^ (jl o^) tij^- uj^J ^4 <j' e^ 3 ' j m = aJU. ^ 

Ajli (A^Z sWi.™ m = 1 VLJ) m>2 JS 13! .(0 j.^wtt ^Jc 

• ^4 = JftZ C £>Z (jJc Jxrt 1 j ^ji Ale liua. p j& m 1 Aa. jj 

: t— flu j£i S T-T- S 

(partial order) L A >» mjj j* H c), ■ H aMxM j • ^ M u^ 3 

: Jjaaj I jj M ^ 
(a,a)eH : ae M JS1 ( i ) 
a = b c) (b,a) e // 4 g # (<^j) 

rn 



I Ring Theory £UJbe)!So>lii (to iU)l^2J() 

(a,c)eH J fjk-i (b,c)e H « (a,b)eH (-^) 
. ^jaJI cf- "<" f j i (a,b)eH Cf- j*?*^ ^ ^ 

: ujj»j ^ t-r-^ 

L J£ m4 J " < " J J^! • M ^ Li> LiijS " < " i '^j^ M jSiS ( ! ) 

Z> < a jl a < b jjSj a,Z>e M clyj" 3 ^ J^J ^! (total order) M J* 

a,ZjG £ oij^ J*l lj) (" ^ " J! V^W) M J (chain) Aiulu, M o* K 

. b<a J a<b : oj^J 
: Allai i o-r-i 

. R ^ ^ ^jijjj ^ R Jc "^jUj ji ^> Jal" SjUxJI AfflUll ) 
s jail \c y^A Luja. Injjj A<B :<=> AaB ^ -j^^ ) 

M_!P(M) 

. {b} < {a} d^Yj {a} < {b} 

. M ^p^? 1 ^ J " ^ ' ^pj^- " — " ' ""J* j 
(lower bound) c<r Si Aa. ji (upper bound) L<P Ifri ^ Ail se M j^>i*l <Jlii ( i ) 

. as A £^?J jiJl (^k. 5 < a jl a<,y jlSlij^ 
. A ^ ^1 t^- a ^) Oast lement) v^ajfr 4jj aG i _>^i*J (m) 
. ^ T^i. a ^! (first element) Jji >uai& <i! JlLj 
jLwfli >uaj& j /I ^ (maximal element) ^a&i y^s- <j] me A JIL 
^yic- a<m jl m<a = ^4^ jjl^uc a J£l ^ (minimal element) 

. m = a (jl jtjjI) t-jjjjjJl 



nv 



-l!»f-i j.^iift ^4 1 tjli (a Jji j»^'ir. ji) a j^i-i j. <-iir. A — 1 tj\£ lij (<-j) 

. a J* (JafJalL j jiri^S jut'lf. ji) a J* JajjJalb 

Ac ^[ (jiil j 1 < (dim V> 1) I j (vector space) U»i tc.1 ji V c££ (—*) 

1 < U tl^a. < F j^a (vector subspaces) £/ ajj AjV-i-vM ciAi.! jail 
sjjjJS^jj [/ < FT :<=> t/ c <-Lj«tf I <> Ajli jiijt . (dim U > 1 ) 
J£ Uiu . ^ _J JJ j^tc <4Ua jjljV dimP~>l j • A J "<" ^> 

. A j^i jijuai t jj-ajc 1 cS^ V o* j?- 

: ub ^ A-V- S 

. Jti ^ l*J M ^ <LL J£ li) " < " _J (inductively ordered) Ufl £U 

Zorn's Lemma xxllL^*AlAAzTii1 

^liti j, JSVI Lljl jSluij <AJ^>-a <cjft-* n j£ 

^k. jA\ (Axiom of choice) jlua.VI <ja.ij ^a^j <jjjj ^J*-^ f t> 

"The Cartesian product of a non-empty family of non-empty sets is non-empty" 
jJi&l ts Hi 9 ±±jjA Jlls J£l {0} ti jL-jV i? Ifi ^jjjjjj 



Ring Theory CiiiisJijuijJii «^i2lt|t-«2]t) 



: r >-r-\ 

. (J 5*0 J fjH-j £ * $ iRJJS* (J 5 : uV / ^ tj*^ a& 

. c<=D l b&C u! C,DgK ^ <ui Z>,ce 1J 5 sflJiSj 

b-ceD J b-cEC a& J^hj i DczC J CcD ola ^-L- * uV j 
rei? £}*aJ rZ>e |J 5 ji Z>e (J 5 LiJj . b-cs (J 5 J ^1 

Be* Be AT BeK 

^ R ^ 1 s^jl! ^ |J 5 = 7? li ! * ^c|J BczR uVlj 

fie* Be* 54 

Cji\j . (j^aLjj IIaj . C = R jj^j . K j» ^ t 'ir . .iJ - — C J] ^5-^ u' 

— ^jJal j jA La£ — jA (^ill l A/ ^Jaci ji^'ir. ( _ S I& / (_£jiaJj jji i _ 17. j (jjjj '^■iJ t>« 

I : SA.ja* *&>i Y «-r-> 

I _>^& l',l) ^(1) = T u) fj^jj-W* q>:R->R* c££ ' > ^ 

. i?' ^ lhw jiJj . (^jsii jc. i?' lR J'o^ja 

Cp J\^Lj lG<p~ l (A') J* <p~\A) = R 'j' * (p-\A')±R 
■ R' JJJJ^ A' cti o^z-- A' = R ls^l^j 1' = <p(1)gA' 



. ye <p~\A') J xe ^'(^') ^ pO>)e 4' jl p(*)e ^' Jj 1 

.^i uti. ^ -usi 4 ^iji jn* ®/ jUuM .(n-YM ) ^ a ji» >a •. j^i 

z/ / 

(°-r->) o- % z *skii jsLii /u y 2Z/ • 2Z 4 2Z ^ 

/ /12Z 

jmi jioi ^ ? (tiU) ^ ^U3bj ^] gin. 2 %2 Z (n-r->) 

z/ / 

/ /12Z 

uj ^yn» ^ ijui . ^/ 2Z ^ giji gm. 3Z y /' 2Z 6j sl, ^ 

0> d is^- _>> • cS^ <0^ j* <p:K K C&Aj • ^L*. AT : V Jilt 
■ <p d J (<P(K) = {0} d lsS) ^ OjSy J M 

.Ker(<p) = K J Ker(<p) = {0} J Uij (A-Y-^) <> YT Jli. ^ : >A\ 

'■ d Z&i (v-v-^) t>j 

tfer(p) = {0} => K/ {Q} = <p(K) 

(p d c5' K = <p(K) d csi 

< - /m d^) 

X <-» X + {0} 



Ring Theory dUUsJiC^&j (<pU)ln— 5)1) 



Ker(<p) = K=>K/ K = <p(K) 

. (J jL-aB f*J jll jA (p J i ^(jC) = {0} J tf! 

jL^al\ pjJJb ja ^? <ji Ker(<p) = K o*i> >iUa giu t^Wj) 
^Sdt>L)»ji. S:={a + bi\a,beZ,b ^jj ^ } jSj! : i Jl> 

. Z[z] ^ gin. ^ S oSJ ' Z[/] t> ^> 
. j' J • + 0ie 5 : ft* w» 

: J ^jjj a,b,c,d e Z ciiia. a + 2bi,c + 2diG S 
a + 2bi - (c + 2g?z) = a - c + 2(b - d)i £ S, 

. Z[z] <> 2iSk 5 ji ^aijj . (a+2bi)(c+2di) = ac-4bd+2(ad +bc)ie S 

: l-zeZ[z] « l + 2ieS 
(l-i)(l + 2i) = 3 + i<s5=> Z]i] JU^^AS 
(X 2 +\ ^ J 1 ^ 1 [X 2 +l] JUJI J <> o*^ = <J&» 

/ »-> fii) 

jA lilliS j . j li*J ' _>^) J*UJ jil 1^* • (#>(/) = /(0 J Cs') 

V/, g £ : ^(/ + g) = (f + g)(i) = /(/) + g(i) = ?(/) + 
<p(f.g) = (f.g)H) = m-gd) = <P(f)-<P(g) 

'• {<p) "^y 3 J*- 6*j^j 

iCer(p) = [X 2 +l] 



:i^(^c[X 2 +l] J c> o*> uVlj • (f 2 +l=0 uV) [X 2 +l] Cj Ker(^) J e^lj 
« / = ^(X 2 +l) + r j] $relH[A] ^jj 4jI ^jb-j ti* . feKer{<$ c£4 

= f(i) = ai + b=>a = 0,b = 

Ola ^ u-j ' £er(p)c[Jf 2 +l] J / = ^(X 2 + 1) e [X 2 + 1] J J 

Ker(<p) = [X 2 +l] 

M[X] ^ jn. [X 2 + 1] J (u -r-^ ) 
% Z [X] *slji ^ un. o*A [X 2 + l] jua : Ji J* o*j> ■■ n 

(X + 1) 2 = X 2 + 2X + 1 = X 2 + 1 e [X 2 + 1] g (% Z )[X] 

^Laa. <ak. R ^jSj] : V Jlia 

. R A:={/gR\ /(0) = 0} 

.4*^ ji ^ 6(0) = uV (tiji-ll JI) 6e A 

VY Y 



! Ring Theory (jUUsJlju^iaj (^''"p ...^ 



f-geA «= (/ - g)(0) = /(0) - g(0) = 0^f,geA 

gfeA ^(gf)(0) = g(0y(0) = g(0)0 = 0n g*R <fzA 
fgeA <=(fg)(0)=f(0)g(0) = 0g(0) = J 

/W(0) 

.(4< ... l^LoU- X J Jj^ll CjI j££ aik) ^[A] jiiftl : AJll> 

da^ flX + Z> + / jA 2X+3+7 ^ j£x-ll <jl}J : ^ 

UpiuVtj.tf,£e{0,...,4} 

(2X + 3 + /)(oA r + 6 + /) = l + / 

2^ 2 +(3a + 26)X + 36 -li/ 

=> 2aX 2 + (3a + 2b)X + 3b - 1 = X(X 2 + X + 2) 

^>2a = X (1), 

3a + lb = X (2), 

3b-l = U (3) 
j ^ (4) * (3) c>j .26 = 2/1 (4) ji J 5a + 2b = 2A J ^ (2) * (1) t> 

.a = 3 t>j -/l = l J ^(4) c>j . 6 = 1 3 J 36-1 = 26 

3jc + 1 + 7 _>* (_>«jS*^ll 



oV) 10 + [3 + /] = + [3 + i] cPJ^j- (3-0(3 + = 10 J : JsJ 
/ + [3 + /] = -3 + [3 + /] = 7 + [3 + /] <^Sj ( (3 + 0(3 - e [3 + i] 

Zt % + f] = {0 + [3 + i],l + [3 + i],...,9 + [3 + /]} J*tc*j 
. !5UIS1» ULkj ' /fx 2 + X + 1] ^ ^ t -** J * '' ^ " ^* 

X 2 +Z + l = X 2 -2Z + l = (Z-l) 2 e[X 2 + X + l] ; /iU mB 
^ Ujl Ulia ^ [X 2 + X + l] jU JUlLj X-lg[X 2 +X + l] oSIj 

. (i-r-\) suss, tsi^ ^ V3Z^ ^ oi* <^Wj * (% Z M 

(% z )[Xj ULJi ^ ^ [X 2 + X+1] o' <> o*^ •• " *tt> 

(Z/ )[X]/ 



v.„ ...... . ,„.,,. ( Z / Z P]/ 

[X 2 + X+l] 



1 + [X 2 + X + 1] J* 1$j3 eAa. jll j„^C XA\ Jjj 43k. 



Ring Theory CiUWl^j^ij CCT jliM (^--^H) 



JJ^V . l + X + [X 2 +X + l] « X + [X 2 + X + 1] 

x 2 +[x 2 +x+i] = -i-x+[x 2 +x+i] = i+x+[x 2 +x+i], 

l + X 2 +[X 2 +X + l] = -X + [X 2 +X + l] = X + [X 2 +X + l], 

x+x 2 =-i+[x 2 +x + i] = i+[x 2 +x+i] 

l + X + X 2 +[X 2 +X + l] = [X 2 +X + 1], 

uV \ + X + [X 2 +X + 1] ja X + [X 2 + X + l] o-jS^lj 
(X + [X 2 +X + l])(l + X + [X 2 +X+l]) = X+X 2 +[X 2 +X + 1] 

= l + [X 2 +X + l] tfkll ^i^J j^c 

, . ... (% z )m/ , , 

^ a£J « /? j> <u> A J Jc ■ A := {/g 7? | /(0) = 2«,«e Z} 

. R 

(Akala *ib (jjL-al! ^Ijil) . ,4*0 J J\ t (^jL^ll ^Ijll) Oe A : QU >tll 

(/-^)(0) =/(0)-g(0)=2«-2£ (w,*e Z) : oi ^ /,ge ^ cU 
= 2(n-k)e2Z 

0k)(0) = /(0)g(0) = 2«.2£ - 2.2nk e Z 

u$! . gei? i f&A « g=V3 * /= 2 uVlj 

. * ^ Ullo oAA J ^ . (/g)(0) = 2>/3g ^ 



TVcVa 7 ( i ) 

y[N = N J* U J Ull« jV I i! (-^) 
jcgN => x"gN «eNui»J ( i ) : >4 

^XGyfN => NcyfN 

jNczJjN :UaI(l),>( M ) 
VVF =>3>ig N:jc"g y[N =>3m,n& N:x m " =(x") m eA^ 
=> XGyfN =>yfjN cz^fN 

mneN 

=> yfjN=jN 

: cjVIj . NajN : Ujd ( I ) 

=>...=>x<= N=>y/N czN=>Jn = N. 

#] M M #] (!) 

y/W ^{a&R \a n (=N , n G N <>~J } : U Ji. ^> : JaJl 
#].-={flG% 7Z |fl"G[0] „ «GN O^xJ} 

= {aG% 7Z |a" G [0] + 27Z , «gN ^i-u] } 
= {aG^ 7Z |fl"G27Z , «gN 

m 



Ring Theory CiUWt^j&j (^dl^) 

= {a e % ?z | a = 0,±3,±6,±9,...,±24,±27,...} (0 = 27) 
= [3] 

([fl] = W J-^V) 

A /[3] = {ae^/ 7Z |fl"e[3] + 27Z , neNo^u!} (m) 
= {a€ % 7Z |fl"-3me 27Z , meZ ^jneN ^} 
= {a 6 % ?z | a = 0,±3,±6,...} 
= [3] 

yj\?] = {aey 21z \a n e[9] + 21Z , neN } 
= {ae % 7Z |a"-9me 27Z , meZ o^uljneN } 
= {«e% 7Z |a = 0,±3,±6,...} 
= [3] 

^ > \ Jllc jki!) . jL^Il j±. (nilpotent) i y& 
^ jc + VtO] d J ' «eN oi-J (x + V[0])"=0 + 7[0] u^J : ,-,U u& 

x"+V[0]=0 + V[0] J ^ • (^/V[0] ^ 

^ til (x") m G[0] d vl^ meN ^ ^ ^ttibj .x'G^/fO] J 



: (R J* aI^W JjjII C(K) ^ -oi ^ : n Jll* 

VxeM . m ;c :={/GC(R)|/(x) = 0} 

« 0(jc) = c^uj 0:M_>M fcj^l ^1 yijii : fj* j£\ 

XH>0 

.f-g&m x J ^alj3 /,g£ (j^ - m x *<p J ti' ' ^ J~aift ^ 

: uli ge C(M) * /g cjlS |jj ^lliS 
(*/X*) = *(*)/(*) = g(x)0 = 

. C(R) J J\l. m x ula J^j . fgem x . g/e : J ^ 

#>:C(M)->M 

^ x : H^ 1 u, - >Jti o^j 

f H> fix) 

: ? jya jA (p u*Ui£ . #>(r) = r ujSjs (^Ub U^ala ^ j) C(R) 3 / = r 
V/, g e C(R) : + g) = (f + g)(x) = /(*) + g(x) = <p(f) + ^(g), 
^(/g) = (fg)(x) = f(x)g(x) = <K/>(g) 

Ker(<p) = {feC(R):(p(f) = 0} 
= {/eC(R):/(x) = 0}- 

C( % = C %K,) = * C <*> = R 

jAt- (p 

C(R) J Ji> m x 



Ring Theory GUlaJlc^&j (C7 jlD1^2)t) 



? jBa. f jJjj-jxjA /6Z /30Z ^1 JI Ja : W Jlla 

x f-> 6x 

VxeZ:^(x + 6Z) = 6x + 30Z 

Vx, j e Z : <p(x + 6Z + y + 6Z) = ^(x + y + 6Z) 
= 6(x + y) + 30Z = 6x + 6y + 30Z 
= 6x + 30Z + 6y + 30Z = (p{x + 6Z) + <p(y + 6Z) 
#>((x + 6Z)(y + 6Z)) = #>(xy + 6Z) = 6x3; + 30Z 
= 36xy + 30Z = (6x + 30Z)(6.y + 30Z) = (p{x)(p(y) 

. (JjS aAc Li^ui jA I^Aj t ^jj&jjAya jA (p jjl ^JfiJtJ £^l^)«aJl ) 

. (p{\ R ) = l s jAj tiaLja) UajJi (J4aj (jl i_l^J Ujjjjj-jxjA ^> <jjl) < _ s lai 1^ 
(p(\) = 6 O* 1 ^' I^A lilaJC.1 lilj 

J\ I «*Uj£ ja ^3 0Z ^ ^j 11 J* /^OZ ^ J* 6 

. La ji!Sj_a*^ajA ^) UJ^J ' 1 + 30Z 
. UJjSjj-j-jA /4Z /10Z : jll o 1 ^ ^! j£*J : >A Jll> 

x + 4Zh>5x + 10Z 

v^su kZ ^jj : J g3S| . x,^gZ liua. x + 4Z = j + 4Z <jlJ 

: ^aoL liAj x = y + 4k 

m 



cp{x + 4Z) = 5x + 1 OZ = 5(j/ + 4&) + 10Z,&e Z 
= 5;y + 20£ + 10Z,fceZ 
= 5j + 10Z = ^ + 4Z) 

: x,yeZ 

p(x + 4Z + .y + 4Z) = ^(x + ;/ + 4Z) = 5(;t + .y) + 10Z 
= 5x + 5y + \0Z = 5x + l0Z + 5y + \0Z = <p(x + 4Z) + <p(y + 4Z) 
<p((x + 4Z)(y + 4Z)) = #>(xy + 4Z) = 5xy + 1 OZ = 25xy + 1 OZ 
= (5jc + 1 0Z)(5 j + 1 OZ) = ^(jc + 4Z)<p(y + 4Z) 

(25 + 10Z = 5 + 10Z) JJi^V) 

. 1 + 10Z ja ^ s^jll to « #>(1 + 4Z) = 5 + 10Z Ji^US! 

. a_>jujLi<a (jjjLuill (Jliall jjA Lij^j La£ .Ja^jill lik JajjjaU (jajj . V j»i Lajj3jj-a _>*jA 

%0Z ^ %2Z ^ ^ £^ ^ Mji^l : 

" %0Z ^ %2Z ^ ^J^J-^-^J* ^ J -^J^ : ^ 

■(^/^22 '-^O^ "^J^) 1 *JJ JI "' a ISSjC lij LaLaJ A^Vum ^ jjSjj^jxj^Jl (ji ^Lu (jai 

0^(% oz ) Ow/(^G)) = On/(a) ((r-1 -\) - j*jB ^jlu) 

j-ajl! Ajjiaj (j* (JjVl t-J^' tj^ <Ei-ai (jx ° ^ (Jli* (j-a J . 30 ^"ij (^i 

Ord(<p(l)) = Ord(a) j J .12 ^ ^ 0«f(l) ^ Ord((p(\)) = Ord(a) 

rr. 



Ring Theory CilibJijojlij ( t3 AlSJl l >„.rtn ) 



J : jA a o& JUhj i Ord(a)e {1,2,3,6} J^Uj 30 * 12 ^ 
JJ ] a rf i^i ^ t 3Lull tsj& djtj . 25 J 5 J 20 ji 10 J 15 

:^^Lj 1.1 = 1 U_&^{ 2Z 

a = #j(1) = ^j(I.I) = ^(1).#>(1) = a. a 

• CW* a = 5 J^i y 3QZ ^5*5.5 = 25 u^I % QZ ^ 

. «dli£ a = 20 J J 20^20.20 = 400 = 10 : <jli ^ 

4_ij«j tstuL^. (jiaail tijliil til jjjj t a = fl.a (jS^i W »» # = 0,15,10,25 

■ijAa. (jj^j ji (jLa^Jl (JaJa... tl5'llt7'3 Ajlljlall jjj&I : t » Jlla 

^ynK j^c n G N 3 + 4 n jA aJI jlal! » 1a ^ ^Ull isJl : JaJl 
: (jji _y;,x Jjj^j**- ■ — ^jjj^tl QpujA £ j j^aJl I jli j»- ^ (_5jLou ji 

3 + 4n = x 2 + y 2 ,x,y& Z 

3=x 2 +y 2 ,x,y-ey 4Z 
ji o^ojV . aLUaJI (jlSSaj (jUUl x,ye -^j^ ^ m^^Wj 

^1 <>i tijl^V ... t 26 t 18 * 10 t 2 aJI>JI J ^ (jAjj : n Jll* 

m 



: 

x 3 =2(mod8) (1) 
. (1) <3W^ M i) x = 6 i x- 4 i 2 
J ^ oAj. . B = [8] * (2 Jii-ll ^1) ^ = [2] CM ■ Z ^ : TV ^ 

%Z t*^~>-^ J -^ 

UjJj-j AjjSb « {8Z,2 + 8Z,4 + 8Z,6 + 8Z} ^ 22^ ; ,- )lA ^ 

^ z Sj-jli ^ JSLis ^ ^ML, (UJ hij* 6 + 8Z 2 + 8Z 

.(^-ojfl ^jiaj (A-^ ^ ) ^jjjUI jxjll Ju^fi _>kul) 

OUjSi 0^ % z * 2 % z • 1 + 4Z s^jJI UJ % z 

. xe Z ^ * + 1 ati-1 : ^ AjMsUI jIjcVI J ch 3 ^ : >4t 

(x-l) 2 +x 2 +(;t + l) 2 =/ 
=> 3x 2 + 2 = / 

YTY 



Ring Theory ^LLbJlCXj^ (to su«^«a)l) 



oi$J Ja. .3a>jjV <ji £tj-ialjj . J 2 = 2(lH0d3) : Ac. JjuaaJ 3 Q»[Aa (-jluiajLj 

. HiaU. frlc^VI UJ^JJ ^l*-*^ 

: 9 Ac 2u«ai *jUS : Y £ 
IjJ 9 ^Jc A^uill yjl Qjfe a k a k _ r ..a { a Q lSj^ 1 Jj1<u1I li n J ^ 

. 9 ^ ^-SU a k + a k _ x + ... + a, + a ^1 ^jj^ 

« = a + 10a, +... + lO k ~ l a k _^+lO k a k 

= a + 10a,+...+ KLJX) H^IO a k 

n = a + a l +...+ LA a k _ x + LA a k (mod 9) 
dil jA\ k— 1 cjIjJ! qa K 

=> ["-(«o +a i + - +a it -i +a J] H^ 9 

JjSj a Q + a x + ... + a k _ x + a k cP> lij .kasj jl£ li) 9 ^ 4-*^! JjSj « <jf J\ 

. 9 (jit 

(jjJ-lLi !j\ ^ t_lLaoJ! .lie (illiSj) 9 (jaULill ^ L_llu»aJl .lie Liji iaa-V : AJa »al« 

: 1 'lo^Vlinl 



V;t,_yeZ: x + ^ = x + _y xy = x.y 

« W £ N ' * ';•«■ c?* yj*^' J ^n^r. £x ULoj (5&« 

Vx,yeZ: (x + mZ) + (y + mZ):=x + y + mZ, 
(x + mL) + (y + mL) :=xy + mL 

rrr 



t x + y:= x + y ji J\ 

x.y:= xy 

: 1 1 ^ 4^*51 <AA1 : 1o 
|jj 11 ^ A^ill ^jjii a k a k _ v ..a l a JjIojII li w ^ <jA jj 

. 1 1 ^Je ^ill JjL a - a } + a 2 -...+ (-l) k a k ^ju^ 

n = a + 10a, +I0 2 a 2 +... + lO k a k 

= a + 10a, + (10)(10)a 2 +...+ 1OJ10 a t 

: ^^ic. J' — ' 1 1 (jnUL» ^ t_)LmaJU 
« s a + (-l)a, + (-l) 2 a 2 + ... + (-l)*a t (modl 1) 
= a - a, +a 2 + ... + (-l)*a t (modll) 

[n-(a -a,+a 2 +... + (-l) k a k )] ^11 J J 
J\S li] iSa j ^IS I j] 1 1 ^yk. ^Luuill <JjL n ji <ji 
. 11 JjSj a -a 1 +a 2 +... + (-l)*a i 

: 4 Je. AjLIS : Y1 
« = a k a k _ y ..a x a Q : JAcjII a! Uj->.^ tajc « jlJ 

4 A^ill (JjL a! a li] iaSaj <jl£ li) 4 <^lc- AauiSII JjL /j ^Jc (jA jj 

n = a l a + l0 2 a 2 +lO i a J + ... + lO k a k 

4 o-L-^ U3la J&lWj • m > 2 4 Je. JjL 10 m j! Ji=^bj 

n = a,a (mod4) 

m 



Ring Theory ouwi^jjiai 



<jl£ I i) iajj I j] 4 Jc AjuuuSII JjSj « '* jI±*j 4 (« — «,a ) ^aij 4 <jl J 

A Jc. A-ajuiSll JjL ai <3o 

AM (jx ^-H! ^fr k _? x ttj*> 1^1 fj-JC. ft <j£jJ j t t-i> t^j^ ■ 1.1.JC. AW • t V J\ld 

Jc- o*-» • 27453 ^ru^jl -Uujj ^bu 72345 fSJI !^ 4 m "oU jL." <_jjj Jj Sjleb 

. 9 J& <A*asJl JjL m-n 3 
lj] 9 Jc- ^aiill JjiL m Y £ Jll. . a k a kA ...a x a _?a m .3.5*11 o^J : <*M ^41 
t-jjj J5 SjIc) jjSlj . 9 Jc a^SII Jj5j a Q + a x + ... + + a k jl* I j] iaSa j 
"dilij^o" £• Oj^Jj ' S = a + a { + ... + a kl + a k jj*jY J£*i cS^j w 

jjSjw m -« "cjUj^»" (jla JVjJIjj ^+/q+...+Z? i _,+/!> i = ; S' jA « A5*ll 

. 9 Jc 5-<uiil! JjiL m — n A5*]! jli JIjILj . 9 Jc ^uill JjSj jA j t jix-aB LjL^ 

jJoci Jll. j£ tjjSj oia. jll jA^ijc tlllj AjIIaj] Alia. Aj! J <d Jc <jA jj : YA Jll. 

li* . jJi&i UH. ma R < Soa. jll j^ic ciJ j ajIIjj) aSL. ,j£jl : h'jU >JI 
i? J Jj Jll. /n «= J-lSl. jLkj V (U-r-^) JkV ji ^jll^j 

((^-y-^) j > jn. jiiii) .1*- o^^^ ' ^ 
I j* j (fJiel Jll. ^ C&) A+B=A J ls *X& i I 4 A + B*R c& • wM 

. o^alJu : B = A J gup A^R 4 ^Jici Jll. 5 j^lj.5c^ (^^y 

Ajl Jo jj . i? U\±\ ^ik J ^LJlla A,B l ,B 7 ,...,B n aR > * * ^ 

* 1 JSI 0^ 

. t*x A,B l B 2 ...B n di 4 jUbUi. 45,. : 1 < 1 < n 



P (B)=y A =( B+A y A =y A <& ^j^^b^a 

(( B + A y A .= {b + a + A\beB,a<=A} = {b + A\beB} = B / A ) 
P( B A...B n ) = p(B x )p{B 1 )...p{B m ) 

=(%>(%)...(%)=% 

=> I— jUaUi. A,B x B 2 ...B n 
(*) (l-Y-^ ) ^UUUI ^ ^ Jli. jkil : n = 2 

t> t ^jjdx i5 i- l*x A-JaUla dlLJ\ju> A„+\ t ... ' ^2 ' A\ '. ft — > ft + 1 

(jli ^jxj . l*-o (jLaklrla A ] A 2 ...A n , A n+l J » JjiUa (J^-" 1 ^ ^ ' 

(A ] A 2 ...AJA n+l =(A l ...A n )nA n+l 

= (A l n...r^A n )nA n+l = A l n...nA n nA n+l 

rrn 



Ring Theory ouisdt£>j>Jii (^□^ilt) 



. (p~ x (A)*R 3 

p:R^ S / A 
x h-» (p(x) + A 

Vx,ye R : p(x + y) = (p(x + y) + A = cp{x) + q>(y) + A 

= (p(x) + A + (p{y) + A = p(x) + p(y) 
p(xy) = (p(xy) + A = (p(x)(p(y) + A = (<p(x) + A)((p(y) + A) 
= P(x)p(y) 

cO^Jj^j* P lP) 

( /? ) I hllVl 

Ker(p) = {xg R | (p(x) + A = A} 

: (V-V-^) pjAjjAjAj^ JjJaj jVlj 

(^) = %er(/>) " = 
jUlbj i JL> ° ! ^ ' ( U " r ^) ^ % <^)J S J^c\ J^A 

LaS a 2 = a (jl <^i) Z n SjSlt JjLo1« fj.^ic. a t m — 1 L&uAis n ^jfLJ : TT JtL» 
c> f jj^j^j* x I— » ax ^1 jll J t^ 6, u* Ji • ((^ ) > • JH» ^ 

rrv 



ii) t-lia. la^>«-a Luuuij * j j j ■ ^ ; (JjljI jialjjll j^piij (ji ^^ifc O&J} • L n L m 

. m — S Luaili n ^ 

x + kriL H> ax + nL 

x + fozZ = _y + At?Z 
=> 3z e Z : x + knz — y 

=> ^(y + AtzZ) = ay + riL — a(x + knz) + riL 

= ax + aknz + riL = ax + riL = (p{x + kriL) 

: = 3 a = 7 m = 3 i« = 4i«=l <jijl 

x = 7 + 4Z = 3 + 4Z = J7 

=^(x) = ?>(7 + 4Z) = 7 + 3Z = 4 + 3Z*0 + 3Z 
= 3 + 3Z = ^(3 + 4Z) = ^(y) 

Vx,j7e Z fa :^(x + ^Z + y + &nZ) = ^(x + y + A-rcZ) 

= a(x + y) + riL = ax + ay + nL 

= ax + riL + ay + riL = <p{x + &nZ) + (p{y + AnZ) 

^((x + kriL){y + kriL)) = (p(xy + ML) - axy + riL = a 2 xy + nL 

= axay + nL = (ax + riL){ay + riL) - (p(x + kriL)q>{y + kriL) 
L 



Ring Theory uOJUJi^o^ ^Wfu*2$) 



? CP<LZ> Z 4 c 2 % z u^Jl c> • 2 % z —5 m^Ij Jj^ ^0) 

( a \ a i\ 

uj^y a* ^ j> ^->a=^« / lA^j * R = { I a. g Z} o^jI (V) 

V fl 3 a 4j 

I (^ic. (jA jj . Aj2k j jll ( j.^linJl jt) (entries) <_J^^ <-^j jL-suJl £ia=>. 

%z ' %)z ' %6Z 

^^oJ^* Z[X] J JJ [X 2 +l] JU\ J J* i>J^ (°) 

((\ ,-r-y ) j o jis* . m.[X] ^j^lA-ii juji J J^v) Z[X] 

. Uli. ^ / = {/e Z[X] | /(0) = 0} 

: ^' M = %6Z^0) 
>/[6] M V[4] (-) 7[0] ( i ) 

m 



Y Z t z j/ ^.Ut jjc ^ . Z[i] ^ Uji Ull* oA / = [2 + 2z] J <> 6* •) 
JUu/J^o*^. /:={/eZ[X)]/(0)=2K,rteZ} o£J Z[X] ^(U) 

(annihilator of A) 

Ann(A):={re R\ra = Q \/a<= A} 

Vjuo&j £*?J1 JjJ* ^Ij ^jy£ +X+ ^ ^ ^ fr^ ^ r ) 

i'iii j i? ^ ^llo jxj^»'| <-«.*a . a-la. jll l$J (_>ai3 4 Jlj] 31k. /? tjSjl (H) 

j ^ oaj^ r j> / u^j ' ^ cP> ijj o °) 

. t VlJlLuii L1\a« (jjfLlJLU ^ 

x i— > 6x 

x i— » 5x 

t AjLc hi-.Jj t (^a. i_ijjt* ^ ,Z 4 ~~ * ^12 ^(jJl J ^ ^ 

X h-» 3x 



Ring Theory £Ui*li;^j>iii (4 puJi^2Ji) 



x M> 2x 

(Yr) 

? (i^- (OAjj^j* ^ 5 30 <J* (Y£) 

X h-> 6x 

t 9 ^ 7, 176, 825, 942, 116, 027, 21 1 J t> ^ °) 

. 1 1 ^yk. 3o..i«\l (JjLV <u£J 
. 99 Je. ^-ai 9, 897, 654, 527, 609, 877 fSj» J i> t>jj (n) 

(10 100 + 1)" (mod 3) « (2.10 75 + 2) 100 (mod 3) 
lij Aji jLnJ YH. u>l . talk; tf' iM£ (A-Y-1) YT Jli* ^ (YA) 

O^jl R' ^ S^jil j^ic ujSj/1) jjj&I ^-^L. fSUaj Ci-J R' 

x I— > 6x 

(^jj^' .-ill ^uil jill (j<a LllLk (jjal 
J "-»'ir . t>a JjSi O" UJ^ (J^ J**- l>> fj^ JJ*J*J* L$\ i) LS^- U* Ji (^) 

R\ (jjaSLaJl jJiLlAll i—lji^-ill JjuoLa. <— SJ*J . i?2 ' -^1 : t ^ —V— \ 

R l ®R 2 := {(a x ,a 2 ) \ a x e i? 15 a 2 e ft,} 

(a 1 ,a 2 ) + (Z? 1 ,^ 2 ):= {a x +b x ,a 2 +b 2 ), 
(«p«2)-(^i^2) := ( a A'«2^) 



(jjjiLJl _>jillAlt l_ljj-iall Jjk^aLa. (ji (j-o ^JSaJill J_Jjl5iS 

.Aik. j* R 2 i R\ (The direct product of the two rings) 

■4 — A a . f l 4_u« — ilL (fl ]5 fl 2 ) juVull (j-aj£.».nj i (0,0) (jjSLlui (JjL-all jjuajxll (ji 

(-a x ,-a 2 ) j*ob& > ^aJI 
^-{(O,^)^®^} . i?',;={(« 1 ,0)G^®^} ^ )xi : JUa.tal* TV-r-1 

: j» /?! . (projection) JaUL-VI <illi£ 

(q,a,)i-Kq,0) 

V(a, ,a 2 ),(b 1 ,b 2 )eR ] ®R 2 :p i ((a, , a 2 ) + (6, , b 2 )) = p, (a x + b„a 2 +b 2 ) 
= (a, + b, , 0) = (a, , 0) + (b x ,0) = p l (a, , a 2 ) + p l (b x ,b 2 ), 
Pi((a l ,a 2 )-( b M)=Pi( a i b l ,a 2 b 2 ) = (a l b { ,0) = (a l ,0).(b l ,0)=p l (a l ,a 2 ).p(b l ,b 2 ) 

!Tcr( J p 1 ) = {(fl I ,a 2 )e i?, ® R, \ p,{a x ,a 2 ) = (0,0)} 
= {(a 1 ,a 2 )Gi? 1 ®/? 2 |(fl 1 ,0) = (0,0)} 
= {(0,a 2 )Gi? 1 ®^ 2 } = i?' 2 

((A-Y-1 ) ^ U Jll.) ^ ® R 2 JJi^R^ J 

p 2 :R l ®^ ->/?' 2 
(«i,«2)^(0,a 2 ) 
Ker(p 2 ) = R\ <■ j^- <■ (pi <j* <3#— ^) (OAjj-j-j* ^2 



Ring Theory oUJbc)ii^j>lij ( to jEJt ( >..,«W) 



(a,,0) H-> «, 

: (<>Li) jAt (p x 

<p l (a l ,0) = <p ] (b l ,0)=>a l = Z>, => (a, , 0) = (6, , 0) 

V(^,0),(A,0)Gi?\:^,0)+(^,0)) = ^(^+A,0) = ^+A=^(^,0)+^,0) 
ft ((a, , 0).(6, , 0)) = q\ (a& , 0) = a,b x = cp x (a, , 0).fl (Z>, , 0) 

(a 1 ,fl 2 ) = (a,,0) + (0,a 2 ) 
: (0,0)e^®/2, j* /?' 2 ^ >Vl j R\ J Ua^I oij^ M> i J^U 
Va, e 7?, Va 2 e 7^ : (a, , 0).(0, a 2 ) = (a, 0, 0a 2 ) = (0, 0) 



' i?2 ' -^1 '"'^^^ jjill<ii! (-J_>jJall (Jju-aW jjC jixj (ji ^'i'^-j ALl^J (— 

ti3KLSSil . R l ®R 2 ®...®R n i_ijjjaSi ^ i?' n » ... t 

i?'„ si?„ « ... « R\ =R 2 « r^Uj^j^Vl) 

: cjL ^ Y \ 

(jjijjJ ji. (jjiialaJ ^liliAi) {Ji<-i1r> ^-S-j) AilaJ (JUL 

(The direct sum of two subrings) 
: JS 1^! Ri ' i?i 

(jjj. ^ift (Jj-ala£ oAla. j All jlaJ Aic. jjxJ R ^ j m'ir . <J£ ^ ) 

t x v y x e i£, ^ _>; = _>;, + y 2 <. x = x x + x 2 : Ji <^j=h *,}>e i? ^! ( Y ) 

: x 2 ,.y 2 e 
xy = O, + x 2 )(y x +y 2 ) = x x y x + x 2 y 2 

R = R X @R 2 

y^=^ ' y R =R2 cP R = R X ®R2 J* »j] 
(p:R x ®R 2 ^>R 2 



JC 2 6^ ' X X G R { <-JJa> c X = X x + X 2 Jiill 

: (J-Li) 



Ring Theory dUUbdli^&j (1 /.^« ri ...-ti ) 



Vx, + x 2 ,y x + y 2 G i?, ©.ft, : 

^ +^)+Cy, +^ 2 ))=^ +x 2 + y 2 )= x 2 +y 2 =0te +^)+^, +.v 2 )> 

#>((x, + JtjK^, + y 2 )) = <p(x x y x + x 2 y 2 ) = x 2 y 2 = <p(x x + x 2 )(p{y x + y 2 ) 



Ker((p) = {X; + x 2 | x, +x 2 e R x @R 2 ,(p(x x +x 2 ) = x 2 = 0} 
= {x,+0e R x ®R 2 } 
= {x, \x x e R X } = R X 



R >®V„,R, 

^jjiljll <_j^)*j jLalUj 



'R x ~ " 2 



y/:R x @R 2 R x 



no 



R ^ J^Ri ' #1 0) 

i? = 7? 1+ ^ 2 (r) 

(72,^ := {x,x 2 | x, g .K, , x 2 g tf 2 }) R X R 2 = {0} ( i ) 

• ( ^ ) ^ ■ ^"'J AiLLJI AjiSLLoll (j^ : Ajjjjj-b Ja j^iill : >lil 

JiLajJl ^jjloa. j (>j a + = a = + a J U&*j liili ae R ] niR 2 jl£ I i) 

(jfLli : Ja^jjill Au i u lU . £j_Jalj (V) Ja^iill . (Y) < _ y lc. (Jj^xajj ( fl = j ~ ■ '»* J 

: Uol . x 2 G i? 2 t x, G i?, 
x,x 2 = (x, +0)(0 + x 2 ) = x0 + 0x 2 =0 + = 

: J f jlm li* x 2 ,y 2 e 4 x,,^, G ^ x = X; +x 2 =y l +y 2 * XGi? 
lAh >■ u 1 ^ ^2 ' Ri <jV) y 2 — x 2 g R^ i x, - g i?, s3 • *i = J> 2 

JtHLj 4^2 ' i?l OH ^ jll j.nwtt jA j. null (Y) <> ^Slj . (i? ^ 

. fjua.j JiLuJ! ^jjljj t x 2 = y 2 4 x, = y i ui tji >> 2 -x 2 = = x, -y x : uj^ 

4 X^^Gi?, di^ 4 j; = ^+_y 2 4 X = X;+X 2 (jj X,yG R <jVlj 

: M .x 2 ,;; 2 Gi? 2 

xy = (x, + x 2 )( j;, + j; 2 ) = x, j;, + x,^ 2 + x 2 y x + x 2 y 2 
= x^, + + + x 2 y 2 = x,^ + x 2 j> 2 

(<) 

S:={(a,b,c)e R\a + b = c} 4 tf:=Z®Z®Z : > Jll> 

rn 



Ring Theory CtUJbJl^lat «^iU)t,»— 2)1) 



R (j-a Ajj_>^ Alia. 5 1 : <— ii! ji o* 

^ 5 J^Wj (0,1,1).(1,1,2) = (0,1,2)^5 (0,l,l),(U,2)eS : 

« Z®{0} ^ S^jll y^z- Uiu t (1, 1) j* Z®ZAikil ^ S^jll j^s. : Jafl 
. ^U. jjjiiiJ! jj) . (1, 1) ^jUtf (1,0) j* Z®Z 6- V>> t^j 

: j> JS ^ CA^. jll jjjc. : T 
Z®Z (m) Z ( i ) 

Q(.) Z 5 (-*) 
Z 4 ( j) Z®Q®Z 

(1, 1), (i,-i), (-1, 1), (-1,-1) M i.-H') 

Vq: O^gQ ( .> ) 1,2,3,4 (^) 

(1,^1),(1,^-1),(-1,^1),(-1^-1) V*eQ\{0} (-») 

: J 0* • ^ . R u^il : t 

<p:R®S-*R 
[ (a,b) h-» a 

<p:R -*R ®S 
a h-» (a,0) 

R®S=S®R {-^) 
(a,b),(c,d)GR®S ^ ( i ) . : *ll 



(p{(a, b) + (c,d)) = cp{a + c,b + d)-a + c = <p(a,b) + g?(c, d) 
(p{(a,b).{c,d)) = <p(ac,bd) = ac = (p(a,b)(p{c,d) 

a, be R <^?J (m) 
(p(a + b) = (a + b,0) = (a, 0) + (b, 0) = (p(a) + (p(b)\ 



<p(a) = <p(b) => (a,0) = (b,0) a = b => ^ jl ^1 j <p 



(p:R®S -> S®R 
(r,s)^(s,r) 

: (r l ,s l ),(r 2 ,s 2 )eR®S 

<P((r x ,s,) + (r 2 , s 2 )) = <p{r x + r 2 ,s x +s 2 ) = (s x +s 2 ,r x +r 2 ) 

= (s x , r x ) + (s 2 , r 2 ) = cp{r x , s x ) + (p{r 2 , s 2 ) 
(p((r x ,s x ).(r 2 ,s 2 )) = (p(r x r 2 ,s x s 2 ) = (s x s 2 ,r x r 2 ) = (s x ,r x ).(s 2 ,r 2 ) 

= <p(r x ,s x ).<p(r 2 ,s 2 ) 



y/:S®R-> R®S 
wo(p:R ®S ®S 

(1) 

(r,s)H>(r,s) 
(poy/:S ®R ->S ®R 

(2) 

(s ,r) (s ,r) 
R®S J* Sixjll J\ y/o<p = l S9s j ^ (1) 



#>(a6) = OZ>,0) = (a,0).(M) = (p(a).(p(b) 




f^Jh (__?.) 




Ring Theory GQJjJl^j^lii (to jUll|»-«5J() 



S ® R Jc s^jll pjj J (poy/ = l sm J ^ (2) 

((^jS t _>°^) (J^ 1 ^ 1 f-^'j Iff ' f^'j ^(1) L>* 

((^jj 4 J^-) (J-^-" ^ ' -^'j f^'j ^(7) (j- 4 

• f J«sjj-j^ ^ J^Wj (w ^j) ^ Oil 

<P : Z ® Z — > Z djU jjjjjx j-j$JI ( \ ) 

Oi^i '■ ^ J) 

: ^Vl£ <-ij*-ll p J M .(0, 1) ♦ (1, 0) 
^(1,0) = 1 , ^(0,1) = 1 

: JJ^J^J* ^ <J CH 3 ^ ' ^ JJ-^J* UJ^J 

#1,1) = p((l,0) + (0,1)) = ^(1,0) + ^(0,1) = 1 + 1 = 2, 
p(U) = rt(UMU)) = rtU)?(U) = (l)(l) = 1 

(... J^ij 

#j:Z®Z->Z®Z cjU jJj^^j^Sl ojc (Y) 

• (0, 1) ' (1, 0) ■liC' AjxjS AijxAJ LiA ^jjSj^jxj^Jl L^f" 1 • ^'-"j]) 

( ! ClLo jjSjj-a jA A-t-miJ (illjA 

^ Ulia aj2J=JI aSLJ! a jjSV di}^ Z ® Z AiiaJl ,> 2^> 2uk (r) 

z®z 

Z®Z ^ CjUiall ^ Qjft (£) 

: cjjl ji oA jj . (jjLl£l« o^^" -D2 ' D\ (j^J (o) 

Ulla t (Jifii jJ^i Z®Z ^ Uji Ulio 4 Z®Z ^ (Jifil Ulic (1) 

• Z®Z J JJ j^U«i 



^HJ jlliS. ^ AiSl « Uji LIU. jjlu, Jj! jjc, p pZ®{Q) 

litjJBiV «Z®{0} L&SH t> J 1 ^ cs ! o4 ^ JJ Z®{0} 

/ jcu . r j ls A»$t ^ ^ji . /?=z g ®z 30 osa (v) 

Z®Q®Z AjjL^II jail Qjo (A) 
. Z 3 ®Z 6 ^Sjill 

AjjLu tlllj AjIIAj] s_>-aj (jj^ Z 3 [/] 4jji*-a3l jJft (jl ^jJc. jAjJ *) 

? Z 2 ®Z 2 ®Z 2 ? Z 4 ® Z 2 ? Z 8 ij-jli e iA . 

o-jAjSl Jji J Jz. / = {(fl,0)|ae Z} o^l Z®Z ,>(n) 

jl Sixjll jjL^jc dJj <SLJ jLaj Ja j ? m^n dn*. Z n * Z m j^US 

(Z 2 ®Z 3 : jLij) 




Polynomial Rings ^lo^ 



Polynomial Rings JjAaJI oIjmS alib : ^JLUI uUi 
Polynomial Rings J$AaJI V 

(jl j^ij ' *SJ^] (^Aj ' a^jJl j.^iir. LJ liillk. JS i_sLll lift ^ 

(lJj$J| ASlaJl) t.i^K/i a\\ 

: ^K i. il l jjuxill ts-*^ ' ^ik j j ^aU r - a„ i ... i ai 4 ao oSJ 
/ = a + a,X + ... + a n X" 

tiipw "Ala-s jjc." 4 y dlXoU-a Q„ 4 ... 4 d\ ' «o J"^'<*\l ^...d ..ij-la. 

jjOAil Q^ift jUil \-x 

: uL ^ — ^ — Y 

">!." . Alk (> (i?[X],X,0 . ^ R c& 

ls*R J* ^ is^i i:R->R[X] , Ig ^[X] 

JS1 j 4 5 <ik JS1 : (universal) (V 11 ^ 1 ) ^ jSH <^UJI cjiaJS Lajoa X 
■1*1. t f >i j »».»>. «ft .kua^i iajj 4 <p:R^S f jjajj-jxjA t jceS 

(commutative) UU] ^Vl Jlill oj^j ' $(X)=x OjSj ^> O : i?[ X] -> S 




: ^jfcj Y-^-Y 

r<=Y 



Ring Theory CA2UliCkj>>iij ,1*0)1) 



j 4 R[X\ t> 4jj j?> J? jlaicl jSuu iV) (-^-IjJ AaJ j) l5 J ^ 'I J Z 

' «„ ^0 u) ' a ,a x ,...,a n e R UUi^^> ±±£ f e R[X]\{0} 

. f = a +a l X + ...+ a n X" i neN 
dip. R >^U& (a ,a,,a 2 ,...) dUI jU 4ik c& t'&* 

: ks&\ ^jjWI? uUb ^ m j*-s»M j • ke N <Ji«-l a t = 
(a ,a 1 ,a 2 ,...) + (& ,&p& 2 ,...) := (a +& ,a, +^,a 2 + Z> 2 ,...), 
(a , a,, Oj, ...).(&„ := (c ,c p c 2 ...) 

. (1, 0, 0, ...) »^ jl1 >-ajc AjII^j] Aik #[X] <jj£j Ij^j <d JiajJl 0^!J 

i : -» 

Va,be R: i(a+b) =(a+6,0,0,...,0) =(a,0,0,..,0)+(Z>,0,0,...,0) = i(a)+i(b) 
i(ab) = (ab, 0, 0, . . . , 0) = (a, 0, 0, . . . , 0).(b, 0, 0, . . . , 0) = z(a)i(£) 
i( fl ) = t (b) => (fl,0,0,...,0) = (6,0,0,...,0) => a = Z> 
. R[X] (^a t$j * i? (identify) <ji f jj*jj>° I C$j 
i_sjjju (>j X : = (0, 1, 0, 0, . . .) j* (ideterminate) X jjc. jjSLSj 

: ^Ic. J^J R[X] ^ <_j 

A r *=(0,0,...,0,l,0,...) * &e N 

r 

V/e : / := (a ,a„...,a„,0,...) = a + a t Z + ...+ a n X" 

. d n ^ ' /" ^ La-lic -ija.J (Jjlojll liA (ji ^uJaljj 



Polynomial Rings tyiall Ql>£ aU» : ^Ul wUI 



f = a +a l X + ... + a H X n ^ xg S <■ q>:R->S c£4 
(>a jiJU <d L£ * aeif JS1 <3>(<z) = 3 J^l 

0(f) = <t>(a + a ] X + ... + a n X n ) 

= 0>(a ) + 0(a,)0(X) + ... + <D(aJO(X n ) 
= O(flo) + JT) + ... + <E>(a„)<D(X)" 

= ^(a ) + ^(a,)x + ... + ^(a„K (*) 

. O (.jjSjjx j-a j^l Llla ffil jjifr <ji liA J 

t'ln'lj (*) ^ La£ $ (jlj t ^jjjjjxjx j$Jl lift Jla (J*i3L <ui (jVI '"'."'J 

V/ = a + a 1 X + ... + fl„X",g = Z ?0 +^ 1 X + ... = ^X" , Gi?[X]: 

<D(/+g)=o(« +i )o +(fl 1 +6 1 )x+...+( fl „+i ) jr+...+i ffl r) 

(m> n u' ^j*- 3 j^' (without any loss of generality) V 1 j- *^ uj-^) 
= Pfco + *>o) + <P(<h +k)x + ... + $?(a„ + b n )x n + ... + pfo,)*" 
= ^)+^ )+(^)+^))x+...+(^a)+^ n K 4-...+^)^ 

= (p(a ) + <p(a l )x+...+<p(a n )x n +(p(b ) + (p(b x )x+...+(p(b n )x n +... + (pQ) m )x m 
= <»(/) + 

*C&) = *((flo + a, + ... + a,*" X*b +b 1 x+...+ b n x n + ...b m x m )) 

= ®(a b + (ajb, + ai b )X + ... + a n b m X n+m ) 
= q>(a Q b Q ) + (p(a b x + a x b )x + ... + <p(a n b m )x" +m 

rot 



Ring Theory dUUfl^j&i (^WfuvZM) 



= <P(a )(p(b ) + rtajtptbjx + <p( ai )<p(b )x + ... + <p(a n )x"<p(b m )x m 

= ((p(a ) + <p(a l )x + ... + <p(a n )x")((p(b ) + <p(b i )x + ...+ <p(bjx m ) 
= *(/W*) 

: h Jaj r->-r 

(a part from isomorphism) 
(/?[F],7,^) « (/?[X],X,0 o^Jl Mu^l 




ja i q> ^ K >-i-JI Y i S AikJl : (1) "vLLJI <ui" ^ 

(1) "<Jj£Lall JxaJ tiuaJ O ^ jjSj^aj^jA Vil.^U oA 1 • ^AjjuJI Ja> 

<E>OZ = Af (1) 



Polynomial Rings djiftil alilt •. <>UUI wUI 



«a l <p ^ l lx j~ai*ll ^1.5 *ik» u* : (2) "cIaEiJI ^j 
4 U^j (2) "djL.ll 

Xj/OK-l (2) 
L(p <j» K ^ X i S aSLJI ^ ^[7] ^ >i Sj* : (3) "dJUl Ajui" ^ j 

(JjjLuil! O (jjiij jA 4 Ala. j ^jj&jjA j«jA JafJalU .iajja i^JLuuJl (Ja jA 

OoZ = /r (3) 

ji & (3) * (2) « (1) t> 
z = y/o®oi (4) 
k = Q>oi//ok (5) 
r lj l^j • «M (2) 4 (1) oALJ ^ <> jjSJl "dJidl <Lui" J ^ (4) 

!^ = W] (6) 
<Mf = W] (7) 

jS t JxLi) j^Vc. ^sjoiI j ^ t (ti^) .ial jl J puJ j O : (6) t> 
(<J.lU.i) Ja.ljl.la.lj fjj j ^ 4 (^jS 4 JxUi) j^lc. ^jj j O : (7)t> 

(dlilSLiil!) ^J^jjSjJ-ojjjVt c_lLjia (JjAj f JJa. j (JaJI (jj^Jj • J^i\ i_y J^* « 

... lj£*j i ^j 4lL*J Ja. ^ UiS jl^OU : *ia»al4 



Ring Theory GQJbJiju^iai ^♦tip...^ 



i *.la. jJl jA-aift tllli 4j1I.1i] ASia. R <j£jJ 

/ = 2 e * [X] 

: (deg (/)) (/) V t_i j»j 

d eg m J max{/GN: "<* 0} ' 

I— , f=0 

(The leading coefficient) Aui »SI J^mil a n / ^ AiU. ^ 
"1" j» iij-ll l«U~ j 15 'jj (normalized) " Ajuk* " ls +>A l^la / * Cifl* lilj 

. ASiaJl ^ sAa. jll j- -'«-- 

: AJasal* fl-^-Y 

: 1 eaa. jll jA^aic. till J t AjSI^j) ASia. R (j£jJ 

V/, g g R[X] : deg(/g) < deg(/) + deg(g) ( ^ ) 
UUS <_>*>! Ua5^ g . / _J jliij*!! ,£U*J . 0*f,ge R[X] c££ (*) 
deg(/g) = deg(/) + deg(g) : ^la jiato . 2? _I 

cUlSio jUai <(=> Jcl£i« jLLj (r) 

R J-lSl^UaS =>(J?[X])*=i?* (£) 
</S=0 u!*S = ji/=0 Ijj . f,g<=R[X] tjS^l : (Y) * (^) : *B 

. ( ^ ) AjjLilall ( jSajjj 

u) ^ a ,a l ,...,a n ,b ,b 1 ,...,b n eR ^ g*0 « />0 Ijjj 

m+« n m 

i=i i=i 1=1 



Polynomial Rings JjJAil aUU : ^UJI sdLU 



*+<=/ 

• deg(/g) = m + « c m+ „ = a m b n * 
(Y) t (\ ) t> gttis . 0*1 i-^jil W 5 ' y ^) ^ ' £ ( r ) 

: C J J* ^> • ^* <= 

(jl tiiiajj i fg = 1 <jj^ ^ g g ^i 5 • f g (R[X])* j£J 

. deg(/) + deg(g) = deg(/g) = deg(l) = 
d*fg=l uVj • f,geR J&ij • deg(/) = deg(g) = jli £ j-j 

fsR* 

(JUJl £x <ajuiS]I ) AauiSII "Ua jjl ja. '• jlaj 1 - ^ - T 

(Division Algorithm - Division with Remainder) 
.R[X] J JjiS /,g * jSlj <"1" jll j^ic Cj! j aJ:uI 4ik j£5 

. A: := max{0,ra - n + 1} t n := deg(g) « m := deg(/) j£J 
: jjfL tluaj <7,re IjjjjS ja. y -Ola i g S iijJl <jUl*-all j* & jl£ lij 

*>*/ = qg + r, deg(r) < deg(g) 

. oAja. j <jj£j 1 ■n^nK r i ^ jli i? 1 LsjjIS & j£j ^3 I j] 

f = qg + r,deg(r) < deg(#) 

deg(r) < deg(g) * b k f = qg + r u! ^ R[X\ 
! S jiSU* t_jjlk«ll J»-aj j i f = Qg + f o\* m < n CulS lil 



I Ring Theory GUJbdlC^&j g, M * t y- ■"") 



. deg(/")<m-l u! 

tjiiS ^1 jSl^Yi (_h>j2 u-j <■ deg(6/ - aX"'~' , g) < m -1 • / <^ 

< deg(/')<m-l a&^i ^',r'e7?[X] 
/ • = b m ~ l -" +l (bf - aX m -"g) = q'g + r'=> 
{ab m ' n X m - n + q ')g + r * = 6*/, k = m-n + l 

^ jj^a. CjIj^S r' t r i q' i q dulSj < — ! Ljji^> L»jJi 6^ ^ ^! (^) 
qg+r=b k f=q'g+r' t deg^^degfe) « deg(r) < deg(g) : u! ^ R[X] 

(q-qlg = r '- r, deg(r r) < deg(g) cP 

deg(r r) = deg(# - ? ') + deg(g) 

AjjLouJI <-_ij^j . cZ> = 1 jj ^n-wj CE R ^-Ji Ajli ,/? ^ a-ls. j b (jS. lil (V) 

: Jc c* ^ ft*/ = ^g + r 

/ = (c**)g + (c'r) 

. AjAjIs] Cilak- (^l-Jl £-« A-.ujiSII l$ja ^jiaj ^pll dilaLJl ( _ r <uau 

: til j£i V-l-V 

(jHai A3) d : i? \ {0} -> N jj i i? J-lSi. jlLi oj^ 11 ^ 
jlj^ic. a,fte \ {0} (jjjju^ijc. JS1 (jl£ !j) (Euclidean domain) ^.i>Ia| 

: ^ji, ^re 7? 
a = bq + r ( I ) 
r = J d{r)<d(b) (^) 



Polynomial Rings tyiaJI aIjmS dlil* : <jdUII wUI 



c/:Z\{0}->N 
«h->l«l 

^Ua 4 ojau-j ^4q,r CiiJ^^ u^j • j^ 1 - (V-^-Y) ^ (v) 4 ( i ) 
5 = 2.2+1 , 5 = 3.2 + (-1) 

Ojfr (E[X\,d) EJ j» oi* ^ • *:*[*]M0}->N ^ 4 ^ ^ (Y) 

/h*deg(/) 

(A*=£\{0} jV « 'J-^io o^^[X]((r)o-^-Y) j>) g^ia tsUai 

. Z[z] 9t ^ J . J*l£- jUai Z[z] := {m + we C I m,ne Z} (r) 
Va + z'Z>, c + ide Z[i] :a-c + i(b-d)e Z[i] , 

ac-bd + i(ad + be) e Z[z] 
ja j 1+ /O jll >^jc. l$J j t Z[/] . C j> V> AiL. Z[z] i$' 
^Ijill j> aJU. C uV Ajji^ll ^Jjill ^> Z[i] .illiS . + i0 tijL-yV 

(! JkC) AjjL-JI 

i ( \ ) o^j^i JiaJ lin^j J jll J (jjJa! jUaj Z[/] ji CiJdj ^ t5 A ? jj 

: ^YKJ^ I^J .(V-^-Y) J(<J) 

</:Z[i]\{0}-»N 

m + in\-^ m 2 + n 2 

, , </':C-»N 
: ia^U Uila (extension) d ja jl£ lilj 

a + h-> a 2 + 6 2 

Vz,weC:rf \zw) = d \z)d \w) 

w = c + id i z = a + ib c£A : $ 
d \zw) = d \(a + ib)(c + id)) = d \ac -bd + i(ad + bd)) 

= (ac-bd) 2 +(ad + bc) 2 



n 



Ring Theory CiGJLxiiSu^tis (^isn,**^) 



= {a 2 + b 2 )(c 2 +d 2 ) = d \z)d \w) 
Jj\ j . — = a + ib u! ^? a,be R ^ji z,we Z[i]\{0} ^ uV» j 

: Jic tUaais t 1 6-« |<— t |a-w|<— uj^? tij ^ Z jU^ 

^'(--(w + m)) = (a-m) 2 +(^-«) 2 <- + - = - 
h> 4 4 2 



2 

d(z-(m + in)w) = d (w) J '( (m + w)) < J (w) 



z = w(m + w) + (z-(m + in)w) 
= w q + r 

Ulio A C jSJ jVIj • R J ^-U JO- {0} ^fli-tll J ^1 j : flU >JI 

4 € A \ {0} Aa. jJ Ajj duaj /jeN J~ati*Jl kc j^ia-a . ,4 ?i {0} (j) 

^jSJ j < ^c. jAa^oll ai* ji nir. ji^ol & . Ajlla. t'unjl = ft 

.(00*^1 J^l) [a] c A o' e^'-J • rf ( a ) = k d 'V; «e ^ \ {0} 
<jl dnaj q,reR j^jj Z>£[a] i JS1 : ^ < ^c=[a] 0^ 

r=b-qa&A,d(r)<k J ^jH-y liAj * d(r)<d(a)=k j\ r = < b=qa+r 
A c [«] £%i b = qa i) ij\ t r = j^i ^ t>»j & ^j*^ <>sftj& ^ j 

• ^ = M u^^Wj 



Polynomial Rings »alj*iS <n\ii* ■, wUI 



: jj jfej ^ «-\-Y 

: ^,1 J\ R[X] Jj^Jl t^l j^S Aik (Y) 
</ :j ff[X]\{0}->N 

/ ^ deg(/) 

. JbOJ dibllia (jUaj (r) 

(A-1-Y) ^ YJti. : "(Y) <= (1)" : U jJl 
(1-t-Y) ^jJiill : "(r) (Y)" 

■•'0) <= ( r )" 

: Lll^J ^Vl Jlill iS» 



90 



(J-li) 

(A-Y-^) Yi Jli* . CAJli* iaai (_j jlau R (jl£ I j| ilia. QjSj R J* 



Ring Theory GliLJljojlai (to siiJl,»*-2]t) 



« A = [g] < i^r(0)=[/] . /,gG#[X] ^ <^= ^Ullo jUai 

. /(0)=0<=/6M$) ./=gft : Ae*[*] ^ <= [/]c[g] • 

: jli /(0) ^0 jlS I ij 4iV 
/ ^flo+o^ +...+« X" =^O(/-)-O(a )+O(a 1 ).O(X)+...+^).O(X)" 

XeKer(<S>) 

. O(a ) = l R (a ) = a * ^ «N uVj 
• /(0) = J^Wj • /e Ker(<&) ^ ^ j <*>(/) * J i*1 

^liliA) ^G^er(O) g(0)*0 . = /(0) = g(0)/z(0) : jVlj 

liAj * /z(0) = ' g(0)*0 ' (i^ R u^j • (g£ ^er(O) 

<■ h = qf u! Aw # g ^[^1 -^j^ ^ t>j ^ e ^er(O) = [/] J f jls-y 

ia.jj 4ji ^.^j liAj t f = gh = gqf : (jl lillaJ g g <ji <ji 

/*0 XEKer(®) = [f] c&.f(l-gq) = d^qzR[X] 

tji'^jg j I ji** ji g# = 1 J i$\ t l-gq = ' <J*^i* (i^j R u^j 
^ J( > Aik ^ |j| Ail j£js) A = [g]=R[X] • 

: kun^H 

AuL jjia. s jjjS ^.jj -oli iiiic . ^4 * {0} 4 yiio ^ c R[X] i K c££ 

. A = [f] : / G S-V^-j (normalized polynomial) 

/g ^[X]\{0} ^ Asia ^5 o-j « ^ •-^) i> 

jUil o^j -ola ' (! j) [afi = [/] : «e ^* cfV a& j . A = [/] : u! ^> 

rnr 



Polynomial Rings talj*£ dUla : <jJUJI wUI 

u,v<=K[X] ^ji-oli. [f] = A = [g] u! Aj- /,ge*pr] u^li] uVlj 

u,ve Ajla (>j g = vf i / =ug : u! 

/ * jVj « H jill t> -oi jOu K[X] . /(l-wv)=0 

■o /")li'' g ' f ojfi* L«.iic /= g t w = 1 jU £ (yij ug K (ji ' 1— w=0 <jli 

Zeros of polynomials : ^AflJI jlfrfli V-V 

: ug ^-Y-Y 

i=i 

lil / _J (zero) >iua <ij (superset of /?) <_U£i 4Sk ^ * _>-ai*] JUL 

. f(x) = ± a iX '=0 

;=1 

: Aj.1j4-4j Y-Y-Y 

ij^S ja.jS Ails jfcs& . /_! >^ ae 7? « /e * ULkj i? 

. f = (X-a)g d ^ ^[X] jjj* 

» i? ^ ^JL r jli ^ o-j • deg(r) < deg(X - a) = 1 * f = (X- a)g + r 

.f = (X-a)g :J = /(a) = r uj^ 

: k£j r-Y-Y 

. jli^Vl t> deg(/) jiSVl Wl 
. (Y-Y-Y) Ajai^U AjUiwVI t^ljjJl *l jSlmVb : £"jU >4l 
. jlJ U 1*1 o-J/uli fSi>j« /ei?\$} « ^jjII 1*1 /e I j) 

m 



I Ring Theory Ci\2i* r )\^ J &i (to 3tt)t^— 2)1) 

deg(g)<n l«J i geR[X]\{0} ^ J* c£Aj < «eN u^J 

2j l^J ^ ^Jj t n + 1 ^j-ill j> / I j) • jli^VI <> deg(g) JiSVl <^1c 1*1 
ge t R 3 a ji~a!l l$J / tiulS lit Ui ! U^jjl jtLol 

* deg(/)=d^(X-a)+deg(g) cP * uVj .f=(X-a)g uj& ^ 

g _J ji^ JSj 4 g — ! jiu^s ja a (jc. i_^3lkj/ — ! jii-a JSj i deg(g) = n u' is' 

^ (jxj 4 jjSVl j^Sft jli-aVl (>a ft l$J g *l jSluiVI (>a j3 . f — I jii-a jA 

. J&Vl jU^Vl 6- n + 1 \^fdfl 
: Aa^u t-Y-Y 

hu^U 4iU 4 b x ,...,b n g AT 4 USik-a l*K a,,...,o! n e A" < ilia, i? l j£jS 
. ie {\,...,n} /(c7,.) = Z>. « deg(/)<«-l u_& ^ f*K[X] 

(uniqueness) : 

J s^sUa gSij (V-Y-Y) ^jjJiilt t>ji deg(/ - g) < - 1 cP^&j'f-g 

f=gddf-g=o 

(Existence) j »». «il 

' (a t -a x )...{a.- a M )(«, - a M )...(a,-a n ) 

"j gjl jail JUVmiVI J a^A i >uS " : eiA J jiaJl a jJj£ ( _ s -oj-£ . 4jjI1»aJ1 (j.Vihn-Ul (jiLaj 

(Lagrange's interpolation polynomial) 

: AAlaj a-t-Y 

c7 2 +l>l jV i M ^ jli-i 1*1 o^l /:=X 2 +leR[X] ^1 sjs 



Polynomial Rings : t^UJI mUI 



(Polynomials of several undeterminates) db^a-^l j±. S.n»l« jj^aJ! di! j±& (Y) 
:/ :=XY e R[X ,Y ] Jli-ll Jc . JLJj\ o* ^ SuAe. Ai^ US 

. ae K /(a,0) = 
. ^ji^, ^ija i^i i? i jj fcu± (r-Y-Y) Jujksii (r) 

. «6 = (jjlj <iyaj bs R \ {0} jj^jc. . i? ^ bjixo LuJi a ^ (jSJ 

. Z> . oiji^ll oil 4 JjVl ^jil / :=aX e ] Jj^JI 

: <-L jkj 1- Y- Y 

. / := J a, A" e u^j ^ jB >^ 1*1 aJU! aSU jSl 

f:R->R 



1=1 



*•-»/(■*) = 2- a .-* 

1=0 

: 0*1* V-Y-Y 

ji .o l 'lul l (j^ .Ij-la-a Ale. (j^i Aj jSLo (j^J ' jJl J' "*'"* l$J AjII^j] Alia. 7? tj^il 

n 

jj^a. SjjoS (^al ^[A 7 ] ^ / ^=Y\ (X z 3 ±A\ i jjoS (jla ijAic. .a„ 4 ... t a\ 

1=1 

• / = u' Ci' ' X G £J-*?J /(x) = (j^l 4 ji^all Aj jL^ CLlou] Ajjim 
^ JUJ ^ US (JiUaV! Jc VI U jUSbI o^J V Jj-iaJl di j££a ^ jj L£, 
4 j^UJl j> ^UjV joc c> Oj^j tSLki I j) jjSl .(Analysis) J^kil! 

g 4 ^ JjA^ll ^JJjS LuJ j (jlS I jj (jjJJjluiixi (jlj j£j g- 4 f J ^PjjjS jli 

: Aj»Ia^ AJlaj A- Y- Y 

0>:Q[X]^M 

/ >-» /(* ) 



rnn 



I Ring Theory ^LibJl^u^j (^iUJln— ill) 

: j&JMLjf :=a Q +a x X +... + a n X n c& ■ iM 
(p(f) = a (i + a x 7C + ... + aX 

a Q = a x = ... = a n = <jl£ ^ « + a x 7t + ...+ a n K n = 
(^.1 jl j) ^jUI fjJj <p < Ker(<p) = {0} jli ^^Uj 

=> « X j/ } ^(Q[I]) 

J 2^ Q[ % } = Q[X] u! ^ o-j 

Q[X] = ^(Q[X]) 
X <->/r 

(A^ili) ^j^i cii nj* ^j^Ji oijis Aik y» p((2XD ^ 

|j| iaiiaj ^IS IjJ jL-ll cjjLuu a n X" + ...+ a,X + a e R[X] jjiaJI ( 1 ) 

/ = 0,1 « * a, = 

ij^iS oli 4 « 3 o^. t> /(X),g(X)e JR[Z] ^ i? aSLJ ^ (^) 

. 8 4^11 1*1 0* f(X)g(X) *y±* 
SjSS ^ 4 « 3 oA> i> ),g(AT)e c^lS la! i? <Si=JI ^ ( ^ ) 

. 7 *?o^ (> U3b JjSj / (X )g(X ) ^ 
Ol^U ( j ) « (_^) , M « ( i ) 

. 2 jL-JI \^f=X- 2 J j^Jl oAj 

nv 



Polynomial Rings djAall Qlil* : ^Ul wUI 



« /(X):=3X 4 + 2Z + 4 u>J-^j t-^ 6 ^ : r 
f(X),g(X)e(y 5Z )[X] J^ta g(X):=2X 3 +4> 2 +3X+2 

/(X) + = 3X 4 + 2X 3 + 4X 2 + 5X + 6 

= 3X* + 2X 3 +4X 2 +1 (0 = 5) 

/(Z).g(X) = 6X 7 + UX 6 + 9X 5 + 6X 4 + 4X 4 + SX 3 + 6X 2 + 4X + SX 3 
+ 16X 2 + UX + 8 = X 7 + 2X 6 + 4X 5 + X 3 + 2X 2 + X + 3 

^jjajj^j^j^Jl (p jl£ lij : i iltl» 

X h-> 2,a h->a 

?((X 4 + 2>)(X 3 -3> 2 +3)) ^ ? : <^Z>^^7Z_ w 

^(X 2 +3) = 2 2 +3 = 4 + 3 = 7 = (t):J*» 

#>((X 4 + 2X).(X 3 -3X 2 +3)) = p(X 4 + 2>).p(X 3 -3X 2 +3) {Jj 

= (81 + 6).(27 -27 + 3) = (87).(3) = (3).(3) = 9 = 2 

<p:Q[X]^>R 

( ^7 ) a! jj j^Uc 6 i^jl . Jh-)5 j» jja jj* >« jail Ly-il (j^J : 

( e Ker(<p) L»3b <ui ^?(0) = J <j j - :a: ^ f j^jj- (p ) d : ii=?! 

X-5eis:er(^) J ^ . <p(X-5) = 5-5 = 
X 2 - 25 e ^er(^) J . p(X 2 - 25) = 5 2 - 5 2 = 



Ring Theory £UJbJ!Svj>ki (4a 5isi(^5Ji) 



* X 2 + X-30 = (X-5)(X + 6) i X A -625 « X' -125 lMWj 
. (p) >\ J i ... , X 2 -9X + 20 = (X-5)(X-4) 

: ^Vl (Fermat's Little Theorem) » jj**-all cjU ja : 1 Jll* 

a^ 1 = l(mod /?), a & 0(mod p) : J <ji 
^(X 231 +3X 117 -2X 53 +1) i-jLmoJ ijpuA\ iiiL. ja f ^LJ 

(p{X 231 +3X 117 - 2X 57 + 1) = (3) 23 ' +3(3)' 17 -2(3) 53 +1 
= (3 4 )" (3) 3 + 3(3 4 ) 29 (3) - 2(3 4 ) 13 (3) + 1 
^ (1)(27) + 3(1)(3) - (2)(1)(3) + 1 

S jjt > Kill dilxji ~<iJ)oa ^ p = 5 jIjjcIj 

= 2 + 4-6 + l = l(mod5) 

^ AjjVI JjiaJ! 0JJj£ jlijL-al £J-a=>. ■!?> jl ej,l»»^l (JjLajS ^JjJij ft 1 V) ■ nb : V tjlld 

. z/ 

■ /5Z 

/ :=2X 219 +3X 74 + 2X 57 + 3X 44 

jji (_H3J»J (jVI J • -i j^aJl X = (ji ^ial J • p = 5 I J 

Jj-aaj cjLo ja Ajjlij ti^^j X ^ 0(mod /?) 
f = 2(X 4 ) 54 X 3 +3(X 4 ) 18 X 2 +2(X 4 ) 19 X + 3(X 4 ) n 
= (2)(1)X 3 + (3)(1)X 2 + (2)(1) X + (3)0) 



Polynomial Rings ijiai) <^b*£ dU» : ^JUJI *L1\ 

= 2X 3 +3X 2 + 2X + 3=0 

=> 2X(X 2 + 1) + 3(X 2 + 1) = => (X 2 + l)(2X + 3) = 
=> X 2 = -1 = 4(mod 5) J 2X = -3 = 2(mod 5) 
^X = 2(mod5) ji X = 3(mod5) ji X = l(mod5) 

3 i 2 i 1 i AjjllaJl jjiaJl ji] 

(^/ Z )[X] ^ ^l^jJl ^ J*jl : A Jll. 
O-J • 0) (( A ~^) J^) Jjl ^ 7 jV Z ^ ^j! Jli. 7Z : jV 

(n-r-i) juibj . z ^ ^1 yn. 7Z ol& (W H-r-^) 

: ^j^i Aii^kj iULw Z,/ . 6 4 ... 4 2 t 1 : ,jA tsi l^c U 

. 5L.IS1. UOu ^ ^ («\-r->) z ^ JJ 7Z J Lbij 

■(^Pl J W X 2 +3Z+2 jj^I! ' 0J ^ J c> o*^ : ^ ^ 

.sUaauall JjiaJl bjjoSI jlix^ai l$K 5 ' 4 * 2 ' 1 (ji gVni.i) ^iLx3l (jiujsijlU : Jail 

t (A-r-l ) ^ ) Jll.) Uji Tjjc o-jl 6 ^-^L. t&Li ^ ^ J ^Lu 

: J j> ji ((1— V— > ) 

= 2.3, 2*6*3 

rv. 



Ring Theory GllUJiiAJ^laj (t ^lU1|fc«2]1) 



(r-Y-Y) ^>3ll . tSU^ ^ (% z )[*] ((^) °^ 

^PG ^ ojj-^ g(X):=3X+2 < f(X)-X'+2X+4 c& - 

. A^iill ^Lj t g(Z) Js. j{X) £ jli. aJfr . 

: ^VIS A^all ^ jaj : Jail 



2X 2 +2X + 1 



3X + 2 



(2.3 = 6 = 1) 
(-4 = 6) 

(-2 = 3) 



X 3 +2X + 4 
X'+4X 2 



6X 2 +2X + 4 
6X 2 +4X 



3X + 4 
3X + 2 



. 2 ^S3l * 2X 2 +2X + 1 ja %auj!I c jU J ^1 

(2X + 1) 2 =4X 2 +4X + I = 1 : jWiiiM! 

• ( %Z )[X] ^ ^2X + \JJ 

/(o) = »j) ' /(X)g^[X] * -Cii- jjfc ilia. F (jSJ : n Jft. 

. / (X) = jjt t> . as F _>^U*JI (> ts 3l 4 # 



Polynomial Rings dlite : ^Ul mUI 



ij^S <1 jla t iUl£lo laLkj R |j| Aii (r-Y-Y) 4jjiull i> ^ : <'M 

. /(X) = uj^ ti' 1 '<j>^> ^1 uj^ u' ' (finite) 

1 1 , 11 

t> jiUlt + i (X-—) u 1 cr^ ^J^ 1 ' a J^ UiJ^ ~— ' — : 

/(X) = 6(X + ±)(X _ I) = 6X 2 - X - 1 

./ :=a n X" +a n ^X"- [ +... + a eF[X] ' F ■ " ^ 

jlS IjJ iaaSj jl£ li}/ JJjc- t> J-k. X- 1 J jj 

fl » + fl «-i + ••• + «„ =° 
SjjjS JxIjc <> 5L.lt 1-1 jlS lij (Y-Y-Y) VjgoMl ^ Uij L»S : >4t 

• f = (X— 1) g UJ^J ' * ■' § J J- 1 *" -^J^ ' ./" Jj-iaJl 

a :=a(modm) ' « ^"-» J-ie <_sVj iLa- Uj^.^i fjuc. m ^\ '• ^ e 
^:Zm^(% z )[X] 

a n X n + a n _,X"' ] + ... + a H> a „X" + a n _,X n ~ l + ... + a 

(3^ f jpjj^j^j* 



Ring Theory oUJbellSvj^u (i puit|»-JiJI) 



Va X " + a„_ 1 X - 1 + ... + a ,b m X m + b m _ x X m ~ x + ... + b eZ[X],m>n: 

<p{a n X n + a n _ x X n ~ X + + « + b m X m + Z^X"- 1 + ... + 6 ) 

= ^ m X m -fZ^X '"-'+... + (« +(a n _ }+ b n _ l )X"- l + ... + a +b ) 

= 5.*" + ^- 1 ^ m ~ 1 + - + d^+b'nW + (fl^+V,)^"- 1 + •••+ ao + 60 

= 6 X m +b m _ l X m - i +... + b Q +a n X" + a n _ l X'" i +... + a 

= ^(a„X" + ^..X"- 1 + ... + a ) + ^ ra X m + b m _ x X^ + ... + b ) . 

p((a„X " + «, _ X X + ... + a )(Z> m X - +^_^ m ~ x + ... + 6 )) 

= <p(a n b m X" +m + («A-. + ^-A)^"' + ■■• + *A) 

= + (a„^_ 1+ a„^JX— + ... + 

= (a X" + a^X"" 1 + ... + a )(b m X m + b m _ x X mA + ... + 6 ) 

= (p(a n X n +a n „ l X"->+... + a Mb m X m +b m JC m ' { + ... + 6 ) 

<p(l) = T 

(/?-l)! = -l(mod /?) : j <Jc- OA jj t p > 1 JJc jSi : ^ Jll* 

(Wilson's Theorem uj^j ^j^ 3 ) .P ^] j ' ^ 

: ' a - -1 : jli iiiic. . ^ AT : t 'jJk »11 

aeAT* 

Af |a = a -1 } 

= {aGr*|a 2 =l} 



rvr 



Polynomial Rings talj*£ Qttlfr : ^Ull wUI 



Yl « = n a 1 e^'j 

J jJeJl a jjoS] t ji^a a jlS I j] iaaS j jl£ I jl M ^ £-1) CLG K 

. - 1 « + l JoSa olji- ^ X 2 - le ^[X] jj^I! ij&j .X 2 -le jqX] 

• ]~I a = -1 u' 2^ i>j 



1.2.../7 — 1 = -1 => 1 .2....(/? — 1) = — 1 

(/?-l)! = -l(mod/?) jlcsi 

: p Jj jjc -d ^ : ^ V J&a 

(p-2)\ = l(modp) 

Q>-l).(/>-2)! = -l(mod/0 
^3kN:[(^- - 2) !+ 1] = pk 
=> 3k s N : p.Q? - 2) !- O - 2)! = -1 + pk 
=>3keN:(p-2)\ = p[-k + (p-2)\] + l 
=>(/7-2)!sl(mod/7) 

(50!) 2 = -l(modl01) J c> 6* : ^ A 

(50!) 2 =(50!)(-l)(-2)...(-50) 
s (50!)(100)(99)...(51)(modl01) 
s(100)!(modl01)s-l(modl01) 

: J J i X 2 +1 Jj^l SjiS 0- JI) J&A ji, [X 2 +1] 



Ring Theory CASJbJl^jlij ( w "''* w p ..«>>) 



[X 2 +1] = {/:(X 2 +1)|/gM[X]} 

: (jli ijiic. 

R[X /[x 2 +i ] = {g +[x 2 = {aX +b +[x 2 +1] 1 a > b G M} 

■ .»<< J ^jh'mi Uili IR[X] .ij^ SjiS aJ g Ciil£ |j) AjV 

J cffl deg(r) < 2 jl r = o=> j^JI j ^ j ■ X 2 + 1 ^ g Jj^ 1 

: (jli IjSaj «,Z?e R dua. r = aX + Z> 

g + [X 2 + 1] = q(X 2 + 1) + r + [X 2 + 1] = r + [X 2 + 1] 

.?(X 2 +1) *JI [X 2 + l] JUJi uV 



X 2 +1 + [X 2 +1] = + [X 2 +1] 

(X + 3 + [X 2 + 1]).(2X + 5 + [X 2 + 1]) 
= 2X 2 +11X + 15 + [X 2 +1] 
= 2(X 2 +1) + 11X + 13 + [X 2 +1] 
= 11X + 13 + [X 2 +1] 



(jli Jli-ol! (Jjjlui (jlfcj 



J ^ (jAjj : Y » Jll» 



p:Q[X]-*Q[V2] 

/> ^ p(y/2) 

rvo 



Polynomial Rings alib : ^LUI uUI 



V/7, ^ g Q[X] : + q) = (p + q){^2) = p(^2) + q(^2) = <p(p) + <p{q) 

¥J>4) = <J>4)tJ2) = P(j2).q(fi) = (p{p).9(q) 
(p{\) = 1 

: a + bXe Q[X] ^ a + bjle Q(V2) J£l : (J-li) j-te 
^(a + Z)X) = a + 6%/2 

( ^? ) si jj > hn-.'i 

&(^):={^eQ[Z]|^(V2) = 0} 

Ker((p) = [X 2 -2] 

<p(X 2 -2) = 2-2 = uV [X 2 -2]<ziCer(p) J cH*< j 
: ^ c^aaJ AjjjISVI ^auoSIIj j^G Ker(<p) (jSJ : i^r(^) c[X 2 -2] <J tr^ U* 
^ = #(X 2 -2) + rX + s 

r,5G Q * g g Q[X] <^ 
(lAj^ 1 ur* 1 ^j- 2 uj^ u' 1 s-^j X 2 -2 tjlc p ja rX + s) 

^ p(j2) = q.0 + ryf2+s = (peKer(g>) 
= 0,5 = 

z>p = 9 (I 2 -2), 9€ Q[J] 

&0)c[X 2 -2] J^l 
«% ; _ 2] = «%^«*,) = <*/2] 

rvn 



Ring Theory CiQJbellSvjjlsu (to 3lSJ1|«-. 21t> 

. R[X] J ^\ yil. o^l /[X] uj 
A-r->) j>) Z ^ JH. 2Z / = [2] JUJI c Z AiLJl ^ : ifefi 
(Z ^ ^\ 2Z ((V) 1 Y-r->) a- 4 Z ^ Jji 2Z (0) 

: ^VK /[X] 

7[X]:={/ :/ :=a +a,Z +...+fl/",«eN,2" |a , a n ,m e N\{0}} 

Ie[2,I] a' < XeI[X] J £^ j 

7[J]c[2,X]cZ[X] 

, 2e [2X] 4 2g[2,XJ ^ t [%X\={2X\ : $ < J o4 [2X\ 

4 1gZ[X] !*S-a . [2,X]cZ[Z] <i* ^ • ze[2,X] :ze[2X] ^ 
• 1=2./+Xg J ^ f,ge%[X] le[2,Xj ^ • teM 

: uV1jg:=6 +Z^+...+Z> m X m </ -s^X +... + « X" ^ 
1 = 2(a + a,X + ...+ a n X n ) + X(b + b x X + ... + b m X m ) 

, 1 

=^l = 2a =>a =- 

(Z> ,...,a ra g Z cdliS) a ,...,a„ g Z o*&£ Ijaj 
[2X]c[2,X]cZ[Z] 

rvv 



Polynomial Rings i$A*i\ ■. ^jUII «dUf 



f\a) = * f(a) = ul£ IjJ . R[X] J J{X) ■ J&. 

. XX) _J ^la (^-«) 2 J c> c>j* ' ( ^= « Xc-AX) ^ J* /'(«) ) 
jjia. a jiS Aa.jj <ui ^^a^jsj /(a) = : (Y-Y-Y) ^ : flU >4> 

^ulL ^>1J lU^I *l j-W uVl j • f = (X-a)g : u! ^ g(X)e R[X] 

: J* S^XJ] 

f< = (X-a)g'+g 
^> = f\a) = (a - a)g •+ g(a) => g(a) = 
: a 1 d^j A(JT)eM[JT] Jj^ Sju* (Y-Y-Y) Aj^SII o- 

. / = (X-a) 2 /z : ul^O-j. g = (X-a)/* 
. 0*Aa&l Jj Z[X] J [X] J&Ji J c> c> ^ : JH, 
p:Z[X]^Z 

/ = a + a l X + ... + a n X" h-> a 

: f,ge Z[X] oljl : ^j^jxjA p 

/ :=a +Vr +...+flI",g :=b,+b x X +...+b m X m ,a ,...,a n ,b ,...,b m 6 Z 
ft/" +S) = M H + («, +b l )X+...+(a n +b)X" +b n+x X n+1 +...+b m X m ) 

(n<m Uiki (without any loss of generality) V s ^Sa ^jj^j) 
= a +b =q>(f) + <p(g) 
<P(f-g) = <P((a +aX+... + a n X " ).(b +bX + ... + b m X m )) 

= ^(c + Cl X + ... + C „ +m X" + "'), C ,. =£ 



7=0 



= c o = a A = <p(f)-<p(g) 



rvA 



I Ring Theory CiUJbJljvj>lij (^ililt,*^) 

L— Z _ 

. (Z 

= V e +...+« X e Z) | ^) =a = 0} 

= {a 1 X + a 2 X"+... + a n X" | g Z} 

=[X\ 

[X\ J (U -r- 1 ! ) « ) t> juij <ili !^ o-Jj J-ISL. JLkj Z uVj 

. z[X] j ^\ un. o-jj z[X] 

. ^Allal jUaj jA JSa> ,j\ Jl ^Jc <jA jj : Yft J&4 

(v-i-Y) ^ sU«Jl ^L^JL (JS=Jl ja is:) c?:^\{0}->N 

J:ii:\{0}->N 
a h-» 

: uiSi J a,beK\ {0} ciV j 

a = aft -1 b 

. r = 0,q = ab~ l j_&> a = qb + r <j j^Ljj 

rvi 



Polynomial Rings j^aaJI u\iia> ■. ^Ull uUI 



5j^]aj3l jj-nj t (J-i^is) ijU=>j jA (ji o' f^ 3 " ijjA**^ (Jli-all (j-a : £*M >llt 

. axilla ^''J* ' AjjjiLJ dlUllia (jUaj jA (_g,1j\M (j^-^ <J^ ^ — ^) 

. ^jJlJ jA jjil t t> JjSj {0} tPHJl . ^ » {0} : 0^1311 

: "1" >-5«ll t> JljSj i: t5 HUl 
Vxe £:jc = l.;ce[l] 
^ jll junk cj! j aJIjuI ^ Uj! Uli* j jLn! Vli. u>! : TV Jl» 

e^ijfl . / (X )e / u! ' Z[Z] *SkH ^ ^ J±J& g (X) 

h(X)sZ[X] o±*Af(X)g(X)=Xh(X) j 

f(X):=a Q + ai X +... + a n X n ,a n ±0, 
g(X):=b +b l X +... + b m X m ,b m ±0, 
h(X):=c + Cl X +...+c p X p ,c p *0 . 

/WgW = ^ w => 

( flo + ^+...+ar)(i, +& 1 i+...+4j)=i(c 0+c ,i+...+ Cp r) 

=> a Z> = => a = jt 6 = 

=0^f(X)=a l X+a 2 X 2 +...+aT =X(a x +a 2 X+...+a n X"- 1 )eI 
b =0^g(X) =b x X+b 2 X 2 +...+b m X m =X$ +b 2 X+...+bjr~')eI JlaJU, 
f(X)g(X)eI=>f(X)eI j g(X)Gl (1) : & l^j 



Ring Theory CAUbJiCXjjlii (c ^iai^2Jl) 



. 2s? [X] c& ' 2e Z[X] JUJl ^ t I = [X]*Z[X] J ^ jj 
jVj 2 = /*(X)X : J h(X)eZ[X] ^ AjlS 2g[X] ^ 

: oli (((^) -Y) 4 J-lSla jlkj Z) J-lfi- 
deg(2) = deg/z(X) + deg(X) 

=> > 1 (_>i»aUj liA j 

2^[X],2eZ[X] (2) 

• %[X} J JJ [X] J & (2) « (1) <> 
: Z[X] ^ Uli. ^ [Zj J ^ V! j 
: ^ 2 * t> Jlji-B [X, 2] JliJl 
[X]d[X,2]<zI[X] 

2g[X] « 2e[X,2] uV 
^ [jq JULj YY Ji* lg[X,2] 4 leZ[X] ^ 

oU jJl ^ . Z[X] J ^ Liti* 

(Y £ Jlla £-« JjlS) 

-X) i>J ' ci^! jUrf J (A-^-Y) r Jllc <> ^Lu : ,')U w» 

<jj£j dii^j a,&eZ JUIUj . (JLiUUla (JLLi ^jSj (^-1 

: u^lj • 7 = [a + W] 

a 2 +b 2 + 1 = (a + bi)(a-bi) + 1 = I => a 2 +b 2 e I 

c,d<=Z tfV u^j 

c = ^ 1 (a 2 +Z? 2 ) + r 1 ,0<r 1 <a 2 + fr 2 
-q 2 (a 2 +b 2 ) + r 2 ,0<r 2 <a 2 +b 2 



Polynomial Rings dgdall atjuS : <jiUi\ wl*it | 

c + di + I = q^(a 2 +b 2 ) + r l + iq 2 (a 2 + b 2 ) + ir 2 + / 
= r x + j> 2 + / 

^(a n Z B + ... + a ) = <p(a n )X "+... + <p(a ) 

Va„Z n +... + « , ^X w + ... + 6 Gi?[Z] 

^(a a X"+... + a +^X'"+... + ^) 

= ^ m X m +... + (fl n +^)X''+... + Z ?0 + a ) 
R[X\ 

_ = <p(b m )X m +...+<p(a n +b n )X''+... + <p(b +a ) 
(p <_jj_)*j 

= <p(b m )X m +...+ (p(a n )X n + <p(b n )X" +...+<p(b H<p(a ) 

= <p(a n )X" + ... + «Ka ) + g)(bJX m + ...+<p(b ) 
R[X] 

= <p{a n X n + ... + a ) + (p{b m X m + ... + b ) (1) 

<p((a n X"+...+ a )(b m X m +...+b )) 

= <p(a n b m X*+ m + ... + a b ) 
R[X] 



Ring Theory uiQJbJi^laj 2)1) 



= <p(a n b n XX n+m ) + -+<P(a bo) 

= <p(a n )<p(b m )X" +m +... + <p(a )<p(bo) 

= (^jr+... + ^ ))(#jr+...+# )) 

R[X] 

= <p(aX n +...+ a )<p(b m X m + ... + b ) (2) 

(l 5m =1 * ' W]=l« <#) ^(V]) = V] ( 3 ) ^ ^( 1 «) = 1 s oVj 

• f j^j^j-j* ^ (3) ' (2) i (1) <> 

: f . lSH. 

. jUKLiox S[X\ t jli * jiiKLiLo jiiak 5 < R cLul£ 13! <ui ^ jj 
jj^Jl till ji&l (^LlXJI) AiLuJI ^ikludi.a. : flU jJI 



C 



111 (1) 



te" 1 ^ 11. 



C-2} 



R 



c 



111 



4 



■> [X]if\ X3 



■> [X]S. X3 



(3) ^ 




-r- I i 5[Xl 



rAr 



Polynomial Rings >a\j*ii ■. ^JUJI hUI 

. X ^ X ^.jjj . UI^J jiai 
.XJX ^jij . u\±\ J^ill 

. X ^gi X ^JJJ ■ tjil^jj O J* 

L&iJIj (2) ' (1) i> UJ^ 51 ljfA-] ' Ir[X] LB^jPjAJ*^ O^J 

(jaij T l O jl t'lj-t (j-a J . jjjjll^j] i—lijjjll (3) t (2) (j-a tjj^-all 

0^ = l S[jr] (4) < ^ = 1^(3) jjjSii^jUj^ 

(f>«lc-) XaUi LuJj ^ j t jl j LajJj O (jjfL (3) {y> 
(t^alfi.) !l*Li LajJj Oc.la.lj5 ti*.l J Uxulj jj^J (4) C>J 

. ^ jj3j>aj jji ( Iff (illiS) O ( V kdij^) f J^J>° i*J* $ 

Va,&6R\{0}:</(a)<</(a6) 

we J (jlc . ae i?\{0} 5^=J ji^Vi ja J(l) J ^ 6* j* 

: Li*ii a€ \ {0} : f'M 

d{\)<d{\a) = d{a) (1) 

: SJa- j UE R lial ji J*J u^ 1 J 

d(u)<d(uu~ l ) = d(l) (2) 

rf(u)=l u'gSL (2) . (1) 6- 



Ring Theory uUWi^lai ^Wf^M) 



g,re R ^.jj *u*J& ki^jjjs^ . d(u) = d{\) (j) tiyaj u e R jl£ lj) i^&JLj 

l=a« + r, r = ji d{r)<d{u) 
d{r)<d{u) * *e i?\{0} ^ 4*) >-»^ j* 4") = 41) u^j 
. s.a».j w jjSj l=qu : j' • r = J <Okj X^"""* 

VaG^\{0}:c/(l)<J(a) (i) 
Vae#\{0,l}:rf(l)<</(» M 

V# e R \ {0} ,a£ R* (i^j o4) • d{\)< d(a) (-^) 

: J»ll 

41) = 4a) ^ j ti' u_£ ^ J tt-u (m) 

i n ( a.) 

^ (Z[i],d) > ^jjsyi jUaiii <jj£ n jii. gstu ^ : rr 

d:Z[/]\{0}->N 

m + in\-> m 2 + n 2 

. +/ t ±1 ^ ^ Z[z] i^L*, J Jc, (U-Y-r) r» r ^ J : JaJl 

j(i) = ^(i) = i 2 = \,d{-\) = rf(-o = (-1) 2 = l 

. O&m + ine Z[i] <±ya. c/(m + /«) c& >^>Vl ja 41) J 



Polynomial Rings jjaaII alib : (jJUII uUI 

jjiJI s j^si T jL^ ae E j^j ' E JS*. 6* 515* F ^! ( ' ) 
h(X):=f(X)g(X) ijsi fji^ « ' f(X)eF[X] 

g(X)eF[X] ^ 

Ac j^u JIB ij^jc. 4 / (X) 6 jl£ j 4 E Ji*. t> tp ja> ilSa. F (jlS I jj ((_>) 

F\X] J Uli. /(or) = 0o!^ /W€ F[X] 
K t> (subfield) ^> Jkkl • ^ ^ = L ^ ^ ^aJI «Jn 

\/a,b e k :a+b e k ,ab e k (i) 

.-.kxk^k +:kxk->k 
(a,b)\->a.b (a,b)h* a + b 

. ill*, (jj^j 

> J . /^(«) =/ (a)*(a) = Og(a) = ( i ) : 
±i \^ C[X] J jlj^ 1^1 / . R[JT]3/ :=X 2 + 1 oSJ (m) 

. ^LU JJJ&I jil ./—It jia. jjajJ z - (-/) = 2i 
. "0" Jj^aJI a jjjS JaSft ^ <_£ jjaj ^ jjC. Ac j^Jl V ji 4jV S^w.^. (_a.) 

: f(a) = g(a) = 0u!^/,ge ^ J& 
. /(or) = d ft F[X] ^ ia, . {f-gXa) = f{a)-g(a) = Q 
o^j • /Zr(or) :=/ (or) A (a) = OA (a) = h e o^j 



Ring Theory c>i2JbJi£vj>>&j (^''"p 



(jx n J&i\ ^C- IjJ F (_)*»• (>> tllXaU-o Cjlj n <*>J± Cyf J j.laJl ajJj£ ( i ) 

. F ^ jU^Vi 

. F aE o£} f JLw (ji ^ jii^Vl 
. UJJ UHo jjli Jia. F tlua. F[X] ^ Jli* J£ (-^) 

. ^Jici Ulio (jjSj Jto. F clua. F[X| ^ ^ai. j£ ( J ) 

. ^LU. ( j ) . 4 ( M ) 4 ( i ) : J-^J) 

• ^ 1 1 "\ ft f ll t ** ^ \\\\ A 

: ^Vl* tij*- Z[X] J I LjLu^l Ull. ikbi : ,mU >4I 
/:= {aX + 26)|a,Z>eZ} 

4 2 = A(I)/"(I) : u! ^ ^[^] t> g(A) * AX) ^ ^i 5 ^ 
J s>su. (J-lfi- J jSja) = deg(/i(X)) + deg(/(X)) 

o^j. A(AT) = +1 « f(X) = ±2 ji /r(JST ) = ±2 « /(X) = ±l jli 
Cp J3bjh(X) = ±2 jli f5 6-j • )] = T\X ] VI j A(AT) ± ±1 

Llli. jj^ J o^V / J ^ • g(X)e Z[X] oV i>Slfi |j* j g(X) = ±^X 



rAv 



Polynomial Rings jjaaII afjuS *UU» : (jjttJI wUI 

sj^s Jc. / := X 4 -3X 3 +2X 2 + 4X-1 ^ sjs Z 5 [X] J ^ ()) 

g :=X 2 -2X +3 
. X-l jj^Jl SjJSS X 4 +3X 3 + 2X+4 jj^II ij& Z 5 [X\ J (r) 

« g:=X 2 +2X-3 « /:=X 6 + 3^r 5 +4X 2 -3Z+2eZ 7 [X] ofLl (r) 
deg(r)<2 4 f = qg + r u_& ^ #,re Z 7 [X] ^.jl 

t g:=3X 2 + 2X-3 « /:=X 6 +lT +4X 2 -3X+2eZ 7 [X] jlJ (£) 
deg(r)<2 . f = qg + r q,rEZ 7 [X] 

Z 3 Z 3 O- ^ ^ X 2 +X . Z 4 +XeZ 3 [Z] ji Je. oAj. (a) 
_>ui3 ? <^JJJ-i> oujS*-« 1^1 jjfL Z[X] AjjIj jjc. JjAa. tllljjjS <_$i lilliA Ja (1) 

(_>- l«J ZJ.X] jjfc jjj* <it j^S ^1 ^IUa Ja . Uj hie p c£A (V) 

(((Y) ©-^-Y) jki! : jLSJ) 
Q[X] ^ Llli. uj^ [A] JUJI J J* oa (A) 
/(*) = £(*) »j] • /W,^(X)G « <Gio F oSJ (1) 

/(Z) = g-(X) d J*- C^Ji ■ F <Ja >-UJI t> Ail. jjc .u*] 
« f(X),g(X)e F[X] cA£. til . p(X)EF[X] c&j ' ^ F c& (^>) 
■ d <> u*> ' deg(/(Z)),deg(g(X))<deg(^(X)) 

= J f >s / W + [p(X)] = g(X) + [p(X)] 

VAA 



Ring Theory CitabJi^^j (^0)^^2)1) 



f\X) f'(a)*0 d?<M = f(X)GR[X] 0*3 (U) 

flX) -i .>laJI 8J^1 Jjla JJfr ji^> a <J ■ AX) 

md^Z m UliiiJ IjJ jjjS3 (Y-Y-Y) J Vila v Y) 

. JxlSloil (jlkii) i?_jm>l 4 Llji bac. (jaJ 

7 := {a n X n + a n _ x X"- x + ... + a \ a n ,a n _ x ,...,a^ e F,a n + a n _ x + ... + a = 0} 
• / —5 (generator) W j- ^jl j * ^ / J ^ o& jj 
(jjSj <*us } Z 3 [X] (J AX) ^j^ 1 <^ t> ^ ^ -^j 1 ( u ) 

. aeZ 3 f(a) = 

. Ljjjlaj tilkj (J-ljls} (jli»j c>> Cpj^ iJ^^ cs' • *— j' O^Ji 0*0 



Ring Theory aLiM^ 



Ldl 



Division in Integral Domains 



Division in Integral Domains J«l&hll JUaJI <jj ijamiill : tiJUJI wUI 
Quotient filed of an integral domain ^UaJ 4A«iaJl JAfr 1-f 

<^UJI Ijj R — 1 (Quotient field) **uflt J*a> <oJ z : R -> ^ 

: <u jSlI 




K 



: 4j >laj Y-1-r 

(a,b) ~ (c,d) :<=> = 6c 

i?x(i?\{0}) y& 

Q(R) _, « (a,Z?)Gi?x(i?\{0}) _S jalfill J^s J] - H (Y) 
a c ad + bc a c ac ,, „ u , , ,^ 

JM2(*),+,-) ^(r) 



Ring Theory oujbJi^j^u ify 



i:R->Q(R) 
1 

0) 

Va,be Rx(R\{0}) :ab = ba^> V(a,b)e Rx(R\{0}) : (a,b) ~ (a,b) 

(reflexive) V-\£ul " ~ " J J 
V(a,b),(c,d)e R xR \{0} : (a,c) ~ (c,d) => 
ad =bc => cb = da=> (c,d) ~ (a,b) 

\/(a,b),(c,d),(e/)G Rx(R\ {0}) : (a,b) ~ (c,d),(c,d) ~ (ej)=> 
ad -bc,cf =de=>(ad )f = (bcy ,b(cf) = b(de)=>(ad)f =b(de) 

=> of = be^>(a,b)~{e,f) 
J-.ISI. JlLi R, 
d*0 

. ^alSi l^jlfl ^3 <>j i (transitive) " ~ " J 

. — = - 0- <d tfl * V olij*. "." « "+" ufiul jM ot c> o*> (^) 




a'd'+b'c' _ad + bc a y c y _ ac 
b'd' ~ bd 'bW'bd' 

: Up! 



Division in Integral Domains ^UaJI a» unit : mJUII wUI 



— = —,— = — => a' b = ab\c'd = cd' => a'bdd' = ab'dd', 
6' b d' d 

c'dbb' = cd'bb'=>(a'd'+b'c')bd = (ad+bc)b'd'^ a ' d ' +b ' C ' =?^±bc 

: <ji SjJiUx ^ijj l^iaj a'bc'd = ab'cd' Ual t^liS 
6'</' 6c/ 

: V j j* 

V-Gg(i?) :-.- = — = - = — = -.- j-te > 1) 

6 olo.lol.olo 

w« ^/^.s « Ob + \a la a 

V— e 0(7?):- + — = = — = - 

6 16 16 16 6 

6 6 

-a a -ab + ba /„'..». „ ~v 

— + - = = 77 = 7 <^ isj*^ >-s«il j* 0) 

6 6 66 6 1 

(£ = ^01 = 6 2 uV) 

: VI i - * - CM ^ 
1 1 

axi)=axo)=>i=o 



Ring Theory Cii2Jb«ii5o>iai (i puil^3) 



: J gay — g Q(R)\{0} ^ (a*0 J J) f <= Q(i?)\{0} 

a b _ab _\ 
b a ba 1 

. "." (ijl j13) 2uL*13 V^W u-jS*- ^ ji Q(R) \ {0} ,J l& u' ^' 

. Ji- (g(*),+,.) J ^ 

v.R-*Q{R) 

'■ fj^j^j^j- a ( £ ) 

a h-> — 
1 

Va,be R:i(a) = i(b)=>^- = ^=$ al = \b=> a = b 

(ls&Ji) ^.IjJ fJij i Jt (ji 

, a + b al + lb a b , . , 1S 

l(a + b)= = = — + - = i(a) + i(b) 

} 1 (1)(1) 11 

t ab ab a b 

nab) = — = = — .- = i(a)i(b) 

1 (1)(1) 11 V 

O : 0(7?) -> £ ^ . Ujya jj-ji.*. (p\R^K * Mii. isT (°) 
g Q (R ) : 0(£ ) = O A = 0(f I) = )"') 



Division in Integral Domains ^UaJI : wUI 



= a>0(a))O(^(6))- 1 =^(a)^)- 1 

-e O(-) = (p(a)(p{by x d^O: -» K cU 

b b 

: (jli JUIUj a y b = ab' : J 5^! ^ • — = u^Jj 

b } b 



a'b=ab'=><p(a ^(b ) = #>(a)p(Z> ') => (p(a)(p(b y = <p(a *)(p(b ') 

(aJ ja.^) tija. Ai J«- <I> J (j! 0(— ) = 0(— ) J <ji 

e g (* ) : 4>(£ + ^) = <*>(^-^) = ^ 

= <p(ad + Z>c)(p(6 ))-' = ((p(a)(p{d ) + <p(b )(p(c))<p(d y (p(b y 

= (p(a)<p(b r 1 + p(c)^ = O A + O(y), 

o a 

^f-j) = = V&Mbdr = (p(a)<p(c)(<p(b)<p(d)y 

b a bd 

= <fa)(p(c)<p(bT<p(dy ^aymMcMdf =<&q£\ 

b d 

L 



0(j) = ^(lMir=l 



Ring Theory CiUUli^toj ( Cj jU]t l ».,,rttl ) 

: Aia»>l4 r-\-r 

JlLj . <Jxl£lall (jUaill ^jlft (Jia. jju-ai jA (J-alSla (jjUail 3 o mail (Jia. ,jt Jaa.V 

£ • Jli» jkjl) . JSaJl ^ (embedded) J^K'i J jjUaiil u! ^ 

RczKczK : cj]iR LS^i 
: t- > -r 

: Q j* Z J ill Ji* * J*tfl. JUj Z ) 

ZcQclcC 

it * * 

jUaiJl jV 4 ja (finite integral domain) <_U£j-« <jUail A^dll jSa. (Y) 

K[X] _S ^-21 Ji* J| Jbi) . J-ISL. jU»j u ! 2^ • ^ lAU ( r ) 

. AT a* <^L»1*-1I j ' A!" J^>-ail jjc. ^ (The field of relational functions) 
(The field of meromorphic Ajaj^jjjJl JljJ JLa. M(C) <JS=Jt (£) 
j>8 j3 jfll Jjoll jUaill if (C) _i 2u-ill Ji*. jA C functions) 

. C (J^liSiJ aLISI! « Uiklll) 
: AJ.^^i o-^-r 

i^Vl (The integral subdomain^jaJl J«lSlall ^UaJ] S^all Jla. 4_L-a : \ Jtl> 

D := {m + n m,ne Z} 

: jA jjSj 4 D \ {0} (ji j^uc <J£J 

{ m-W| | m5 „ eZjW 2 + 2„ 2 ^0} = {/7 + ^V2|^,^e Q} 
m + 2n 



Division in Integral Domains J*fi*ll jlh*JI <jj a a mill : <-iUI 



R _J Jla. > R ( i ) 

R _5 Suudll Jia. ja C (m) 

till ja s^t o jL I'l^A.*....! & AjjL-a ^jJ jS <U (JaJ i? <Jxl£lail (J^*^' cJ' 4*4**- ( J ) 

Q(i?) A^sl! Ji*. ^ 

Q(i?) 2U^I Jia. ^ SAa.j jjSj 4 R J»l£l*ll jLLill ^ jx^iic J£ (_&) 
Q(i?) A^ill Jia. ^ »^a.j O&J lUVSS-B jUail! ^ ^ jL- JJC j-naic. J* ( J ) 
iUa. ajljJC.1 (j£-aJ Z) (J-al£la (jLkj (j-a £) ' (jjja. (J-al£la (jUail F' A-ajoiSJl (JSa. ( j ) 

. oULU (-*) , ( M ) * ( j ) « ( j ) ' ( J ) ' ' ( I ) : iM 

Z[z] := {a + bi\a,be Z} 
Q[i] := {r + 5i|r,JEQ} 

(*) • QU] t^- (jj^i (j <■ Z tf le ciJJaJ (Jia. t_5? : u^J^ 1 

: c + dz'*0 4 a + bi,c + dieZ[i] c££ u^h 

a + bi (a + bi)(c — di) ac + bd + i(bc — ad) _ r ... 

= - - = r — — -e Q[i] 

c + di (c + di)(c-di) c +d 

Al.inlU Asii-a t R ,jx AJU. JJC. Ac J" ^ {0} (jSil j ' AjJlii] ASk. <j£iJ ) 

. <jji^a ^1 jS <_5 jSaiV j (closed under multiplication) 



Ring Theory GHUJi^^ ^IDI^O}!) 



v jLiVl l*aL« 7) k&j* **«5 jjS J <^i<;«j RxT —j liSii* 

: (ji (j^a j. ^^.tl <a> j j^ic. • (J- ^- (JjUaiJ <jojlus]| (JSa. ^Lijl ^ 

. SJa. j J^UC _S jSLl ^1 til Ji*. SJtt. J kl 7) ( I ) 

aJboj 7 t> l5 JjP- Q(R, T) J* (m) 

y 0(Z 4 ,{1,3}) aSLJI j-Uc jjc « ()) oaj-3li SjUNL (\) 
Li- jj ^13jj 4 g(Z,{2" | we N}) ) uo-^ 1 »j^V^) ( r ) 

({^|meZ,neN} <?jlkJl V >H 
Aik c_l-j, 0(3Z,{6" |ne N}) ttlaJl ti- 0) Ou^ ^ ij^VW (£) 

. (jjiiaU. (jtf>J^ » " O' JJJ^ 1 U 1 ^ ^ ^! (°) 

. F <j *JjL^ll JJC. ^LuJl JafJalU ^ F[X| till.!*, j <jl* ^ F U 1 ^ ( f ) 

K>.nlU ^ (F[X| — S **-5]| Jik = ) F(X) iljl j tjli 1 !>ULa. F lit (lJ) 

. F !^Lil« jjlj F c3»=J d (jM U*JJ 0) 

t ^ t ( o.la>j j- ~'«- dtj Ajll^jj 5ilaJ A^uuill JSa. ^jiii <jl tj^aJ^ liUS ^iaj (V) 

^1 F jl£ I j] <ui Jc, o* • D —1 ill F cAJj ' ^iLi Z) uSJ (A) 

J«IS1» jUul ^Uuill JSa. J tii) • F JSUib ^ jlao E l D (J j±l Jk 



Division in Integral Domains J*£*ll JUaJI "<\ » mill : wiUI 
Prime elements and irreducible elements 

: uu >-Y-r 

c&R li) 4 a— J (divisor)La^la & ^ja^ .i? JJ£i» jlks ^ ^^^adc. 6ta jfLil 
.(iliiS j-Vl c& ^1 li) Z?^ £ ' b\a l»£) s-"^ j -a = be :u! 

: Hatal* r-T-r 

: jli ij^c. . <ia Sia. jJl juVir. 1 G i? t iL»l£l» talks jfLJ 

a | a ' 1 \a : ae i? ( i ) 
c | a <= b\a i c\b (<-j) 
b\(x i a [ +x 2 a 2 +...+x n a n ) 2>|a n < ^ : ^...^gR ^ (-^) 

(jx-US* i?*=i?\{0}) Z>e#* <=>£|1 ( ^) 

JISJ [a]) b\a <=> [a] c [b] ( j ) 
: (Ju jju : T-1-T 

I ij j t a~b ^LaJl oIa ^ j . a = bu d\ tiyaj w g I j) (associate) 

. a + b <-iSi ^ 
: total* i-t-r 
. talks j£J 

O [a] = [b] : a,Z>G 7? ( 1 ) 

[b\a i a\b] a~b : a,&G /?* (v) 
. R Jc y>\& ~ (^.) 



I Ring Theory olibJli^j^ (to ittM^«5J() 

: ft* nil 

<=b = av i a = bu : w,ve i? <= M=[&] : ( ' ) 

wv=l <= a = avw : w,ve 7? 

a~b u,vg R* ti' 
<ze[6] t=a = bu : ug R* a~b :"=>" 

[a] = [b] : u'e%>< [*]<=[«] JuiL. [a]c[fc] <= 
. | a «= a = 6c : CG R* ^jj <= a ~ 6 : (v) 
. a|Z><= ad=bcd = bt=cd=\ : d e 7?* ^jj <= c€ i?* 
^•jj b d = a i a c = b : c,fif e i? ^.jj ^=6 | a < a | Z> : "=>" 

a ~ b t= c,d G R* (J (j\ dc=l <= b dc = b : c,flf € i? 

. AiuilS*j| ~ iji t^i . a ~ a : a e 7? u' est a = 1 a : aG R ^4*5^ (— 
c d = \ :dG R* Ja-jj 4 a = 6 c : c€i?" ^.jj<= a~b: a,bG R 

. 6 ~ a ji (ji a d= b c d= b : c,d G R* ^.ji <= 

. 4jjLoi« ~ (ji 

b = cv i a = bu : w,ve 7?* i?.jj<= fr~c * a~Z> : a,b,CG R 

ji ^ » ujjjJall AjjoiilU a j-aj 7?* . a = C V U ' U,VG R* A?.jJ <= 

. a ~ c (jli (jMUj w e 7? * t a = cw c) ij\ vu = wg R* 

. iU£lo talki 7? 

1 . ^ 



Division in Integral Domains J^IUf ^lUUI <jj 3 i ---«f : cJUf wUf 
: (jlS lil (prime element) Lf Jjt >uaic. «u) ps R JUL ( i ) 

p£R* l p*0 (>) 
p | 6 ji /?|a<=p|a& : a,be R (Y) 
: ^) (irreducible element) iii<«.nU Ji2 >jc- >*ai& <u] geT? JUL (i_j) 

b<=R* J a&R* <= q = ab : a,6e i? ^i^J (V) 
. iwill Jjli jj& jjSj ! jj (reducible) hw«nti Jii <u] 7? ^ JUL 

: AJlti n-Y-r 

ji Uj ^Ito *J Jc. ^jS^V K CM JULj i K*=K\{0} : K Ji* tiV (>) 

. Ui.„m\1 j . -.1 ii- 
: me N,m>l (Y) 
. Z ^ JjlSjjfc/?i<=>Z t5 a tJ ljl.iaci?iO Z J J j^ic w 

Jjli jjt. aX+b SjJS . 6e £ t ag iH{0} * K c& (V) 

<= deg(g) = J deg(/) = <^ /,ge/C[X] ^ fll+fc=/g 

(((£) . (Y) o-^-Y) JU) g G r J /6r(=(I[I])') 
uV) ^ -Lwill *LlS 2(X+ 1) Jj^J! SjiS : (r) ^ links (£) 

(X+lgZ* * 2gZ* « Z* = {-1,1} oV) Z[X| ^iwill <LIS Uin (2e E* 

: 4j jlaj V-Y-r 
PGR <■ lilki i? tjSJ 

^jl jj^aic p=> lijuinll Jjli jjfC. p {^) 

JJ pt=>[p]* {0},[p] JJ (Y) 

. Uu.uW Jjli j±. p o /$as R:[p]a[a]cR (T) 

£ ♦ Y 



Ring Theory dl£JbeJlSo>lai (w -^« r 



p | a ■ p\b J p\a J> <JJ p ■ p = ab : a,bG R c£A (\) 

jLkj R . p = ab=pcb <jl9 £ t> j a = p c : CG R -i^jj-ui ^ ■ 
■ ae R* j £%j <frjl^u> p | 6 AiUll . bG R* J J\ 1 = c b : ji ^ ■ ~'«; 

. Uunnll Jjli jjc. p JU. 4ji Jc ^cjjj 4ji <ji 
^jl p . [p]*{0} <= p*0 <= JJ 

(? liU) [p]*/? p£R* 
J &\ ab = cp : cg/? a&G [p] : a,bG R 

: eG R J pd = a : dG R a^jj <= p\b J p\a t= p\ab 

J j! jj-aic. p 
. bG[p] J a g [p] <d ^i p e = Z> 

. pi R* <= U |>] <= [p]** *=Jji [p] • /?*0<K/?]*{0} : "<^" 
ttG Lp] <= abG[p] <= pc = ab : cg R <=p \ a b 
J J [p] 

b=pe : eG R Aa.jj J a=pd : J G 7? -^jj <= &G [p] J 

. p|6 J p|a 

<d y.iaL li* . [p]d[a]c:R Ji Aw aei? ^Ua : "=>" (r) 

aG R cg R <= p = c a : cg R j.^ir. Aa. jj 

i « nil (Jjli jjc. p 

. o^aUi : (? liU) [a] =/? ji [p] = [a]<= 
p G [a] (jl f jiLau li* . a,bG R <. p = ab <j£J : " <= " 



i Division in Integral Domains JUailf &i mnH : wdUl wUI 

ji f jHuu [a] = i? . [a] = i? ji [/?] = [«] f jl^J [p]<=[a] J 

<d {. jllou [jd] = [a] . as R* J <j\ I = a c : c e J? <ui 1 e [a] 
/? = /? J 6 : q\ ^ jii^ . a=p d : <j] <- y 3 ^ d G R 

. Z>e i?* J csi </fc= 1 
: Aaou A-r-r 

tji j\ jj^aic d£ R <=> Kj i nnll JjlS jjc. ^lic. d G R ( ^ ) 

. Jji {0}^^(ci? <=> Jll. {0} 5t ^ c (y) 

>^i& aGR C) ^US j* tl&! (0) V-Y-r) J] (^) : <-iU >4t 

. J ji jx-aic. O.G R Ku.nMl Jjli jjc. 

. [/?]cfa]ci? : ^aei? V^uil Jjla jj£ j^ic aG R ((r) V-Y-r) 

cilia, [x] (jia jjSj Aj3 ^lia jjl jji i XiJuJ tlAJtia jUaj /? ,jj qaj 

3 (V.-r-l) ^ YA JH. <>_, . R J ^\ [p] J ^ «Uli xGi? 

v-Y-r) ^ (<sk ^ un. qjSjV {0}) [/>]*{0} « jn. [p] 

: (j ! ^*>\ J* Mji^l u' ( Y ' -r '-^) ^ YA Jll, j> (Y) 

. ^ Jli, {0} * ^ * i? <= Jji ^ {0} * ^ c i? 
lJ&j d {0} * ^ ^lia <_£a t <uAJ cjblllo (jlLj o! ^ <> <jVI j 
« JJ a J ((Y) V-Y-r) . {0}?M = [a] * aei? ijj-JI 

((r) v-Y-r) . wui jjis aei? jgji,^) v-Y-r) 

A = [a]d[b]czR : ^Vj bG R ^ jjV Ajl ?elij 

. R ^Jic.! Ulio jjli ^ = [a] (jli kiJiJ CjUIjx jlk: i? ^1 liy*. 

i . £ 



Ring Theory GUiJbJlSo^ (tr iUJl|t-«2H) 

j] .»»~.. iqx| jj^ji cjijiis ^ ^ jiia jsi tjii ^:u& . 5ULk ^: 

: ^alSlc ^1 uj£ {0} * 

Jjjt* A ()) 
J\1>A (Y) 

. fe K[X],A = [f] : u! ^/J^-fai ALli ^ SjiS ^ (r) 
i&i (A-Y-r) j>j ' (i 1 ^ J 5^ 6- : f'M 

: (V-Y-r)^- gG^[X] 
oUti- JOu iqX] oVj • Vi j--."" ^ /<=>^feeX[^]:L/lc[g]c:^[Xl 

. jUalSl, (r) * (Y) uLHjitfl J J • K[X\ J (Jtoi gKu u_&! [/] 

: Jilt > .-Y-r 

Z[V^5]:={m + mV5G C|m,ne Z} 

m + mV? h-> m 2 + 5» 2 
Vx ,>> e Z[V^5] : //(xy ) = //((/«; + in l y/5)(m 2 + m 2 V?)) 

= jl{m x m 2 — 5n x n 2 + i(n x m 2 + m^)^) 
- {m x m 2 - 5n x n 2 ) 2 + 5{n x m 2 + m x n 2 ) 2 

= m 2 m 2 + 25« 2 « 2 + 5n 2 m 2 + 5mV = (m 2 + 5n x )(m 2 2 + 5« 2 ) = ju(x)ju{y) 



Division in Integral Domains JjUaill ita iniiH : t^UI I 

Cll-ia. j Ja. jjV <Ui ^^Jc. tSlliS (jA Jfi . Z[a/-5] ^ (jti-la. j - 1 t + 1 Ji ^Ja\ j 

: Z[V=5] ^ cjj^I 

tlyaj ve Z[yf-5] liA . Z[>/-5] ^i^j u = m + in*j5 

. u v = 1 u! 

{l(u)jU(v) = //(«v) = //(l) = 1 : uVl j 

J csi 7w 2 = 1 * n = f5 t>j (m 2 + 5n 2 ) 1 1 ^ //(«) 1 1 d J 



. «e{-l,l} 

: ^Vl J jA\ <a*&\ tillable ^^ic. (j& jjLj 





3 


9 


2 + iV5 


2-iV5 


3(2 + /V5) 




1 


1 


1 


1 


1 




3 


3 


2 + /V5 


2-/V5 


3 






2±/V5 






2 + iVs 






9 






3(2 + z>/5) 



xe Z[V^5] * 2-i>/5 ji 2 + /V5 ji 3 j^.UJI *J > z li! u^lj 

: ji l^Laj . x _y = z .' (j) .ys Z[V~5] -^jj <Ai z 1 LojjAS 

m,neZ -oV) //(*) = 3 j^j • ju(x)/i(y) = ju(z) = 9 

Oli ^ t>j My) = 1 J (*) = 1 J ^ <u\i (m 2 + 5« 2 = 3 uj^ 

xe {z,-z} J xg {1,-1} 
^.UJI <>a 3(2 + /V5) J j 9 J I— IS x=m+iny[5 

t>j « 81 — S U«\S oj^! //(x) = m 2 + 5« 2 J ^aij ju(xy) = ju(x)ju(y) 

£ .1 



Ring Theory CiUJbeJl^jjlij ^M'iiip...?^ 



fJ.(y)*Tl c5^W * M(y)*3 ■ ju(x)e {1,3,9,27,81} J* 

: jli d& i j^Ig . y e Z[4~5 ] 

jU(x) = \<=$ XG {1,-1} 

//(x) = 9o[(n = 0,m 2 =9) ji (n 2 =l,m 2 =4)] 

<=>[xe {3,-3} ji x£{2+/V5,-(2+/V5),2-iV5,-(2-/V5)}] 
//(x) = 81o[(n = 0,m 2 =81) jt (n 2 =9,m 2 =36)] 
o[xe{9,-9} jt jce{3(2+/V5),-3(2 + /V5),3(2-/V5,),-3(2-iV5)}] 
ja.ju -uli VJj . 3(2 + z'V5) —1 lo-lS o4 2-iyf5 J i^L>j 
: J r jSWj I 3(2 + 1>/5) = (2 - i>/5)(* + itS) ■ k,£eZ 
.(£eZ) o^z^j 9£ = \2 : d* J&ij -k + 2£ = 3 * 2k + 5£ = 6 

ViUnf\\\ <Ll5 JJC. jl-lci \q ij^* CS^* (jjS jl-i** <i JJ&2— t2-ff^5 '3(jj £LiJal JJ 

OP j>- ^* <> 9 J c?i ' 9=3.3=(2+/V5)(2-/V5) J ^ -^^j 

Z[V=5] c> 

ajjII jAaSi jjc. 3 jinull jji tj±i.lj 
. 3 >f (2 ± i 41 ) Ui* 3 1 (2 + 1 V5)(2 - iS) 



i »V 



Division in Integral Domains J«IS*ll JUaJf &a 3 a ■ : £JU1I uiUI 



■ -17gZ( m ) 5gZ (!) 

14eZ ( ->) 2X-3gZ[X] (-^) 

2X - 10 e 1[X] ( j) 2X-3E Q[X] (_a) 

2X-\0eQ[X] ( c ) 2^-IOgZJX] ( j) 

t (Z sja.j -l) i^ii] ^15 -17gZ i 5gZ J : JaJt 

Ui« . Will jAa 2X-3gZ[X] . Will JjIS 14 = 7.2gZ 

. iaWillJAS 2^-10 = 2(X-5)gZ[X] 
^ s1 J^l Jsf- c> 2 Uiai : 2X-10 = 2(X-5)g Q[X] 

ciSSiS . Q[X] J Will J,\i 2X-10 uij ^l^j Q* ^ ^UJI 

.Wll^li j^2X-3gQ[X] 
J c?> • Z n ^ 6 ja u-jS^ l«l 2 . 2X-10 = 2(Z-5)g Z„[X] : ( j) ^ 
. Will Atil 2X-10g Z U [X] J^bj • 2g Z;, 
< Z[A^] : ^ 2 JT - 7 o jjaJI S d jLiu j^Lic. -ia.jj J ' ih< ',' t> = t Jll> 

f Z n [X] < Q[X] 

%[X] «i ^ J^Wj • -1 * +1 Ua Jasa jtua.j ^ ^ : JaJ} 

-2JT + 7 iSa A jLiu 2X-7 
q(2X-l) = 2qX-7q, qG Q* 4ila JfcLj CjI^j Q* j^Lit ^ Q[X] ^ 

2X-7 ^jLa^K 

: o\* f5 o-j S-^j Zj, ^-oit J£ J\3Lj jSa. Z„ : Z n [X] ^ ^ 



1 » A 



Ring Theory GaL-^i^Jaj (to si2ll^2]() 



J* • 2X-1 <4jLS l«K £-(2X-7) = 2£X-7£eZ u [X], Are Zj, 
• Z n [X] J2X-1 AJAi 4X-3=2(2X-7) JlS-ll 

Z[/] <^jl^ j .la. jl : V 

Z[i]:={m + ni(=C\m,neZ} ^ US : JaJl 

: Z[i] -» N 
m + ni\—>m 2 + n 2 

4iiJ ^ ^1 jll 11a . v^' ■„•■■„ ) 

Vx, j e Z[i] : fi(xy) = n{x)jd(y) 
(jjli dipj s^j m 2 + n 2 ie Z[/] i?.jj si^j mj + njs dul£ lil 
(m, + n 1 i)(m 2 + n 2 i) = 1 

//(m, + n { i)ju(m 2 + n 2 i)(= fi{{m x + n x i)(m 2 + n 2 i))) = ju(l) 

(m, 2 +rf)(n% +nl)=l => m 1 +nf = 1 =>m, =±1, n x = ji m, = 0, «, = ± 1, 

m l ,m 2 ,« ] ,rt 2 eZ 

. ±i t +1 : ^ Z[z] Cil.ia. j Ji (j\ 
: <_ iil ji (jA^>j : t cilia 
Z[i] ^ Vij..jM1 3US o& Z ^ Vij.«n« Jjli j^z. J£ 
6- *5 = (l+20(l-20eZD'] ULi Uu.nW Jj\S 5gZ . = lU^I 

Cjl£jLij]l t_lLuta. (jj^j) aAli.j AAJjlaJ i_n£j ^i (jS-ajY 6 (ji ^^Ic- (jA JJ : Jllo 

Z[V^5] aL15 jjc. ^^Uc. i_j jjui JjuaLvS ((up to associates) 



Division in Integral Domains JalSiil JUaJI iia miill : uUI 
6 = 2.3 = (l + V^Xl-T^) 
. Will JAi 1 + V^5g Z[^] J 
: uli ^JG Z[V^5] ^ l + J^5=xy ^! 

ju(x)ju(y) = M(*y) = MO- + = 26 => M*) G I 1 * 2 > 1 3 > 26 1 
. (±1Ua Z{\/^5] ^isa cP^j •-t-r) t5 a Vijij) i^j^ M*)=l 

• 7 <= //(» = 1 <= Mix) = 26 
.j^ji^j^^eZu^ a 2 +5/3 2 =2 <^= ju(x) = 2 
c£** L^J : tf,/?e Z a 2 +5fi 2 = 13 <= //(*) = 13 

ZV^ hi.nnH Jjli 1 + V^5 u^! 

. Uunnll JA5 2 € Z J dlfc* <'nVb„ 

: o\* x,yG Z^/^5 ^ 2=xy cfi ^! 
M(x)/i(y) = /z(xy) = //(2) = 4 => ju(x) e {1, 2, 4} 

ZV^5 ^S^jX 4= //(X) = l 

zV^5 <= //(*) = 4 

2gZV^5 (jjj • l^j' Cf,/?eZ c?+5/?=2 <= ju(x) = 2 

. jjLIS 3,1-7^5 e Z[V^5] JSAi 

Z[i] ^ Vij.«n« <Lli j^.UJl L. 12*1 : 1 JH> 

6 - 7 / ( J ) 4 + 3 i (-^) 7 (^) 5(1) 

y = c + di i x = a + bi < Jt,j>e Z clip. 5 =x_y ( ' ) : 



; Ring Theory dUJbJi Jvj>iii (^"p -"") 

^> 25 = n{xy) = ju(x)M(y) => M*) e {1, 5, 25} 
ju(x) = 1 => Z[/'] tjii^j i 
/<x)=25=>/<y)=l=>Z[i] ^ 

//(*) = 5 <=> //Cf) = 5 =>| jc | 2 = a 2 +b 2 = 5,| j | 2 = c 2 + d 2 = 5 

=> a = ±2,6 = ±l ji a = ±1,6 = ±2 « c = ±2,d = ±l J c = ±\,d = ±2 

5 = (2 + 0(2-0 

5 = (1 + 20(1 -20 

liA J (r-r) ^ ^J^j) Z[/] ^ 5 — S ujili*- dylikj ^Ua J ii* v j 

uV(Z[/] 

(2 + 0(2 - = K-2i + 1)i(-2i - 1) = (1 - 20(1 + 20 

rjll.) (Z[i])* ^ op^j W J ' l + 2i,l-2/e (Z[i])* u! ^ t>j 

Z[i] t,a K""J'^ ^ 5 uj^a ' 
<= y — c + di i x = a + bi <■ x,ye1j[i] 7 = x y c££ (^) 
49 = M(xy) = Ju(*My) => ^ (*) e {1, 7, 49} 

//(*) = 1 => JCG Z[/] SJa. j 

tfx) = 49=>//(y)=l=>;)/eZ[i] s^j 
//(jc) = 7=>| 1= a 2 +b 2 = l,a,b&Z 

a 2 +b 2 =7 ujSj dijaj a,be. Z 

. Z[i] ^ jj£ 7 u^l 



Division in Integral Domains ^UaJI ^ m -«'f : wJLUI wUI 

.y = c + <# 4 x = a + Zn t x,yGZ[i] dna. 4 + 3i = xy (— ?>) 
=> 25 = //(xy) = ju(x)ju(y) => //(*) g {l, 5, 25} 

//(x) = 1 => XG Z[l] 

ju(x) = 25^ju(y) = l^yeZ[i] i^j 

ju(x) = 5 <=> //(j;) = 5 => 5 =| jc 2 |= a 2 + b 2 , 5 =| y | 2 = c 2 + </ 2 

a,b,c,dsZ 

=> a = ±2,Z> = ±l J a = ±1,6 = ±2 , c = ±2,«/ = ±l ji c = ±l,</ = ±2 
4 + 3/ = (1 + 20(2-/) 

x,y&Z[i] ^ 6 - 7z = xy ( J ) 
=> 85 = //(xy) = ju(x)ju(y) //(x) g {1,5,17,85} 

//(x) = 1 => XG Z[z] SJa. j 

//(x) = 85 ^> //(y) = l=>j'eZ[i] is* j 

M(x) = 5 a ju(y) = 17 => 5 =| x 2 1= a 2 +b 2 ,ll = c 2 + d 2 

(y = c + di i x = a + bi) <■ a,b,c,dG Z <^ 
=> a = ±2,b = ±\ J a = ±l,b = ±2 . c = ±A,d = ±\ J c = ±\,d = ±4 

6 -7/ = (4 + 0(1 -20 

WjSU yjl 6-7 i 4 Z[z] ^ ojj^ j LmuI 4 + i * 1 - 2 i j! i> j 

• Z[i] ^ 

D c > L ^ >ub iUx^ AjJ N:D-^Z jll JlL . X-ASlla lalkj Z) (j£J : V Jtl* 

: iajjJiJl tjji* Ijj (multiplicative norm on D) 

n Y 



Ring Theory CAUbJIi^lii (to 5U)l^«21t) 

a = ^liliSijjlS Ijj N(a) = . 7V(ar) > : aeD ( I ) 

AT(^) = N(a)N(j3) : a,j3eD 

t iV(l) = 1 N isiJ^ J^" Xal£la ISUai £) jjlS I j) <ii JJ 

or &la JV(a) = l : areD jl£ lilj . N(u) = l ujSj weD Cil^jll 

. £) Uu , \u\\ JjIS jjc. /t j jSj Jji 
N(l) = 7V(1 . 1) = N(\)N(l) => N(l) = 1 

1 = iV(l) — N{u~ l u) = N{u~ x> )N(u) 

N(u) = 1 <-±a> j-a ^jau-a jjc. 7V(w) <jV J 
. Jjl jjc. peZ 4 N(tt) = p j! /re D (J4 j 

p = N(x) = N(aj3) = N(a)N(J2) 

l jsll . N(j3) = 1 jjij u' N(or) = 1 u_& c) 4 <^=^ liA 

JJC. K (j ij\ ■ D »Ja.j /? jjl) (ji Lajj D (^3 »Ja.J C£ <jj^i lj' H ^ 

. D Uu«n\\ jAa 
: «_i iV jli « ^ F ul£ I jj ( i ) 

N(f(X)) = deg(/(X)) 

F[X] tlJJ^ t J^}*- 9 

: tijx^ N 4 ^ F oSJ ( M ) 

nr 



Division in Integral Domains J«l2*lf i+*HS ■. tJUl mUI 

N{f(X)) = 2 Aeeinx)) 

■ F[X\ c> N . tf(0) = « /(X) * y-aJ 

. ( M ) ^LU ( i ) : J^S 

l il = 1 u! y=H < W ^ D c£4 : 5 

.-Afa)=Dm{A^|A^>l,j8EZ} : a 1 ^"u^ -D ^ s^j a jl£ ^ -^j 

. D ^ lij i n.nU ALlS jjc. (jl ^jlc. (jA ji 

• N(7r) = N(a/3) = N(a)N(/3) : J f jli^ li* . /r=a0 
« xeZ) ^ #(*)>()) N(P)>\ . #(a)>l J r jHuy li» 0*a,j3eD* 
. o^Sli: N(n)>N(a)>l jli Jttbj (are D* »JV(cr) = l « N:D^Z 

. Uu«f\\\ JjIS jjc. 1 + / e Z[i] <j' o* : ^ ♦ 

ue{±l,±i}&N(u) = l c jUx-iV . Ar - Z t^~ >Z ^ . ,. ]U ^ 

a + bi h-> a 2 + b 2 

. Z ^ 2 c JV(1 + = 2 4 Z[/] ^l^j UyvAj 

• is* K"".'"^ (Jjli jjc. 1 + z (j! ^jjj V Jlla j> 

t x,ye Z[i] tiita. t l + / = xy aLLJ aajjUI -^*...t : ^jij ^Lj^ 

• • • J-Si j 4 2 = //(l + = //(xy) = ju(x)ju(y) 

Z[V^n ] := {a + ibjn \a,beZ} 
•ts*^ 3 jW 3 " j* a=a+ibjn tiiis. AT(a) = a 2 +/iZ> 2 <-ij*-jl TV J ^ 6*-W ( ' ) 

. s^a. j ore Z[4-n] 4=> N(ar) = 1 <J ^ o* jj (<-j) 
ar = 0«>t7 = Z> = 0<=> #(«r) = 4 N(a)>0 J e^'j ( 5 ) : ^ u & 

: guii J!3 = c + id>fn 4 a = a + ibyfn (j£il 



Ring Theory GUlsdl^j&j ^/.^Hp,..;^ 



afi — ac- nbd + i(ad + bc)yfn 

=> N(af3) = (ac - nbd) 2 + (ad + be) 2 n 

= a 2 c 2 + n 2 b 2 d 2 + a 2 d 2 n + b 2 c 2 n = (a 2 + b 2 n)(c 2 + d 2 n) 

= N(a)N(j3) 

N(a)=l<^>a 2 +nb 2 =\<^>(a+ibjn)(a-ibjn)=l : a = a + ibyfn c£A ( M ) 
<=$ a = a + iby[n e (Z[V^w ])* 

Z[V«] = {a + Wn|a,6eZ} 

Z[V«] 3a = a + by[n ^ jV(ar) =| a 2 -«6 2 1 J^j 
<= J3 = c + dyjn t a = a + by[n oSJ ( i ) : ,-)U »ll 
a/3 = (a+byfn)(c +dyfn) = ac + nbd +(ad +bc)yfn 
=> N(aj8) =\ (ac + nbd) 2 - n(ad + be) 2 1 
=| a 2 c 2 +n 2 b 2 d 2 -na 2 d 2 -nb 2 c 2 1 
=| a 2 -nb 2 \\c 2 - nd 2 1= N(a)N(j3) 

CP> lij iSaj li) a 2 -nb 2 =0 < #(ar) =| a 2 -rc6 2 1> J c^'j 
a + b4n=Q j! a-byfn = <*=> (a+byfn)(a-by/n) = 
a = a + byfn = 0<=> Z> = ia = <=> 

M 

7V(ar) = 1 <=>| a 2 -rc6 2 1=1 <^ a 2 -«Z> 2 =+1 
(a + yfnb)(a - yfnb) = ±1 

jjjSj a + b\fn g Z[-Jn] <j\i (a + b\fn)(a - byfnb) = 1 <jl£ I j] 

no 



Division in Integral Domains iUaill 4**iAli : t^Jlill hM> 



(a + b4n)(-a + = 1 a u (« + byfn)(a - byfnb) = -1 ^b 

. a.**. j tilliS a + e Z[V« ] uj^j 

a,b,c,d gZ ^ V^|(a + W^5)(c + </V^5) rfc til : riU wit 

<jj£j <luaj Z ilua. X + yyJ—5 As-jjAili 

(a + byl^5)(c + dyP5) = yJ^5(x + y>F5) (1) 

(? f J3U li* oj^! (1) C5* V-5 6* -V^5 jjj 

(a - W^5)(c - 7^5) = -7^5 (jc - j/>^5) (2) 

: ^ J^aaJ (2) i (1) t> 



(« 2 +56 2 )(c 2 + 5</ 2 ) = 5(x 2 +5.y 2 ) 



5|(a 2 +56 2 )(c 2 +5rf 2 ) 



5 1 a 2 c 2 + 5a 1 d 2 + 5b 2 c 2 + 25b 2 d 2 ) 



5\5a 2 d 2 + 5b 2 c 2 + 25b 2 d 2 



: <jli lj£A j 



5\a 2 c 2 

5\c 2 j\ 5\a 2 J giija Z ^ Jji ^ 5 
• Z Jji 5 1 a J f J 11 ^ 5 1 a 2 



Ring Theory oujbJijojlai (^1^1,1^21)) 



5 * 5 1 aacc » _>iU* liA Jj^-aaJl ji^ ^l£) 5 1 c <j' ? 5 j c 2 

I c <j ^ 5 1 c 
: ji ^jjj • a,b,c,d £ Z <Iaj*. 

| [«c - 5M + 4-5(ad + be)] 
=> 4-5 | ac - 5bd => 7^5 | ac => 5 1 a 2 c 2 

<_J j*ia Jj-aLa. » J_j^-a ^jlt t , ifij <ji (jLaJ 2 1 6 Z[V — 5 ] (J CS^ - 6* : ^ * JliU 
((Jjl£jLijll (_jLaa. jj^j) ^fJjJa J^-J Ui...<"U ^ijli jjc, jjualic 

21 = 3.7 = (l-2>/^5)(l + 2>/^5) : t-'M >4 
ZtV^] ^ ^ l±2>/ = 5 < 7 4 3 J AiAjJ! tijlill ^ 

C£A . Jjti j£ l + sV^GZh/^] J J* Vji oAj^ : t -M >4I 

: J & • 1 + 3a/^5 =xy 4 x,yeZ[yf^5] 
ju(xy) = fi(x)M(y) = 1 + (9)(5) = 46 = (2)(23) 

nv 



Division in Integral Domains J*6iil &laii) ^ rta.nill : CJLUI wUll 



((^ .-Y-r) ^^W// Uyjrf) 

=>^(x)e {1,2,23,46} 

a 2 +5Z> 2 =2 : 0^ M*) = 2 l>K^ * = a + byTE 

a 2 + 5b 2 = 23 u_& N csBiS j^V ^Aa //(*) = 23 ^ ^ 

//O) = 1 fi{x) = 46 cP> ^! ^ • j x J liA (jjx^a //(x) = 1 ^ li) 

(1 + 3^){\ - 3a/ 1 ?) = 46 = (2)(23) d 
3^5 

: J 2^ . x,j;e Z (l + 3V^5)(x + yV = 5) = 2 jSJ 
jc-1.5j/ + (3x + ^)V = 5=2 

-3 

=}x-15y = 2,3x + _y = 0=> 45y + 6 + y = 0=>.y = — 

( y € Z tjV) J i aiuMi \iA j 

: J x,yeZ (\ + 3yT5)(x + yyf^5) = 23 
x-\5y = 23,3x + y = 0=>45y + 69 + y = 0=> y = ^ 



n a 



Ring Theory oUUaJi^j&j (x> ii«w ( . ...^h ) 



Jj\S P (X) cp> »j) • p{X),a(X),b{X)GF{X\ u$Jj 4 ^ F c& : n 

p(X)\b(X) J p(X)\a(X) & <p(X)\a(X)b(X) j^j < F[X] J* 
jj-cl Ulli. Oj^ l>(*)] lA* ^] (c» -W-^ 0?Vi P (X) oV : t-M >4I 

/(X)h->/(X) + b(X)] 



^0)=W+[/O)]=6W ' ^W) = fl(X)+[^(X)] = fl(x) osi 

= ojSi ^ q (X) ^ -GVi I a(X)Z>(X) oVj 



a(X) b(X) = a(X)b(X) = a(X)b(X) + [p(X)] 

= [p(X)] = 

b(F) = J ^(X) = uli J-lS-jU* F{X )( p{ x)] 

J»3lLj *(*) + [/**)] = [/**)] J a(X) + [p(X)] = [pm] d J 
. p(X)\b(X) J p(X)\a(X) u^c>j b(X)G[p(X)] J a(X)G[p(X)] 
jl£ I j] . F(X) ,J ( Ji^iiS) K"".''^ I />(JT) t F : W Jll. 

^ jjs t = u) ae E l21Ua <jl£j <. F ij E 

f(X) h-> f(a) r 

: ,-)U >A\ 

mX),g(X)sF[X]: 



Division in Integral Domains jjUaiJI <jj iUmill : wUI 



^/(I) + g(I))^((/ + g)(I)) = (/ + g)(a) = /( fl ) + g(fl) 

= ^(/(X)) + ^(g(X)) 
= (Pi(fg)n = (fg)(a) =f (a)g(a) = <fif (X))<p(g(X)) 
<p(l) = 1(a) = 1 

• C^a- f j£jJ*J*J* (P 3 

Ker(<p) = {f(X)e F[X)\f(a) = 0} 

. [p(X)] c Ker((p) <jli £ j>j /?(X)e £er(^) J c^ 1 J • t^ 1 ^ > j 
^ ^ Jii. |>(^)] oli JUJUj J J,\i 

. [p(X)] = Ker((p) oi* ^ <>j 

ijAic. i a 2 + b 2 

// : Z[i] -> N 
a + bi\-^ a +b = p 

a + bi = xy => ju(x)ju(y) = jU(xy) = //(a + z'&) = a 2 +b 2 = p 

=> //(*) = l J A0>) = 1 

. Z[/] ^ Vij . mjMI JjIS jjt jjli a+fo' J^Wj • 2[i] ^ '^j .y jl * J <^ 



Ring Theory CiLaJbJi^>ia> (^''"p ■"") 



i jJalia KjmlMl (Jjli jjc. ji^ir. I + 2 i l <j^atkll t jjij <J J jl JJc 5 lilliS (l — i 
. jialia i ii nil (Jj^ J'<-»''f- 3 + 2 i i -L^LaJl <d ^ jl J^c. 1 3 

: (jjlaj J <ji (ji jij d(a) = d(b) o\i (associate) ^jj^jLiLa a,bG D 

ijiji^a jit Jjj^jfc 

d(a)<d(ab) : a,6e£> 
t a = bu (1) : j) <Jjjaj w,vg Dof^- j ^ j=>-j t s J -*^ u^j^ tf,Z>G Z) : ^Ife ^1 
d (a) = d(bu)>d (b)(3) : UjjI (>) t> t#L» ■ "v = 1 « Z> = av(2) 
. & j^Lx ^jikJl g3L (4) * (3) o- . d(b) = d(av)>d(a) (4) : M (2) o-j 

t_SJj*J (jAiJa alij£j (jill (j^sjiSl li* ^>t'\ £aJ jail ; : AJa _jaXa 

. (A-Y-Y) ^fl n Jlio jjajl 

UjmjMl QiLlS jjc (jj p,qG D 0^ J ' ^-<A-£-<> Z> u^J : Y » Jlla 

(ji ^^Ic. (jA JJ : (q) Jlalbj p A£ jLiLall ji,-il W\l ^ l a a , Ac jau (p) <j£j] j 

O>)n(c7)*0 =>(/?) = (?) 

(p) (^(q)^ <p=$3s e D :s = pu =qv;u,v e D* (cp^ j) 
xg 3wg D* :x = pw = qvu' l w& (q) ^> (p) <z (q) 

= ^jjjAa.j t_ijjja (Jx«aL^ 



Division in Integral Domains J«&4I ^UaJI 4**iiJI : wJUl wUI 



AW* J^kj jUaj ciua. ^ UjumH <LU]| jjc j^Li*il (^) 

J t> <y>M ' Q[JST ,7 ] J Vij.nfin <L\i j-Uc. X 3 -7 3 Jk (Y) 

X 3 + 7 3 Jj^aJl Sj££l <u^W (Y) ^ v jlkJl jj£ (r) 
X 2 + Y 2 Jj^ll Sj^Sl (Y) t,a v ^iiaJ! jj^(i) 

Z u> ' ^ ^fcu- ^jll (V-o-r) a r; v.. AjULaVI ^' u ' :^J) 

. (.dliS ySilu, ^1 .-O-r) A^mll j t ^Lu, US " ^ikj jUaj" 

p(X) ^ /^^(^(^....^ei^ o^J < ^ F c& (°) 
p{X) J J* o*j* t ^(A')|a 1 (A r )a 2 (A r )..^(^) lij • ^wmli ^ j£ 

jc Aillkx 4jLjLu Ala. <_i jlkJ . (U -Y-r) ^fl ) \ Jllftl fU/uu oL>-jil Ijuk) 

.(! Jliall ck 

^Jifci Llll» jjSj ^ Jji Jlis JS <jl ^jlc (jA jj . 5lSa. F 0) 

Z 3 ®Z 3 ^ Uk il£Lia* o-J Z ^J/j J Jc. o* (V) 

[3] ul* ts^^J ' iJJ 3e2j7]< j^aic jj Jxl£l« jUaj Z[z] 

[3] uj^j **-kJ <M J^j lS*M 3^ Z[z] . Z[i] ^ Jji Jli. 

(c£l*-iSll bU j ? liLJ . !>Lia. (jjiJ Z^ ®Zj • J^^pj U.^ f5 (>j yil. 

Um.nU Jj15 2 » Vij.-nH JjIS 3 : Z[z] ^ Aji jj (A) 



£ YY 



Ring Theory iliJbell^jjlii ^-.i^p ...-tt) 



Z[i] <^a U u . . nil Jjla jjc. 1 - / J ^ tjA jj ( > . ) 
^ N(a) =\ a 2 -nb 2 1 <j& li) \ -Y-r) > Y Jli. ^ -ul ^ ) 
hjunW Jjla jjc. T jj^aic. (jjii or (jli Ljlji t jjc. t or = a + byfn 
[a] = [b] ola >^j a,b& R ^! ^ lWSU jUaill ^ <ji ^ ^ajj (U) 
oyl JV(7) J o- ^jll . Z[V6] ^ J»HSll JjIS jjfc 7 J ^ o*-H (^) 

Z[V5] ^ Willa?Ll5 jjc. 1 + V5 * 2 J <> 

. Jji JJC. £JJ-a ^^ic 4 a i nilll (J^Vj 4 - 1 jx jiuuoi TtJ-s .,-1 TjJC (J O^jl °) 

. - 1 4 1 <^A Z[Va] ^ 'aJj^jll CjIj^jII J ^ <jA jj 

jjc (ji ^jj* ^ iutjjM JjLV ^j^.r-i jjc. or dna. 4 a,bG Z[\fa] c££ 0^) 
. aJa.j 6 4 a t> 5£ jl Jic. jj . Z[Vtf ] SJa.j ab iJSj ( 



£YT 



Division in Integral Domains <>fi*ll £\hii\ . uUI 



Unique factorization domains Aafrfril JjJaAll QliUaj f-V 

• a = q v ..q r : j] ^? q x ,...,q r eR 
p l ,...,p r eR "<AJ j^Uc. a^jj a<£ R* < a^O <. as R (T cj) 

• a = Px-P r '• d 

R ^ Uu»f\\\ aLU jjc. jtAic q' s i ... i q\ ( q r <....<. q x diil£ Ijj (Ycj) 

Jsi <ii iiu=u ;zre t^^) ^j>Lr = sa)* q v -q r = q\-q\ 

■^J^qUo >qiJ^ ie{l,2,...,r} 

: \ -r-r 
N'(^) 0) 

(r^).(^)(Y) 
(r *) (r) 

t ^ Jjli jjc. tjj^aic. ^ jSJ (V^j) ^jic 4iAjjl3 : (Y) ) : jU jjJI 

l>j • # c : Ol £^ CE R ijaie . dya. q | j 

q" i ... t q" i q\ ... i q x ( q r t ... i q\ huu/iN aLUs jjc. j.^Ur. jj ( ) 
a = q v ..q r < b = q v ..q s t c = q"...q". 

q v ..q r .q[...q s =qq" v ..q" : u & ^ 



Ring Theory oiiiseiiSvj^ (^suili*- 5)») 

;'g {1,2,...,j} ^jj jl q~q i u! ^) i'e {l,2,...,r} .^jj (Yo) i>j 
• t^j' q J i q \ b J q \ a J <J^j q ~ q' } o) 

■ : ( r ) <= 00 

• (jjSj kj..inll (Jjla jjc. j.^ir. J£ jl ^11; (1* tli) j* : (\ ) (V) 

AjJjS jjualic ia. jJ (1* ill) <>a 4 Vnj.nnU <Jii JJC. \ j^ajc qG R <jl£ lil : |jV 

jla Vij . hi'iU Jjla jjc j^ijc ^ jVj . q = p v ..p r ' u_& P^,-,P r e 

• # =^1 uj^ cs^J ' r = 1 

4... 4^,'i gr r 4... iqx <j£jl : ^jVIS (VCj) JJjAill (jJfc <jA ju 0^4 u^j 

j«a <_s' uj^j • ^ — 51 ei * ^ r 1 ^ ^ <JJ q[ & ■ 9i-9 r = q'r-q'j 

^ J^aJ Uj\i ^Ulb j 4 ^ | q x tjSLaJ (without any loss of generality) V 1 

. t_ijUauJl (^ic J^^aaJ ^Ija-VI lj* ^ J jxloiVljj . q' 2 -.q' s = uq 2 ...q r 

: uu uLi r-r-r 

(Unique Factorization Domain) jj^.j R J-^la jUajl JUL 

. (>-r-r) ^jJaiii ^ dii jjjSujI (^j**. jauj) la ufd ju^iL) 

•• ^a»ai» r-r-r 

.^j JjLu ju* ^ Z[V^] (J-issuii s^\) *ik» uj^O '-x-r) Jiiaii i> 

: jaj t-r-r 

. Al^j lJj^ (J^=" UJ^5 ^£«>\-»J Cj\jj\!L» (jUai (J£ 

: i_ a j*j . AjjluLuiI tliljSlia jUaj i? (jSjS : ^tA ^1 
M := {[«] | «g R,a * 0,a£ R*, R ^ <£j j^Uc. i_j j^a <J^U <jJ « } 



Division in Integral Domains J*&iX\ JUaJI «t o ninll : CUUJI hiUI 

. M = J (^ift V ji o* 

(jLLj ji ii^V) *i jlOU 3i..niU M ^ fiici juVir. Ja, jJ <p M ^0 1 3) 

((y .-r-^) ^ ya jil. j*) f jk-i i^j Uji uii- [cq ji ((?) v-Y-r) j-j 

(^uL liAj a? = b c oj^J <Ap^ cg R -ui ^jHuoj liAj . [J]c[Z)]ci? j) 
{[bc]*[c] d*J&ij b£R' cP£o*j[b]*R : jV) [</] = [2>c]c[c] J 
jV) Z>,c£tf* ^JliSj . Z>,c*0 jVlj • [c]£M i [b]<£ M ji 
c = p[...p m * b = p v ..p n ji M j> ^ (eg i?* ji Kl^lAl 

O^Uj liAj flf = p v ..p n p[...p m ji f jUml) liA j£ij • <jiji J—Uc t /?. ^ 

. 6 ^jiUa i_JjlkJ gjjj j . M = (j) ji ij\ • [d] € M ji <>aj3 

: o-f-r 

— V) Aj^lkill jx j 3 jmLjii tllLJli* jliaj jjfll (j^-iaj (J£ — ^ — Y) <J^>Iaill j<a 

• ji c$i • -^^J J,'^"' (3^»j UJ^J iJllLJlla (jUaj <JS a^iiU-o aLLuJI (£— V 

Jha. j Jjkj jUai i?<= CjUlia JtLj <= jjAlla] jtki 

: ^J»i^ <Hil n-r-r 

^ (JjS lijijj ' c^AiSaj jU^ Z ji Ujij (A-1-Y) j* (^) JUJl ^ : \ Jlli 
.a^j Jjkj jUriZ jli JtiLj ^Ull« (jlLi Z J r_r_1 )t> ) JUI 

24 = (2)(2) (3)(2) = (-2) (-3) (2)(2) ^1 
. -3 t 3 4 ^jlSjUila -2 i 2 jljuVulli -ij^j JjI^j (jUaj Z (ji ALii. (_paaLiiV 

. (jjLuJl (Y (Jli) jjjSjJI ^ (j « i ^Tt"i ^ lift (ji Jaa.V j 

m 



Ring Theory d&JbJiC^j&i 



Y Jtla 

: Z U [X] « Q[Z] * Z[X] : *U£LJ1 ^ISIW! Ji Jwill *L15 

/ :=4X 2 -4X +8 
AX 2 - 4X + 8 = (2)(2)(X 2 - X + 2) : Z[X] J : J^l 
Z[X] ^ Vij. M .riti <Lla jjfc X 2 -X + 2 « 2 
WUl^Lii j^l^ii^ 4^ 2 -4X + 8 : ^ 

jjlfl J&hj Uj.nnH JjIS jjo o^l 2 o^! : 2 £ Q*[AT] J -k^jj 

- ej _^ ^ ^nSS / J 4Z 2 -4Z + 8 = (2)(2)(X 2 -X + 2)gQ[X] 

4X 2 -4Z + 8 = 4Z 2 -4X-3 : Z U [X] ^ 

= (2X-3)(2X + l) (1) 

4X 2 - 4X + 8 = 4X 2 + ISX + 8 

= (4X + 2)(Z + 4) (2) 

? OUbi- (2) * (1) 0' J**^ J* 

: t*13i ^ jjj d )i\'^ « Ujlj J o)J^^' ui* tP^J ' Aj^j (i 1 ^ J*^ 

4X + 2 = 2(2X + 1)1 - 
(2X-3) = 2(X + 4)J 



Division in Integral Domains J*£ill ^UaJI it a miil) : wJUII uUI 

. AatuLuii ilAjllia ij^al •^•J J^-j (J^-^ <-5^ ("t 1 ) 

a^j Jjks (_=.) 

A^Ui djUlla Jlkj jjSj V" 1 ^ CjLllia (jlkj D lil ( J ) 

Ap. j Jjkj jlkj jjSj D[X] -^J J 1 - 1 ^ ^! (—*) 

. 4jji^a ^>jjo! j3 ^^C. (_5 J^-jV ■iJ^J (J^-j ( J ) 

1$ >««'< jjla t hu.inU <Jjl5 jjic. p iLu*. I a |jj Aj^j JjLsj (jllaj t5' tS^ ( j ) 

. a —1 JJaj j^kj 

• jLHo (j^J^J AJ^J cJji^J Cj^aj ^gi UunflW (jjLli JJC. (jJJjL^ijc. <J£ 

: JaJl 

(£-r-r) i (A-Y-Y) <> Y1 JH» ^ (3fui C j-> ■ ^ ( i ) 

(^) fciJljS) . CjUlia jUaj 4i£l Jjkj (jlkj Z[X] : iLi (v) 

. 4_uJ_u:! dlUllla JjUaj (_>^ 7l\X.~\ l AjxuLui dlUllla (JjUaj Z : Uai. ( J ) 

.4jjik-a ^jjolja <Jl ^^Ic. (_5joajV ^jJUlbj 4(Jxl£la (jUaj jA Ala. j (JjiaJj (jUaj <ji ( J ) 

Z[X ] 3 2X +4 = 2(X +2) = (-2)(-X -2) : Jli- : U»i ( j ) 

Z[X] ^ -1 

. Z uUa^ jll jll LaA ±1 ilna. 3 ^ ±2,2 * ±3 Laiu 2,3e Z ( c ) 

jja. j Jjki (jLkj D tln^ D[X\ J g[X] jja* ij& ji u^ 3 Vli. mj-^I : * 

F i F[X] ^ ^ Laiy c Kj.iiM\ aLIS ^jSS J (a^j Jjkj jUaj £>[X] ^Wj) 

2gQ* oV i^-ill ^LIS Q[X]9g(X) = 2Z + 4 = 2(X + 2) : 

. 2,Z + 2g (Z[X])* gV jij.-ntt <Lli Z[X]3g(X) Uiu 

t Y A 



Ring Theory CiQisJi^^iii ^utt p...^ " 



t D ^ cjl^l a^j^ D*) D\D* Ja . Jja. j J^u jlkj £) ^IJ : o Jjj, 

? Z) ^ i_i j^all A^udllj Sj^J Jlcj (! ^Sjla jA US 

: J ls' ' £> t-j^Jail <iou3U (closed) Aili-c £) \ D* J 1 t> f=- J 1 ^ : JaJl 
Vx,^eZ)\Z)*:xyGZ)\ J D* 

JUL, . D* i D ^ j^c <jV t D\D* J] y^SL V "1" j» j^jc J VI 

. Z) ^ t_j j.ill VilL s j*j Jj-jV Z>\Z)* jli 

(1, 0) J» <Vnl l JJJC-I (j^ajj^aaJl 

Z®Z jL-all (^jLouVj (nonunit) S^j > j ■>«•«-- J£ : 

Z ® Z ^fl Vij.niMI ALla jjc j^Lc Jlj ALkj 

J-U j^u*]l li^J J^kj JS_, « Z®Z yii^j^ (1,0) 

j-Uil . 511. (±1,0) = (±1,0)(1,30) jV < Will Jjla jAj t (±1,0) 
j±. Jj^c q i p dj^ (gr,±l) , (±1,/?) -Las ^ Z®Z ^ hj.-fln *LliH 

. z ^ K" 

. ^IjVt Jl-JcYI j> ^ V JJc. ^jj Ail Jc OA jj : V 
lj* • Z ^ ^3jVl JlJeVI ^ /?„ < ... < p 2 i pi <j£Sl : (o-^lSJ) : flU >4t 
JaVl Jfi 4 p,^...^ +1 J 1^ • 0,±1 * p^.-Pi+le Z J 

.3.1C _jA_J ^juali 

• # 1 1 # I p l p 2 ...p n t>J 

^Ji jl Z[z] ^ Jj j^uc pt= Z ^ JJ lie p : J c^ji : A J&, 

p-7m ojSj ^"G Z[i] J ji j.^ir. 

^ o4 P J -Y-V) r Jli« j> ^ Z ^ U J p tjSA f 'jU wit 
^,..,^„gZ[/] j^Uc ^ ^li (? Ji=u jlLs Z[/] uVj -Z[i] 



Division in Integral Domains ^Uaill ita miilt : tJUll mUI 

1>JI Jc. . p 2 =pp = {7tft x )...(K t /i n ) J loAj . p = ft v ..ft n u_&! 

Jliaj Z[/] tjSlj . 1 < l$K <^ua <JJ jt ^ p 2 _J Jjia^J AajLJl <jjl..gJl 

t « = 2 oj^! p = ft x uj£j AJUJl si* t n = 1 J Lali a^j Jji^J 

• P = = ^2 

pGZ jjJji jjc <S= Z[l] >-aie. # : <ji jj : ^ Jll* 

. p = ftft J [ft] = [p] u& ^ 
ftft-l) ftft>\ <■ ftftG N : J* ^ Uji f j^aic. n u 15 : t'M »M 

JJJkj Jjl^J (jUai Z ijVj f-" t>°J • (o^-" : ft otixx 

ft J* Z[l] ^ Jji j^io ^ jVj ■ 7ZK = p v ..p n u_& p l ,...,p n G N 

. ore Z[z] * = 7ta J u'\ t pj L> X>1& 
: £ ^iUo (jjLJl a Jllall jj ^ LJ!l» . ^ = p.p. = (7ut)(aa) J 1 t^&i ^ j 
[ft] * uUllloli oj^j ' ^ s^j or u' l?' « ora = 1 a& J W 
. aa -Kit = Pj oj^j u' H j ' [/?,] = [ft] <j' uyj*^ 

: J 0* jj • j? o^J : ^ * 

/? = l(mod4) jl />=2=>3xeZ:x 2 = -l(mod /?) 

. x = -1 'up = 2 u 1 ^ 1$ : 
: /? = l(mod4) 'jj 

= ( ii)V^ ->( zzl )( £zl ) ..i ) 



Ring Theory c>\2±xl\^j&j 

x 2 =(p^V)\ = -l(mod/0 
(A-Y-Y) U JULa 

n 2 =a 2 +b 2 :a,be Z «=> n = aa:ae Z[i] 

( > ) a = a + ib ilitv j I iA 

ul* / = ' oi*Jj* ^j^?- "/ A? 3 - ' n = n v ..n r <jl£ 13 <ui t> jj jVlj 

: J ar ; e Z[i] n. = aror. ) j> = t'M.^ 

n -a l a v ..a r a r = (a l ...a r )(a v ..a r )=c 2 +d 2 

JA^I aLLjl Aic t ^1) « = n /" (n> 4 «gN i n>\ • ^ 

p 

Iajc = k p (n) (jSai p = 3(mod4) aJjVi jIjcVi cP Ij] <d ^ o* 
n =a 2 +b 2 , a,b e Z owj* u_& ° ul* Wjj 

' J LS^i a jJiUx ^Luuli J^-^ i>° • <*M i41 

tjJ*Jjx 2(1) 

tjjxjj- £■ /> = l(mod4) t ^ji juc p (<_i) 

2 = l 2 + 1 2 = (1 + 0(1-0 ( > ) 
jjSj >*n%i xg Z ^ • JUa (> . Uji tj^c. p = l(mod4) (v) 

uSlj . p\(x + i)(x-i) i) J\ p\(x 2 +\) J L^&j x 2 = -l(modp) 



Division in Integral Domains J«£*ll JjlUJI ii a mil) .- mJUII hM' 

p jla JUlUj i ( — ± — & Z[i ]) x - / (xj-LV j x + / ^>ulAiV /? ji jll j- 4 

tijJa-J 71 € Z[/] ia. JJ &LA\ A Jlia j*3 . Z[i] ^ tjJ ji f_>j^»ic. jjSj (ji j^Y 

. p = 7T7t oj£l 

: ji ^ jAjj . Uji f Ait p 2 j£al : \V Jtl» 
/? = 3(mod4) <=> ^ji jj^ajc. psZ[i] 

Z[z] Uji t j^aic. ^ p <?= p = l(mod4) 
Z\i] J Uji I o4 2 = (1 + 0(1 - 

J ji juVir.. Aji ^ ■ >Tiij liA Z[z] ^ Uji tjj-aift (_>ju] j£J : "^>" 

p = a 2 +b 2 ji <jr>±tij l^j ((i^LJl A Jll«) p = 7UZ jjl> ^ Z[z] 

jl« jjc. a 2 + /3 2 = 3(mod4) ji Ls^&j (a,bG Z t a + bi = K ^) 

. (x 2 =l(mod4) ji x 2 = 0(mod4) :xe Z ^) 
: o^J! Jc j* jj JjUI U Jli. JI £ ja. jlL : ^ i Jtl* 

<jljVl jI^c'VI (jj-^aJ <ui (^ajL n = a 2 +b 2 , a,bG Z ji J j^*j>« « 

k p (n) = 2k,kt N ci^ ^ = 3(mod4) 
jj£j <iuaj ore Z[z] ^.jj <ui Ii* • j^*jj-» ^y^* w j£J •' QlA. ^1) 

7t x ,...,7i r g Z[z] <sli j^j Jjkj Jlkj Z[i] j) tiip. j-j . n = a a 

• uj^J 1 *"**• .' j • "~ 

or = 7T, ...7t r , n = {rc x 7i x )...(n; r K r ). 

: jtilLa. LijjJ jj£j (3^^' ^ j - ^4* 1 < z < r ' < i <J£1 j 

in 



Ring Theory uUJbciic^jj&j <ty auji^.ZM> 



' Z ^ JJ Ale p. Jjja. tf. = flp. j! dn^ #e Zft] S^j ^jh : J jVl aIUJI 

^ =7Ji-P- = pf 

.-^ =l(mod4) ji p,=2 
Jz. p=3(mod4) J jVl J-\Jl « _] ^JjVl OMl ^ Ju»j Uili 

. ^ Y i (j\La ^ ajjuitia (jV*^) 
UsJSj talki q4 Z[V-6] J t> i> jj : n Jll. 

10 = 2.5 

= (2 + >/=6)(2-V^6) 

J (o-r-r) JJ^ ^ ^ Z^/^6] OA f5 o-j .ztV^] 



Division in Integral Domains jUaiJI <ji a a mall : wJUlt mLII 



^■j <jLk> oyJ Z[V5] ui u^. (jAjj ) 
4 V5-1 J Jc <>^j • (V5-1)(V5 + 1) = 4 = 2.2:Z[V5] ^ : jUSJ) 

. (Z[V5] ^ Uj.unW ttAS _yo 2 « V5+1 
(3X + 2)(X + 4) Jk£ IX 2 + 4X + 3e Z 5 [X] rf <J* & ji ( Y ) 

. (4X + l)(2X + 3) J\ 

. j^j OiLo ISO* Z[>/-2] « Z[>/2] J (V) 



Ring Theory CiUJbJl^^laj ( U "''* H p -,-?") 



ji*oi\ J>ai utUallj ^1 djytt) ^IaJI i f 

Greatest Common Divisor and Least Common Maltiple 

: i-L *j \-t-T 

a v ...,a n GR oSJj . t5LLj jSJ 

a n i ... <. a x jj-aUail (common divisor) >Luu LluA5 deRj*^*W (j-^uy ( 5 ) 

t ze <jlS lj) 

• cd( < a x ,...,a n ) a n 4 ... 4 a, j>^U»13 AS^Li^ll ^1 jail <c ^ J^ij 

t ... i a { j ^ \ \r\\ (common multiple) Is >Luui U&bJa* me i? j^aiA ^^^o (<-j) 

*'e £^ a, |/w ljj a n 

: A^jalt Y-t-r 

: jjli oj^c ■ ee R* i a x ,...,a n e cAjJj / bL«lSl« ISlkii? jSJ 
tiec^(fl I ,...,a„)<^[flf]3[a 1 ] + ... + [c7j ( i ) 
(... 4 a. j> jljsj JliJi [ fl/ ]) 

me cm(fl, cj ^ [m] c [a,]n...n[a n ] (m) 

tf* c cd(a x ,...,a n ),0<= cm(a x ,...,aj (-^) 
cd(e,a 1 ,...,aJ = R* ( j ) 
cm(0,a x ,...,aj = {0} (—*) 
cd(0,a x ,...,a n ) = cd(a x ,...,a n ) ( j) 
cm(e,a x ,...,a n ) = cm(a x ,...,a n ) ( j) 
Oea/(fl, fl„)«a 1 =... = fl,=0 (c) 



Division in Integral Domains J*£«ll &\bii\ 4*miaJ| : £JUII uUI 



e&cm(a x ,...,a n )& a v ...,a n & R* (±) 

[d]3 a i <^=db = a i : 6 e ^jj <= d | <z ( i ) 
[£/]=> [a, ] + ... + [«„] <= 
m e [a.] a.6 = m : b & R ^.jj a | w 
[mJctaJ + .-. + ta ] <= 

: um»3 T-i-r 

IjJ ^ ]5A4 i5 Ul < mmI -ol (cUSL. jUw /?) a,,...,a n g ^L«J Jli 
(c^(fl,,...,flj = /?* j^fH-^^jo*) • cdfa,...,^) cz R* 

JS1 oj^jc. . J? ^ kjninW JA3 jjc. T j^ic. j> jSJ j 4 iLA£io taLLj .ft jSJ 

. a -da' i p = dp' '^-^ a\p f G R *i J\ . d\p <. d\a 
.(associate) <jj£jLii« J 4 p jjfL li^jj 4sis. j /?'j^ K'" 1 ."^ <JA* J^- PcH j 

. a — 1 Luuila (jj^j (jli ^1 o^j 
: <Ju j*j e-j-T 
. a x ,...,a n <=R cMj • ^&*W^iR <£jl 
(greatest common divisor) 4aci ^ >1A< -u] ge R Jli ( i ) 

rf|gtii</eQ/(fl |J ...,fl,) t**?J * g(=cd(a x ,...,a n ) J^^\ «„' ••• ' a, — 5 



Ring Theory Cil2Jbeli^j>^j 



ga/(q,...,a n ) j-»j5b a n i--^a ] j*^U*ll ^^Jj n ti aSjI^I jSll <c.ja^o jLijj 
(least common multiple) jauai d^luui li&Uad <u] f g 7? j~»i*J JUL 

(jVi me cm(a l ,...,a n ) <■ £g cm(a l ,...,a n ) uj% La^jc. 

_^o^)]U t . . . i flj ^>j-aLixJ] (_g jt » .-ill <£,jlkjlu<Jl (')Ur.l Ac jUijj 

^cm(fl lv ..,flj 

: jilt n-t-r 

ZtV 1 ?] J 3(2 + zV5) « 9 u^i*ll 

: AJa talt V-i-f 

gG gcrf(fl 1 ,...,flj,g~g , =>g , e gcd(a x ,...,a n ) ( i ) 

g,g'G gcJ(a 1 ,...,aJ=^g~g' (m) 

£g ^cm(a,,...,a B ) J ^~-£ , =>^'G £cm(a l ,...,a n ) (_ ?.) 

^,Tg tcm(a v ...,a n )=>£ ~t ( ) 

(jjAj ^jl V"- J J* i /-iV I til ju* .nil t— a&U*-i.nllj ^JicVI <iljT)»* .nil ^jailiill (ji ^^ixJ Aiajai-allj 

(up tO Units) illi.la.jll <_jLuia> 
: 4ja«al« A-t-f 

: jjla ju^JC . tjUL-al i-lmjl a x ,...,Cl G R <j^J • Xal£la tSUaj jfLJ 

gG gcd(a l ,...,a n ),a i =ga i : zg ^j-aJ 



irv 



Division in Integral Domains J«IS*ll JUaUl ^ it a mill : OJUJI mUI 
crf(a, / ,...,^)c/?* 

: <j] ^y=H /? j^jj ze {1,...,"} ^ jj^jc- • tGcd(c(,...,a' n )<^R* cfc£ 
•■ CM £ c>j • /G {1,...,«} a.=(gt)t. : J ^ • a' = ffj 

ssi? ^jy -ola (i t>j . gt\g o& gtGcd{a^...,a n ) 

. R ^ "o^j jjSj J ,_5 ja.) a jli«J t £S = 1 <jjfLi lluau ij\ t g — gtS 

: h & i-t-r 

i— >>i<v 4 ^lici liSjlio jxuAS a i ,...,Q n G R l)^ -^Ji -^J i-iA 3 ^ l3^»j (J* 

^.jj Ajla Jjk^ jLki a ] ,...,a n ^R* J < a x ,...,a n e i?\{0} 

J£J . ie {\,...,n} ^ ai =p^\..p k ; M *w £>,.) . ... t *,(«,) 

w y -min^Ca,.):/^ {1,. ..,«}} c&l ye 
^ g=pr •■•/»;' : ^ • M.-max{^.(a,):ie{l,...,n}} u^j 

O^L^ £ = p™'...p" r t ^1 

: Wu ^ »-t-r 

J£l Ajli iiiic . R _J Jia> jjljlj t ai^j Jjkj JLLj i? jSjl 

b 



irk 



Ring Theory GUisJijoylai (^"'^"p ■■«") 

. b' ' a — S g j^aci <il__£LLa ^jJi .la. jj (^-£-f) ,jx . X — — qSJ : 

b' 

b <■ a uj^J (A-£-f) i b' -gb < a = ga tf,Z>G R J&±j 

a ga a , 

b' gb b ^^jr-^ 

^Jici l£jL2La LuJi g j . a v ...,a n ,b€: R cfi^j ' -^j <-5^j 6^ 
j>^il"mJ] - fc><*-' t£ jUa Lajjili tjj^j 6 g (jli jjjjc . a n i ... i a x j> 

. 4 ... 4 Z)a t 

. ba n i ... i. ba x j^Li*15 c*5jli-a ^AS b g () j : ^jlft ^1 
^ . £ | bg J 1 (Jc- u* Jf* u' s- 1 jU*^ • 6fl n t ... ' ba x _1 t£ jLLa UUa f 
,> JUU ^ lij . *lcjyi : tG R* i t = « a, = ... = a fl = cjVUJI 
. z'g ^»=J a ; = ga' uj^ c(,...,d n eR cjVUJ! »iA 

: & ^ r-t-r 

ge gcd(a l ,...,a n ) JS1 . fl,,...,a n Gi? O^jIj t4^LJ cjLJli* jUaji? (jSJ 

: jj duaJ X 15 ...,X n G R j^Ufr ^jj 
g = XjO,+... + X JI fl (| 

: JjSj dxau g'G 7? ^LJ^ j^ki i? jV : t'M >dl 

' ••• < g*|«, u^uVlj • g\a n « ... ^ g'|a, 3 £± ■ [g] = [a v ...,a n ] 
. g"z n =a n c ... « g z, =a, uj^ ^p-»^ e R ^ 2^ • g"K 
t ^wj+.-.+aw^g' u! w{,-»w B Gi? ^jj -oi r jli*-j [g]=h,..,q,] jVlj 



Division in Integral Domains J*£*lf JUtUI <jj iia mill : dJUJI wUI 
g z,w, + ...+ £ \w n = g : u) dn^ z 1 ,...,z B ,w p ...,w il e 7? ^ -ula ^ j>j 
t>j • a n i ... i a x —1 ^Ji&I c£5 ji*L» ^li g' . g"\ g (} ls *±&i 

<^ i>j • [g] = [g] = [a l ,...,a n ] : cjli ' g~g J* (V-*-r) 
. g = x x a x +... + x n a n : u) G i? ^ jj Aili 

[g] = K]+[« 2 ]+-+K] 

ge gcd(a x ,a 2 ,...,a n ) 

: ^ r-t-r 

. a lf ...,a n g J ' oUlll* jlki (jlJ 

gcd(a x ,...,a n ) = R* (Y) 
+ ... + *„ a n =1 : o£j ^? x x ,...,x n e R ^jj (r) 

K,...,«„]-7? (£) 
: >JI 

<= cd(a x ,...,a n )=R* «= A£>i- ^ jS 1*1 ^ a n . ... * a, " (Y) <^= ()) " 
« uecd(a x ,...,a n ) J ^ ue R* c& c^h ■ gcd(a x ,...,a n ) cz R* (1) 
g|« ul^i>j [g] = # = : gecd(a l ,...,a n ) = R* JSlj 

« (1) 0- • R* cz gcdfa,...,^) (2) J ^1 we gcd(a x ,...,a n ) : ul* ^Jtilb, 

gcd(a l ,...,a n ) = R* Jg&i(2) 

it* 



j Ring Theory DUUNSo^iiu ^lUti^Jt) j 

(U-t-r) Aj^ki : " (r) <= (Y) " 
pXj : » (£) <= (Y) » 

\ t ... a n eR ^ji *=le[a } ,...,a n ]*=[a l ,...,a n ] = R : " 0) <= (t) ' 
^>.jj <ui x|a n t ... « x|a, uVlj • 1 = \a s +... + X n a n u! Aw 
« 4,..., A, e i? ^ -uii J^Uj xv, =^,...,% ■• o) Aw y\,.-,y n e R 

• d Aw y v ...,y n eR 
l = A x xy x + ... + X n xy n = (A x y l +... + A n y n )x=>xe R* 

. a£ pJji ^ o*£ a n i ... i a x (j (j* 
Euclid's Lemma (o* 2 ^) -^m-^) '■ 4aam S i-t-T 
f>J j5 U$J (_>«j1 b i a cP- ^1 • a,b,CG R jSolj • ^— jUaj i? c£4 

b\ac=>b\c : cP'^ J 1 ^ 
: q\ Aw x, y € R ±>.j} 4= a£ JLla jwuoi ji U$] (jaJ a , b '• QU >4t 
Z> | c<=oca + cyb = c <= xa + yb = 1 

i>|ac 

tsiiij joz + = £ jjSj Aw x,yei? a,6ei?\{0} 
: ^VIS (The Euclidean algorithm) VylSVI 
q { G R t r t e i? \ {0} ^jj VI j ! ^-bl j <j£a < a _1 LlJS 6 £t£ lal 
t> _J Luis n ^1 • d(r x )<d(b) <■ a = q i b + r l : uj£> Aw 

t*Ilj£ _^V1 ^1 lis) . 6 t a — 5 jJaei t£ Luil ri l) 2^*' 
n a-u-Sj *Ij^VI ^ j-i-j . b = q 2 r l +r 2 Aw # 2 ei? « r 2 ei?\{0} 
tl&j ' ^ +) = ' >"„ * uj& Aw ne N A^jJl ^ ^ ... li^j r 2 



Division in Integral Domains JaIUI Jlhill &i *a mill : uJLUI uUI 

: fUiill ^ J-^j li^j . d(b) > d{r x ) > d(r 2 ) > ... 
a = q x b + r x , r x ^ 0, d(r x ) < d{b) 
b = q 2 r x +r 2 , r 2 ^ 0, d(r 2 ) < d{r x ) 
r x =q 3 r 2 +r 3 , r 3 * 0, </(r 3 ) < d(r 2 ) 

r n-2 = Wn-X + r n , ^ * 0, rffa) < </ (/•„_, ) 

. & t a — 3 1£ Uauali r„ <jj^J ' ^„ | a <■ r n \b <■ r n \r x i ... 

<JiJ (jJI ^jici qa (jjLuJl ^Uiill USftijL Uj\i b <■ a ! t£jlLo LuJS t 'A'j 

_J jJa&i iiS jllo ^15 jA r„ <ji (^1 . ^ | r n 4 ... « / 1 r 2 4 £ | r, ^*jtiLJl <Jj-*r=J 

..UajJl i jii Xc7 + yb — r ijj^J Cjuaj R ^ (jjjjuaic. y 4 X Jjj-aaJJj . b i d 

... i b 4 a (j-a 

. Z> 4 a J> ^ySjiS r„ J^. Jx^j 

: AJlaj ^ n-t-r 

fiicl t*5 ^15 X + 2 cji JiC- (jA_>J Z[X] J jiaJl Aila. ^ : ^ 

. 2X+4 l J 2 + 2I J 

X+2 J J\ 4 (X + 2)|(X 2 +2X) 4 (X + 2)|(2X + 4) J c^j : ' ,)U ^ 



Ring Theory GUJbJi^vj>lii (t ^UH,fc«JJl) 



Aila , f\(2X + 4) • f\(X 2 + 2X) u) /eZ[I] « /*0 ^) 
Z[X] JUb, J-ISI. Z jVj • fg =2X +4 Ji ^ ge Z[X] ^ 

: ^ (((?) Aiij^L) cUSi* (jlki 

deg(/) + deg(g) = deg(/g) = deg(2X + 4) = 1 

ij) . deg(g) = uj^ J deg(/) = u_& J H ^ £ i>j 
^^ ■^ /|(X 2 + 2X) 6^ <J o-j ' / = « ^° lA* deg(/) = 

X 2 + 2X = a (Z> + + b 2 X 2 ),b 2 * 

a t eZ J f jfc-y I j . a Z> 2 = 1 J t** 5 ^ J • deg(X 2 + 2X) = 2 jl 
f\(X + 2) ■ a,\(X+2) ulioAi^ . ^=-1 J a,=l J J i^j 

■^0. f = a + ai X o*J< deg(/) = l ^ 
.2^+4=^+^ o& ^ 0*^eZ ^ <i ls ^ i f\ (2X+4) s>. 
<d tfJ jaSL / 1 (X 2 + 2X) Ji\ j . ^0 J f ,iA j «o c o ~ 4 J ? J 1 ^ 
X 2 +2X = (a +a l X)(d + d l X) : ^ 4*0 « d ,d x zZ ^ 
. a */ =0=></ =0 : u^t>j • (deg(Z 2 +2X) = 2 jV) 

a„*0 

(J-ol£lo (jliaj Z 

liAj . ^ = ±1 c) is'\ S-^-j a, e Z J a^, =1 ^ oj^c-j 

* =1 d& ^! « = 2 a d x =2 o\* b^'j • d x =±1 J jOH-u 

/OjS, aplLJl /=-*-2 J /=X+2 Jlhj . 4=-l jl* lj> ^=-2 

. 2X + 4 . X 2 + 2X _! ciljli- ^15 X + 2 J ci> -X + 2 _1 U-A5 
±±y ±12 L»a 48 ' 36 S u 1 ^' >^ lA— 15 ^.jj Z ^ : Tjlli 

. ±1 U Z ^ iaS3 jjlilaj 



Division in Integral Domains J*6ill ^UaJI a a mill : wJUJl mUI 



ja I 3 -l * X 2 -2X + 1 j^aJl ^Sj^l A >i- ^li ^ Q[XJ 

.'^jO^^eQ jVl 3 -l l J 2 -2J + l 

jl£>i* jU«Ui W X 3 -l « X 2 -2X + 1 jj*J ^j^S jli Z[X] ^ U 
. ±1 L»a Z[X] J CP^J VI ^ V 4iV ±(X-1) U& -LSa jUfcci 
* 49349 -J ^Vl <4 >JU1I ^.lill jUjV <pJaYI A*, jj jill : V Jl» 

Z ^ 15,555 
: JaJt 

49349 = 3 x 15555 + 2684 
15555 = 5 x 2684 +2135 
2684 = 1 X2135 +549 
2135 = 3 x 549 +488 
549 = 1 X488 +61 
488 =8 X 61 +0 

±61 ^JicVl c*5jliJ! ^ISII jit 

P 2 - 2X 4 +3X 3 +3X 2 +3X+1 « i> := 2X 5 + 7X 4 + 9X 3 + 9X 2 + IX + 2 

• Q[X] J 
: 

2X 5 +7X 4 +9X 3 +9X 2 +7X+2 = (X+2)(2X 4 +3X 3 +3X 2 +3X+1) 



iit 



Ring Theory CiliLxJl^vj^u (^ittfl,**^) 



Cjj^i o * — e Q gJ^ J • (Jaoi t£ jli-a Lu^ili (jj^j X + 2 cjli ^USUj 

. Q[X] J IS L^li <il]i£ Z(^ + 2) 

Ai. j! : o ijtla 

^ :=X 10 -3X 9 +3X 8 -1 IX 7 +1 IX 6 -1 IX 5 +19X 4 -13X 3 +SX 2 -9X+3, 
P 2 := X 6 -3X 5 +3X 4 -9X 3 + 5X 2 -5Z + 2 

: ^VlS AjaJsVI V« jjl jiJt : JaJl 

^ = (Z 4 - 2Z)P 2 + (-Z 4 - 3X 3 - 3X 2 - 5X + 3) 

P 2 =(-X 2 +6X -19)(-X 4 -3X 3 -2X 2 -5X + 3) + (-59X 3 -118X +59) 

-X 4 -3X 3 -2X 2 -5X +3 = — (X +3)(-59X 3 -mX +59) + 

59 

Q[X] J jj^vII ^1 ^-.15 ja -59X 3 -118X + 59 J J 

• Q[^H ^ ^ r 115 ->* Z 3 + 2Z-1 

i 630 t 231 jljabli t£ jlix L*uAS o^j! AjjJayi 2u.jJ jill T.vi : 1 JH, 

Z ^495 
: iM 

630 = 2 x 231 + 168 
231 = lx 168 + 63 
168 = 2x63 +42 
63 = 1 x 42 + 21 
42 = 2 x 21 + 
(1) Z ^231 t 630 -J Aj^^Jl ja21 J ci' 
630= l x 495 + 135 



Division in Integral Domains <>£ill JUaiJI <> ii a mnl! •. uUI 



495 = 3 x 135 + 90 
135 = 1 x 90 +45 
90 = 2 x 45 +0 

(2) Z ^ 495 . 630 _! ^ >L. ^la 45 J cii 

495 = 2 x 231 + 33 
231 = 7 x 33 

(3) Z 231 . 495 -J jJiJ iiJ>S- ^-15 33 J 
jl^bU t£>i* UuAS Uj1m3 (3) 4 (2) 4 (1) dj^! gStijll t> iubj" 

^ uj^Jj • Z ^ sU«Jl jlocbU ^fccl IS U-A5 jjlja 

.3 JA 45 4 21 _S {Jael ciJ ^iij jn. 

ISjLi- UOS jjjSjs dJlill j^JI ^JicVl *il ^ISSI fi&i tS jLi* UUa 

.3 jA 495 4 21 -J ^ 
ciua, 4 ^jJSI jLkj (Z,d) J ^ (A->-X) t (^-*) t> : V JUi 
</:Z\{0}->N 

H h-»| n | 

Va,6eZ\{0} 3#,reZ: a = bq + r (1) 

r = or d(r)<d(b) 
: iUS AillL-a JjLJ 1 JlUl ^ . r " SjLSJ " ^ jjS t*lUA 

630 = 3 x 231 -63 
231 =4X63 -21 



Ring Theory GiibJljo^ (^UH)*— 511) 



63 = 3 ><21 

£ ±± jj ^ US) 21 jA 231 t 630 <jjj ^JieVl c^JjlAJ! ^ISSl a^. jj jji) 

( -21 j* >i ^1 

630 = 2 x 495 - 360 
495 = 2 x 360 - 225 
360 = 2 x 225 - 90 
225 = 3 x 90 - 45 
90 = 2 x 45 

495 * 630 oh fJiei ^ >ix ^li 45 J Ji 
495 = 3 x 231 - 198 
231 = 1 x 198 + 33 
198 = 6 x 33 

. 3^ US 231 <■ 495 oh ^jLla fJl 33 J <_<;i 

A J&, 

UaJ : JaJl 

21 =63-42 

= 63 - (168 - 2 x 63) = 3 x 63 - 168 

= 3(231 - 168) - 168 = 3 x 231 - 4 x 168 

= 3 x 231 - 4(630-2 x 231) = 11 * 231 -4 x 630 

45 = 135-90 

= 135 - (495 - 3 xl35) = 4 x 135 - 495 
= 4(630 - 495) - 495 = 4 x 630 - 5 x 495 
33 =495 -2 x 231 

££V 



Division in Integral Domains &t&H\ JUatll ^ *«*&lf : OJUI wUI 



t_kfcLjax jjj.^ir. j£] JjSj AjjuiIuiYI dlUJllall (jUaj ^ Aji Lg lc. Q&J) ^ Jilt 

. a,be D jSJ j < V-LJ oU3li* jLki £) ^ : >4l 

: tjl tiuaj £ G D Ja. jj 

[a] n [6] = [£] (x t> jIjUI JliJI jA [x]) 

'• (^Vl^ £> t a — S jiu^a! t£jlla Uc-Lja* ^jSj ^ J ^jic. (jA_^jjja> 

MnP>] = M =>M cz[b]^a\£,b\£ (1) 

. b i a — 5 (_ic.1 1 >in ^ J fj\ 

J [m]cz[a]n[b] = [£] J f jfc-* [m]c[6] . [m]c[a] J 

. b i a _S 4 jii. ^Lj^ ^ J gSL (2) « (1) t> £ | m (2) J 

1=1 

£ uj^" • a,b&D (jSJj 1 AjjuaUVI djLiUlall JLkj £) jSJ : ^jU >4l 
(jUaj Z> 0] ^ i>j • 6- J 1 ^ J* lS^I [A] « [a] cjyMUl 

tilJaJ g G £) .la. jj AjjJjJ 

[*]+[*] = [*] 

|>] + [Z>] = [g] => [a] c [g] => 3xe D : a = xg => g \ a (a^g) 



Ring Theory CAiiasiiSu^iii (<> si5M^«2Ji) 



. g | b J^W j 

cz — b i cy — a j) By, ze D <= c\b ' c\a c££ j 

[b]a[c] . [ fl ]c[c] <= 

[*] = [«] + [*] c[c] 

b * a _ S 

. Y-£-r) ^ Aiij^l jlliS ^Ij 
^ l«i 2X + 1G (% z )[*] ^ 'J** d <>lAj* : ILii** 

(2Z + 1) 2 =4X 2 +4Z + 1 = 1 : -S^V : ,'iU 

[a], [b] u^JiUlo ujJUo le gcd(a,b) 

[a] + [6] = [J] a& ^ JS* 6- J * ~ £ 

[cT] = R = [1] ujlja * U- oL^^ [6] « [a] ljSIj 
j de R jl£ lil JaSsj lij ^ j) 
le gcd(a,b) jlS lij JaSsj u 1 ^ ^! ,iA J 
: i_ajl jl tjAjJ : \ V iltl* 
Z ^ 16 t 12 — i fJaftl ^ >i- f-ilS j* - 4 ( I ) 

Q ^ 4 4 3 — S ^ic-i liljii* ^la j& (<_j) 



Division in Integral Domains JUaJI <jj iu»ni)l : wUI 



16 t *| 12 <w]j . -4| 16 i -4| 12 ( 1 ) : J^l 

{±1,±2,±4> 

X 1 - 4 J ^Jal JJ 

| = 20gQ « j = 15eQ : Q ^ (^) 

5 5 

. ^- = — gQ : jli 4 « 3 -JU-IS -g Q\{0} ^ 
a 5a b 

b 

ax =6(mod«) *bUJJ a,MeZ\{0} <>i Je. o* : \ i Jtl* 
(+1 l^fr) majjj ASjli-a ^juiI jS lilLiA ^1 lil Z <jS <_K 

((^r-£-r) , Y-£-r) jjy) 

Aab + junb = b => a(Ab)-b = (-jub)n 
■ x = Abe Z JaJI =&(mod«) <ji (^jL liAj 

a,Z>,/ie Z\{0} J£I Aji <> jj : W Jli* ^ : Jli» 
_J c-i^j^l dijWuH ^Ull jl£ lil iJsj ^ lij Z ^ ax =b(modn) 

. b ^wSj « t a 

+ , /l,//e Z 

_y g Z <^j=>. * & = Aay + ji ^. ^j I j 



1 Ring Theory CiUisdic^iu (ty iU)(^JiJl) 



ax = b(modn) c>\ J\ >. b - ax + (juy)n : ^ J-»^ x = Xy 

: jj5L <uli b f n i a 4^ y& ^Ja&Vl tdjliAll ^liSl <jl£ I i] jVI j 
y(Aa + jun)*b : A,ju,yeZ £^ 

Xa + [ln±b : e Z u_& ^ J^Wj 
ax = Z>(modn) <jli £ t>j 

. z j uj^v 

a,b,neZ ax = b(modn) Z 

12x = 18(mod42) aIjU-JI aLjW »i* fV^-»l . aU*>>15 j\£ 1 jj 

o-£-r) ^pULSn.a J m*>j*H <JieVl <il Jli-ll f-Aill " d " ^ tlu. : JaJl 

d = Aa + jun,A,jueZ i Jy ^l\ 
aLU^U uj^# <jAj-i1I ^ o Jlla ^ b — 1 L^li a* ^ ^ lij 

.<_K ax = b{mod n) 
: J J^a 6 -J L-AS a* <jl£ lit 

Ab , ,,aA-d. -bu 

a b-b{ ) = - — —n 

d d d 

^UjUaU jjSjj G Z uj^js 6 ^joiju d* (jVj 

ax = £(modn) 

x = — —ix Jjkii " 11 ^^d^ 
a* 

12x = 18(mod42) <bUJ ^ uVl j 

42 = (3) (12) + 6 
12 = (2) (6) 



Division in Integral Domains JUa*JI &i : wJUl wUf 



. 42 . 12 _S cja.jJl jJi^V! ^ >UI ^olill 6 = (1) (42) - (3) (12) J J 

^ 3)(1 8) 

d 6 

12x = 42& + 18, 

d J 

2x = lk + 3, keZ 

k = -l=>x = -2 
k = -3 => x = -9 
& = l=>x = 5 
& = 3=>x = 12 

-9 + 74 ^eZ 
= N{a) ^ * Z[/] 

((U-Y-r) J V Jio^jjla) N(a + ib) = a 2 +b 2 

: uVlj • p = a-afi . cr = q l +q 2 i c& 
N(p) = N(a-c7j3)Ja-cTj3\ 2 a 2 

=| r + « - ft - ft* | 2 =(r- ft ) 2 + (5 - ft ) 2 < (|) 2 + (i) 2 < I < 1 

: oj^j ^ Z[/] J /? 4 (J ±±J> . ,0 = 3-4/ t or = 7 + 2/ jSJ : u Jtl* 
a = afi + p , N(p)<N(j3) 



tor 



Ring Theory CiiibJii^iii (to itt)l^iJ)) 



7 + 2/ = <7(3 -4/) + /? , (,¥(/?) <3 2 +(-4) 2 =25 ^) 

7 + 2/ _ (7 + 2Q(3 + 4Q _ 13 34. 
3 - 4/ ~ (3 - 40(3 + 40 ~ 25 25 ' 

<r = ^ + g 2 / = 1 + / jli^j 

N(p) .7 + 2/ , .., .13 34. , .., 

— i^-= 1-z "= — + — i-l-i 

N(p) 3-4/ 25 25 

= (— ) 2 +(— ) 2 = — <1 
25 25 25 

CP J^J 

7 + 2/ = (l + /)(3-4/) + 3/(=/?) 

Z[i] ^ 5-15/ « 8 + 6/ _S IS >L. Uu.lS o^jl : \\ Jill 

8 + 6/ = (5-15/)f + A 

AT(/?) < 5 2 + (-1 5) 2 = 250 

ar_ 8 + 6/ _ (8 + 6/)(5 + 15Q _ -l + 3/ 
P~ 5-15/ ~ (5-15/)(5 + 15/)~ 5 

(T = q l + q 2 i = + i Jj^ 
#(/>) . 1 3/ .a ( L 2 ,2. 2 1 , 

— — = — + — i = ( — y + ( — y = - < i 

#00) 5 5 5 5 5 

8 + 6/ = /(5 - 1 5/) + / - 7(= p) 



tor 



Division in Integral Domains J*&ai JUaill ^ i a mill : CJLUI mUI 



5-15i = (i-7)a / + />' 

5-15^(5-150 (-i-7) = 1[2 . 
i-7 (i-7) '(-/-7) 

5 — 15/ = (-1 + 200" -7) 

.1-7 <-j jlkJl < Ji&Vl t*5jLJull ^1311 ijjSj o-£-V) (> j 

* 16+7/— S fJicVl f-Aill Z[i] AjajIsVI VOJ jail f^^ 1 0) 

10-5/ 

Z[i] «> U-U yii. [or] cjSJ (Y) 

/ v z[/]/ / v z[iy m 

/[l + 2/]^ /[l + i] M /[3] (,) 

. Z[V=2] 

^ <jjL-n a d(a) - N(a) £u*. <■ Z[V3] » Z[V2] 



lot 



Ring Theory dUJbJljvj^ (to iUfl^5Jt) 

JgdaAJI atiUai (jit ^Aall al>*Jg Qlil* o-t 

Polynomial Rings over Unique Factorization Domains 

: i_L j£i \ -o-V 

/ = X a , x> G \ (°} ^ ' ^ * & 

/ 1> (content) is.»mk« ^^a^ a, 1 ... ia -l ii5jii* ^Ji <J£ ( i ) 
a£ jiA* j5 l^J (jiul a„ t ... < a jlS |j| (primitive) / ^j) JUL (t_j) 

: Y-o-r 

2X 2 + 4X + 8g Z[X] j jJaJI SjiS cjLjj^ 'ac ^ {-2, 2} (> ) 

*j3I* 2X 2 +4X + 3g Z[X] '»J6 (Y) 

: a^vAa t-a-r 

**jf t> 1(f) lsJ^ JSJj /e #[X]\{0} JS1 . 5L.IS1. lallo 0^ 0) 

/ = 1(f) f a i ^ /* g R[X] y>\± ^ '*J& 
. 'aJ>\± (jjS f g K[X] \ {0} Jj^ ij& J£ J* ^ K I jj (*) 
<Lli J) Vij.nnll *L15 jjt. Sj^S JS jji 5L.ISL. UUaj i? jl£ lit (r) 

. <^ jj^ deg(/) >0 jfe/e (OMJ 

li^ij . 4jZ\± CLuyl l^jSl 4 Unnnll *LIS 2g Z[JT] ^j-^ 1 SjiS J i^y) 

(. " deg(/) > " i»>iil 

<Lli Lp£l t Q[X] ^ Ui.-fiti jjo 2X + 2g Z[X] Jj^l ij& ji i^V) 
.( " AjSh*/" Ja^ill jc JjLnll ^y li^j c Z[X] Vij.-jMl 

£ 00 



Division in Integral Domains J«l&*ll JUaJI i^miiH : £JUII wUI 



iT=;n{0} uV^ij^) 

i^jjj t d £ R* o! '"v^: ^ e R \ {0} <u\i ijiic. . f <j£il (V) 

oli deg(/') = deg(/) > jVj . / = 4f uj& *w /e 

. Witt liAj « /<* = i?* 

J *e(0(*))* J ^ g,l!£p]c»] ^f=gh 6- (£) 
/(A) ' /(/) tjjj • Aei?\{0} J g&R\{0} oj& he(Q(R))' 

^ g/(A) ~ /(/) G /?* <^C- J^»aJ Ujji 4 i_!JJ Jill j^lft /z (_$ jls^s t / (J jla-a 

. h&R* Jc JUL tWi heR\{0} -geR* ^ t>j ' gei?\{0} 

Gauss's Lemma l v. ^ 4jJ-4fr^ i-o-T 

. AjjIaj JjAs. ajJoS jA (jjjjjlAj J jA^. ^jjj^ ujjjJa (Jj^aLa. 
^juoli (jfLJ . AjjI^J (JLlluJ ^ tj^jJj 4 (jijjjl^j Jj-la. ^jjjS g <• f : £*M 

^1 JjiJl dlljAiS fg l g <■ f C0J ' 7^ LijA^ (c"4> <A?' ^ Jj' 
(jli ij^ic. . p (jjULa IgJDLalaLx (jj-ijiVl .lau ^5^- A ' g 4 y (j^ (Jjuaaj 

jx^Jl ja ^ fg=fe=o ujSjj i Z p |X] J-l^l j 1 ^ 1 J] g'7 
J-tfL. jOu ZJX] uVj • ((A-Y-Y) ^ ^ JH, ^i) Z p [X] J ciji^l 

j^iuL p (jl jl y (J^l*-a ^MiiL ^? (ji ^jAjU . g = ji /"=0 (ji ^4* 

. (jl* jJl (j i-i^ nil I^A . Ajji^J g- (jl ji AjjIaj < * u n\\ f (ji . g- ^ (JxLlx 

. Aja^j cl^^ c3^-^ Ci' ^ ^ "'J.' Aj rt'lll ^Xmia (j^aJ : 4Ja 

Iifg) ' %) ' /(/) »j) • /,ge o^j ' OA^ 6^ R 

J^ 1 tjc- fg ' g '/ CjU 

ion 



Ring Theory £Ui^iSu>>iii (^UDn— 2)1) 



ojfr ^ f,geR[X] cPp^ ^ ^ (r-o-r) 6- : t -M >4I 
J* I(f*g*) J £^ ^AM^ 5 <>j • g = I{g)g > ' f=I{f)f 

i(fg)~i(f)i(g)i(fg) ■ ^ fg^tfy'mg ■■ m ^ . * ^ ^ 

j\£ ij) . i? _J 2u«5» JS^ ja a~ « /e {0} c ^ j JJ^ JLkj ^ 

: a, be K* ^jj <ula < g,/?e A'fX] <^». t / = gh 

R[X] J* cpd* ij^KJZ h* := bh « g* := ag (\ ) 

r:=\eR (*) 
ab 

f =rgti ■ ^ ^.jj 4 f,g*eR[X\ ip^ 1 ^ J j-^ ^ ^ <-5 ( 

^ teg^a-X <=K{X] ^ ij& J^S -ol ^ Vjl DAj^ (^) : t -jU j4> 

diiaj I . ^.,5. e i? tjlJ : Ajji^j g* := age R[X] o& <ln=^ ae K* 

T. 

£jj g' := mg jj^jC' ■ ^ < ... ' so — 5 c*5 jLi* i_icLjsu» j* m (JLA j ia. = — 

g* € R[X] Sj^Sj * 1(g) g' i> cSj^ ^jjj * ^ 

^ ' /(gO^O ^ m*0 t g*0 uVj . g' = /(gV = u! ^ 

-6 A uj^ uVj . g =——g J*. J^j 



/(g) Z(g') 
(j) <iu=o g*,/** e ulijjl^ 12 jj2£ a?. jj 4 a, be K" (\ ) o* ( Y ) 

x 1 
f = -g*h* x,yeR\{Q) ^y, Aila £ <>j . f = —g*h* 

y ab 

<j"jW- Aj ^a ^4*/ lsj**-* ^(/) • yf ~ x g h J ■ ** | - > ' j 



Division in Integral Domains J«l2ill JUaJI (jj.iia miill : CJU1I sM< 



^ Jx^j Uii — = IMX e R •. J gxuj yl(f) = xu : u 1 ug R* 

y u 



/ = —g*h* = rg*h\re R 

y 



<UU <Lxiu v-o-r 



/C[X] (J^iil) Uj,„nll <Lli jj&/<= i?[X] ^fl (Jjkdi) Uj.nflU ALli j^/ 
: a' ^ g,/re ^ aAa £[X] ^ -Lwili *Lla/^l£ li) : i4> 

« g\/z*ei<[X] iiiic ^.jj (l-o-r) t> . / ' -gh i deg(/j)>0 t deg(g)>0 
. f =rgh* t deg(/i*) = deg(/z) > 4 deg(g') = deg(g) > u! r&R 

. o^Sia : ^ Will aLIS uj^/u^ J^Wj 

: 4a.uj A—o — Y 

. geR{X]\{0} 4 *j5I* fGR[X] 4 /? _S 4— ill js^ ^ Ji^ jW^l 

R[X] J f\g <= ^[X] 

<= g = :t jidi^/j G jqx) ^ «= ^[X] ^ / 1 g : t*iU m» 
(l-o-r) cM ji C^j ■ g = rf*h* : u) t ^ reR ^jij 4 /^/Te^X] 

j Jjkj /?[X] Aja.j (jLkj # 



I Ring Theory GUisJijo^iii (to ittfl (>,.., «Jt) 

Jl Jj-laJl ajJdS ^?.J^ ^jic < _ rJ JaL)jl! pljil^VLl (jAjfLui : t'jU >4t 

: ^Vl^ him nil <Lla jjc. j»*->l'ir. AlLa (_ijjJa 

^ u& l^la o-j ' * ^ <^ deg(/) = * feR'' /e ^[X] J* 

^Al^.j (JjI^j (jLlaj R (jV) ^"J"'."^ JJC- J i *-tl If. (jx c_ljAia (Ji-oL^ »j_ji-a 

. deg(A) <« i « /* * 

/,>i5>- ^ ^ deg(/) = « * « /*0 « 

. / = /(/)/* : a' /* e ^l* ^ ij& c /(/) j* 
jjS J UJ /(/) J* ' /(/)e i? . a^j d?ks jlLj i? oVj 

y CLulS ljl (jlA^jJl Ajt$j ai* (jjSj . Kim nil aLIS jjc. ji r-al'ir. (jx Alia <_sjjJa 

d^j g,/ze R[X] ^ -Ola Ujmnll aLIS /* ^ • K'-j'^ ^ 

. deg(A) < deg(/)* = « < deg(g) < deg(/)* =n ' f = gh 

t d k i ... i d\ i p n t ... t p\ t c m <■ ... 4 ci oSil JjLoJI (jr^ (X) 

jj duaJ <ji 1-iu . inll ALU jjc. ^sLic t . . . t C71 

c v £ m Pv-P n =d v .d k q x ..q t 
pi tliU. Laiu t 1 jL-a l$K dk i ... t d\ i c m i ... i c\ (degrees) diU. jj ^jSilj 
.ijAa. o jj& JS (V-o-r) (j* . ji^J! t> j£i l$K q ( i ... i q x i p n i ... t 

i ... i pi (jli j>J l>oj Vijinnll ALUs jjc. (Jlul^ lij AjjI^j (jj^j ji.^ill (jx ^>jSl 

q v ..q t ' A— A MJ^' ts^^ lP £ Cyj ■ ^ ' ••• ' q\ <■ Pn 



Division in Integral Domains J*ISill JIUI ^ Ha mnll : wJLUI wUf 

jus. j Jjkj ^LLj i? (jVj . c,...c m ~ d i ...d k ■ a\& t>j • (l^jW- ^jAw-^) u^'-^ 
ie {\,...,m} /? ^ c j ~ d j <ji t-bjlio ^ jbj t m = k o\i 

(V-o-r) t>j . (i? _J ^Jll Ja^ j* ^) ^[X] ^ p v ..p n ~q v ..q e CP i>J 
K jVj • i^[X] ^ Uj . n.nH aL\1 jit q ( t ... i q 1 ip n t ... i Pl 
n = £ o]i £ o*j ' .iia. j Jjlaj JjUaj uj^ ^T^H Aj^' » u!^ cJ**- 
li^Aj . i'G {l,...,fl} ^[^] cs* A ~ <li J s-^ti* fJ3jJJj 

' A I <7, (A-o-r) o-j . ^[X] gr, I /?. 4 /?, I 9, : ji ^ 

. J L^i u^jUSS . Pi a i ^ . R[X] J q, | p. 

jj^LiJl " ^ <Gia .lie ^ i? J jia. till ji& Aik. <j£ Ap.j JJaJ <jjUaj i? 

Jfi (jji 7? I jj (j^ajj^raJl ^^i&j . Al^ J J^i^J (JLkj " aJAa^all JJC. 

JjiaJ (jUaj <jj^J " sJ^a-al! JJC. " (ja 4iLa J^C. ^ Jj-ls. ClI JJJ^ 

. Ala. j 

' 7* | a o ^ ' /(-)=0 U^J ' (±1 J^-) ^ J 1 ^ H J 5 W Sir o 1 ^ ^! ^ 

s 

a n r" + a,,.!^"" 1 + ... + cv" = 
=> r(a n r n ' x + a n _ { sr n ~ 2 + ... + a,0 = -a s n 



Ring Theory aawifrj>>ai (w -.i*« | . ..^n ) 



-a/' = s(a n _y~ l + a n _ 2 sr n - 2 + ... + a s"' [ ) Ji*Jbj 

Z 3 [X] ^ ("1" jA ' 0J a j^i Jxl— 
X 2 + 2X + 2 4 X 2 + X + 2 c X 2 +l ^^Ua : JaJI 
X 2 + X + 1 = X 2 + X-2 = (X + 2)(X-1) 5ti-s«l = -2 JJ^V 

&A*Zf(X) ^ . /(X):=X 3 +X 2 +X +le Z 2 [X] r& ■. T J&» 

X 3 +X 2 +X + 1 = (X 2 +1)(X + 1) 
= (X 2 -1)(X + 1) 

= (x - i)(x + i)(x + i) = (x + \)(x + \)(x + 1) 

Z [X]/ 

[f(X)] J f >y dMl ^ /We Z,[X] : <-M tfll 

(u-r-^)^^ Z ' [ % (/)] oli f5 Z,[X] ^ 



Zp[J /[/W] = K +L/P01 1 «, e Z p ,/ = 0,1,...,«-1} 



Division in Integral Domains J«IS*M JlhJf i+iM\ ■. UJLUI wUil 



. JLJI li% ^ j.^-il lull .lie. (jjSjj 

. Z[X] >ul : o JH» 
? liUj f A^j JJ=u (jLkj Z[X] Ja ( i ) 

/:={« + ^(X) I a g 2Z,/(J0 e Z[X]} 3 J* C*ji M 

Z[X] ^ Jll. 
? V>iJ 3^ %[X] Ja (-^) 

? !iL&3j ? ^jJa! jUai Z[X] J* ( J ) 

i> Ails jfciWj ' JJ=^ ti^kj Z u'^ (w-r) j>. ^Lu ( I ) 

A^j J^k3 jUai Z[X] o& u- jW> 

/ * d ^ 06/ J j (s->) 
: J ^LY^t . a + Xf(X),b + Xf(X)eI 
a + Xf(X) -(b + Xg(X)) = a-b + X(f(X) - g(X)) g / 

(a,b<= 2Z^ a-be 2Z jV) 
a + Xf(X)sI . g(X) = 6 +^ + ... + ^X"GZ[X] alJuVlj 

g (X ){a +Xf (X )) = (b +b,X + ...+b n X " )(a +Xf (X )) 

= b a+b,aX +...+b n aX n +Xg(X)f (X) 

= b a+X(b l a + ... + b n aX n - l +g(Xy(X))eI 

(b as 2Z rfi) 
Z[Z] ^ JlWoli^<>j 

. / Aljj C + XJl(X) Ala. j jj-ak; Aa.jJ 



Ring Theory cail-*)!^^ (tg jmt^,.2tt) 



! iUL^ Z 

Z[X] Vlj (o-t-r) ^mll ,> UiJSj ISU*3 jjfL J Z[X] ( ^ ) 

. 4 j>«l,uii CLiLJlio (jliaj 

Z 5 J /:=Jr 5 + 3> 3 + X 2 +2XeZ 5 [X] : 1 JO* 

• j*j X = 4 

. 4 i U Z s ^ iaii j\ jLua <L$J kuixSjJb (j* ,jA j/ J J-iaJfl ajiS j) J 

/(jc, j/) := (3x 3 + 2x)/ + (x 2 - 6x + 1)/ + (x 4 -2x)y + (x 4 - 3x 2 + 2) 

(QM)M J j-^ /to) ^ • (QM)M J j-ks 

: jyi 

/to) =0+l)* 4 +(3/ y +0 2 -3)x 2 +(3/ -6y 2 -2y)x+y 2 +2e (QxJXy] 

(nonconstant iluli t^La u 1 J^ o* • Ap-j lAjJ ( ^ ) 

. AjjI^j j j^a. SjjjS lilliS jjSj J AjjI.^ jjia- 9 divisor) 

J UU jiel Ijjj ? JJa^ll ALIS ^ J* • X 2 -2e ^j^ll ju&l (X) 

y IjUj f (V-o-r) ^ lj* o^aUi! Ja y JjkSil aLIS jjS Ja M[X] 

jjjaj jisci jvij . (jU^ z 5 [X] j ( r ) 

^jj— II Jo l«il3S ji-j Jc. oajjj ' X 4 +3X 2 +2X + 4eZ 5 [X] 



Division in Integral Domains J*IS*ll JUajJI <jj iUimill : wJUJI hiUI 



OjS ^ li* o^Uij Ja . (X-l) 2 (2X-2)(3X + 3) * (X-1) 3 (X + 1) 

? IjUj ? A^j JjLu jUai Z 5 [X] 
: ^ CjI Ja.jJl i_Lua . UUaj <jl}5 ( i ) 

Z 6 [X] (_.) Z H [X] (-) 

jjSj a = tlulill AaJl dili -i j-laJI till ji ^ ,jA . F oSjI (o) 

jxJl F[X| J JSJi [X] C&j ' F 0) 
ixjJb 0j £b F ^ X y^ J (Residue class) ^1 J-i J* ( i ) 



(v-r-^) ^jjsjj^j-j^i 

. AjSI^ oj^ K"".''^ /e Z[Z] jjiaJl Sj££ jje^jj (v) 

(tn^) Lj^ r » j) ■ f^X"+ a n _ x X"- 1 + ...+ a 6 Z[X] 0^1 (A) 

ji A^lill A^j-ill t> Kunnll 4LtiA ji& JjaJI ol a^J (^) 

. Z 3 [X] . Z 2 [X] 



Ring Theory CiUJbJljvj^ ( ^UH|«-«2J1) 
Factorization of Polynomials JjAAll (JaifiB) W 

JlC. 4iA jjll ji (J^il jC ^\ JjA^. ojjjS 4ji (Jj^ 3 ^ LsLaJ (J^-^Jl O" (J^ AL-oj 
IjA ^jiaxiui j . -SjAaJI ~o JJjS AikjJ (j-u jju^ai IgJ^jJ (J-ol jC ^1 (JjlaJill l^'uijla ^>Jc. 

(Ue . yqidu j& J4ajI1 j>J&ia^ i -i-r 

Eisenstein Criterion (1850) 

f:=a n X"+a n _ l X"- 1 +... + a GZ[X] & 

Z[X] J ( Will) 0>k^ aL15 oj^/ 
0! ^ g,/*e Z[X] ^ <uli Z[X] ^ 0^ ALIS / ^ lil : wfl 
. /r=c y A , +...+q ) 4 g = Z>X+...+6 oSJ . l<deg(g),deg(/z)<n 4 / = gfc 
4 bo H : ^ j f^4i p u' z&i a^—bc 4 p 2 \a <■ p\a $ ij^jc 
• /> I 6 r p\a n = b r c s uV L^ji . p I c 4 /? 1 6 J jsiil . c U]j 

(JjjLJI £ jjo-mll ^ J jV! AaJl (j^ajll < _ ? lc' tjji £ J^A^-Wj ' P I <Z, O^J^W 

. (_U£j* (jjLki <jj±a. / G R[X] S^iUo jJl lift ^ : AJa»aJLa 

: Aa^u t-1-V 1 

-r) ^ 1» j^ilb 44 jxJl f.R—i AT uSJj t ai^j JJ=o i? cjSJ 

((v-o-r) ^ ^ (Will) Ojknii aLis uj^ (^-^ 

no 



Division in Integral Domains J*£*U ^UauJf <jj ■■!»!) : t*JUJI uUI I 

jjo^i sj^s ne N\{0} jsi AjiA . /? c£A : jilt r-n-r 

(p 2 i^ ' p\p < i7n)(v^)a^^ J ^x"- jP GQ[z] 

tj^c. ^p fj& jl <jV (eg jit.) (jj-ij jj& t^to tjj<^ n > 1 u^b 
X-{p (}^ jl -oi ^ UsSlj . X —tfp e <Q£X] V? €( Q ^ ^ ^ 
*lt5 jjS X" - p J J X" -p J-l jc oj^ AilA <Qpf ] ^ 

: Ju nu t-n-r 

cr g ^^-j . aei? <x,(a) = a « <r g (X)=g u ^ 

. g — j jjkLJl (subistitution homomorphism) ^yaj. yull ^ >4a j »a y> yt> 

a ,a x ,...,a n z R « / := a + a 1 X + ... + a„X" 

ff f (/)=<T g (fl|,+^+...+^) = <7^)+<T f (^)ff f (J0+...+flr,(q 1 XoiW 
= «o +fl i£ + ■•• + «»£" =f(g) 



Ring Theory dUJbJl^j&j (L> -.i*tip ..-^ 




a 



^ *g a 

: o-"\-T 

g(= R[X] . ISOu R c& 

g = + : u) 6 e i? t ciG R* 
^<uli aeR* $ . bs R * ae/?* * g = aX + 6 <&ii : " => " : ,- 3 U >4l 
: uVlj • h:=a\X-b) ^ . aa* = l a 1 ^ «'e /? 



( W )(X) = a;,(o;(X)) = f j / ,(aY +Z>)=a'(aJf +b-b)=X ^<J h ocr g =l R[x] 

. a g (J)=X J! ^ fe R[X] ^ (Jji t J*Li) ^ ^l j( j g & : " <= " 

deg(g)deg(/) = deg((7 f (/)) = deg(Z) = 1 

a,b,a\b'eR jtslL, . deg(g) = 1 = deg(/) i>j 

: (jl di^j . g = aZ + 6, f = a'X + b' jl 

X = cr g (/) = (J 5 (a , Z + ^') = fl'(^ + ^) + ^' = «'^ + «^ + ^' 



Division in Integral Domains J«i&hll JU*UI fomifcll : wJUII wUI 



. G i? J 

: i-i-r 

: /e^f] JS1 Ajli . g +b l b&R i aeR* i !>U£l* tflki j? 

u± (Will) OA^l ^ <J g (/)O^X| ^ (Will) JJaJll UlS jjfc/ 

•• ^ v-n-r 

/ : = X'- 1 + X^ 2 + ... + X + 1 g Q[ ] 

. H\X\ 3g : = X+ 1 — ? (3 ^ ^ (j^j*-^ f Jy* j^^j* j* <r : lM j^' 

u^o-j* (X-1)/ = X P -1 
^((^~l)/) = ^(^-l) 
=> cr g (Z-l)^(/)-^(ZO-^(l) 



vi J 



x"- 2 +...+ 



x 



p-r-\ 



+ ...+ 



f P ^ 



4% re{l,...,/>-l} JS1 



r!(/?-r)! 

H(p-r)! -J L^li <jl£ Ijlj Jj! joc p) p\r\(p-r)\ » u' -k*^Uj 



£1A 



Ring Theory oUWlC^jiai (^sunn-Jill) 







' p 






' p\ 








yP- 



= p * p\\ « re {\,...,p-\} 



. Q[X] ^JjkiUUa jjfc/OjfifY-'t-r) t>j < Z[X] ^ ORALIS 

(^uju j.^yi) ^ jfes A-n-r 
Jlia p t A^i* SjiS / = X e R[X] « ^ j J^kj jLkj 7? 

i=l 

p:R[X]-+R[X] < ^ J • a » ^ P ' * 

. 7? _J AT j ' R —> R J&*& t^jjkll ^jjaj^^u^U (extension) 

Ji^ll JilS /e K[X] <= Jd*dl /7(/)e : ^ ^ 

j ) j^kdi *lis / e J c> u*> J c^j (v-o-r) o- : t -M 

^jL^V UaI^K \5j££ ^ <Ai ^ JJ*3H ALli/Oil£ IJ>) .(7?[X] 

: ^ a n £P l J*\fi- JlLs # uVj • p{f) = p(g)p(h) £ O-j 
deg(g) + deg(A) = deg(/) = deg(/?(/)) = deg(/?(g)) + deg(/?(/z)) 

J*. J^u Uili deg(/?(/z)) < deg(A) * deg(/?(g)) < deg(g) u^j 
aLIS uj^ />(/) d J ' deg(/i(/r)) = deg(/r) * deg(/?(g)) = deg(g) 



ill 



Division in Integral Domains J«l&hll ^UaUJI a* iU*nill . CJUJf mUI 

: \-\-r 

: uj^I^j' ^ = 2Z jUij . / :=X 5 -X 2 +leZ[X] 
p(f) = X 5 + X 2 + \G(y 2Z )[X] 

p(f){0) = + + 1 = l?t0=> />(/) -JX^o^X 
/>(/)(l) = l + l + l = l*0=> /?(/) -J^o^l X+l 

x 2 +x+i <x 2 +x<x 2 +i i x 2 

' fj^jj-j-> p jV) p(/)(0) = /?(/) J*tj=> t> X" 2 'jj 

O^J ( <-W j& <>> (Jxlc X 2 
/7(/)(0) = + 0+l = l?t0=> /?(/) J-l «> 5Uc u«J X 2 
' />(/)(!) = o|* /?(/) ^o-^I'+lu^ lib 

/7(/)(l) = l + l + l = 1^0 

/?(/) J=- c> o-J X 2 + 1 J I*' ' 

P(f)(0) = P(f)(l) = CP P(f) <H»* 6- ^ ^ 2 + X J& I ij 

: (jic J^xsJ AAijlaVI ^iSlLjj X 2 + X + 1 (^sujj 
p(f) = X s + X 2 + 1 = (X 3 + X 2 )(X 2 + X + 1) + 1 



Ring Theory aujbJi^^u (4a iU«(fc«i>i) 

• P(f) cU'j^ <> l>4 X 2 +X + 1 J J\ 
Jk. Jjkall Jj£V <jrfi ^ <>j Ajjlill ^ j <> J*' j& ^ oy 3 /?(/) ui* t^Wj 

Q[X] J J^l J£V /^i ^ ^ o-j (% z )[*l ^ 

(not LlJjJjJa t jia! (jjljiui jjY (JjlVlll j>2C Jajui (ji (jAjJ : Y Jlla 

. JaSa (sufficient condition) <-jA£ Jaj^l -ui <ji . necessary) 

Ola jiiic. /(X) := X 2 + le Z[X] >u3 : ^ 

/(X + l) = (X + l) 2 +l = X 2 +2X + 2 

: (jjtijij jji Ja^ii j ' p — 2 

2 2 j 2 « 2 I 2 . 2 I 2 « 2|1 

•Qm 

. {g = X+ 1 Ua) . Q[X] J *L\S jj&AA) uj£ (1-1-?) (>J 

jilij ji Jajji ji (jA JJJ lift j . (X 1 <_W-*-«) 1 p <jJ ji -^JiV 

/(X + a) = g(X + a)/i(X + a) ul£ lil i^j jl£ lij /(X) = g(X)/i(X) 

J£J Aili jllic / £ t-ul£ j 1 Jiao (jUaj 2? jl£ I j) Ajli <xtfc 

jji a) ^! ^ ./(■*) uj^ ae R 

: uV c R[X] J Jjk^B ALli 
/(X) = g(X)h(X) ^f(X + a) = g(X + a)h{x + a), 
deg(g(X)) = deg(g(X + a)),deg(/* W) = deg(/*(X + 0)) 

1V1 



Division in Integral Domains J*IS*ll jjlhiJI &i ft a miill : £JUJ| wUI 



J X (j& (J^iJt'iiii) La .Vic- ^-l-vil (jjtLij jji iajui (jjK'l (ji Lllj*ki I -J Liili l^Jj 

. w = ±1,±2 iJlc uj^ ^ ' ^ J j^JI SjxiS J. X+ n 

aUI Up£l R[X] ^ uj£ / Vli. M • r t)H« 

. Jc. JS^ Q ^ Q[X\ J 

. C[X] ^iJJb^ALli X 2 +l J^l X 2 +l = (X + /)(^-0 

. Z —1 A^ill JS^ ja Q o^j • Z ==? 
: Q[X] ^ J^kjil AMI j±. <2i\ ^j^Jl CjI J Jc t> jj : i J\fU 

7X 4 -2X 3 +6X 2 -10X + 18 * X 3 -9X + 15 « X 4 -4X + 2 

: (jjliiij jji Ja_)ji (3fi>J /? = 2 ii- X* ~ AX + 2 ^) 3 Jin'liU I (jlA^jJl 

Z[X] J aLIS ^ cPj 2 2 1 2 « 2 | 2 « 2 1 (-4) . 2/1 

: ^ ' p = 3 « X 3 -9X + 15 V^W 
. Q[X] ^ Ojknil aLIS X*-9X+15 cP] .3 2 1 15. 3 1 15 « 3 | (-9) . 3 J 1 
Jfu. l-Sj « p = 2 j*. 7X 4 -2X 3 + 6X 2 -10X + 18 J] VA, 
2 2 1 18 * 2 | 18 * 2 | (-10) « 2 | 6 . 2 | (-2) » 2 | 7 

: a 

Q[X] ^ ^1 LKL. uj^ [Z+ 2] JliJl J c> O*^ 

^ sj^s x + 2g Q[X] ijj (i-Y-r) o-s J*^ Q uV : <-»u >4i 

. Q[Z] ^ yil. OjS* [*+ 2] (V^) ^ 



Ring Theory GUJbJi^j&j (^''"p 



Jty deg(/) + deg(g) = 1 cP Ji*. Q uV • X+ 2 =fg c& J^j 

jjS J Uj deg(/) = jjS J UAteficjAj. (! taUu Q J 

« /= ao -deg(g) = l cP ' deg(/) = |jj . deg(g) = 
: ola ^ . b x *0 < ^,eQ g = 6 +^X o^j < 0^ o eQ 
a jli IjSaj . a o b x =\ t a o b =2 q\ (jr^ 3 ^ ' ^" + 2 = a (& H-Z^X) 
f5 t>j . g tjl ^ ■ ^Tjj deg(g) = cP i&Ajj • / <j' l5' ' iJa "j 

. jjU jJl . Qjjf] ^ (Urn, nil) cLkiU jjc 2 cP 

2 2 J 2 . 2 I 2 4 2 jl 

. 3 J 2 =J(X) V , /(X)g F[X] c^-^F oljl : n Jilt 

. (g(X)) ^ t g(*),A(*)e^*] ^ /(Z) = g(Z)A(X) jSsl : d*A 
2 tijL^ . h(X) l g(X) JjJaJI ^jiS g- ^jLuu (/(X)) a^jj 

.j[X]-J ja-a ja ^uiWj ' gW— s >-» J e^ 1 j • g(^0=^+^ L&lj 
aj^-ojII Q*k . aE F <ln^J[d) = Ji (j\ <■ fiX) — 1 1 ji-a a <j£Lil o^Wj 

y Q[X] ^ jJ^ii 

. Q[X] J Ji^U *LIS 0j£ ^ 

ivr 



Division in Integral Domains J*l£ill $laii\ it a mill : C4UJI tatUI 



^juula La^iu (jjal 5 i 3 i JjU'U <Lli Ajjljll ^>.j^I ^ ^ j j j^Jl ojjjS dul£ I j] 
( Z <_ji jijuo l$J uj^J '-M-^J tAs^' o- (J- ^ uj^J ^4* li J^ - "^^A*^- 



^ = l^(3)(l) 2 +Z>(l) + 5 = 0=>6 = -8 

q 

£ = -1 => (3)(-l) 2 + fc(-l) + 5 = 0=>^ = 8 
£ = 5 => (3)(5) 2 + b(5) + 5 = => 6 = -1 6 
^ = -5 => (3)(-5) 2 + b(-5) + 5 = 0=>6 = 16 

q 

^ = - => 3(-) 2 + ^>(-) + 5 = 0=^ — + Z<-) + 5 = 0=*Z> = -8 
^ 3 3 3 3 3 

£ = — ^3(— ) 2 +Z>(— ) + 5 = 0=> — -A(-) + 5 = 0=>6 = 8 
#33 3 3 3 

£ = -^3(-) 2 +b(-) + 5 = 0=>- + b(-) + 5 = 0=>b = -16 
#333 3 3 

£ = — =^3(— ) 2 +6(— ) + 5 = 0^--6(-) + 5 = 0=^Z> =16 
#33 3 3 3 

^ JjkiJ <Lli iLL*Jl jjiJI ' 6J: £S ojS Z?e Z\{±8,±16} ^losJ ^! 

Q[Z] J ^ j-t J^Wj ' Z[X] 

& 2 -4(3)(5) = Z> 2 -60 



-b + ^lb 2 -60 



(2)(3) 

iVt 



Ring Theory iLl2JbOt£o>&j 

jl£ I jj V) ^il> V I j Lujx 6 2 = 60 oj^ d ^ Z «> u_&> J 

. ^ US t 6 = ±16 J Z> = ±8 
^i) Will aLII jjc. / :=X 3 +X 2 -2Z +8gQ[Z] d c> u* j* = A ^ 

(Q[Z] ^i^Alia j±. 

t>J Z[X] ^ VijninN AlAS jjc. olkx^ll Jj-laJl ojjjS <ji jjic. jjIui :_£jUjjil 

((V-o-r) a^jI. t Z_l >Q) Q[Z] Ui.-fiti aL15 jjc. jjSj Ujli 

Jjlaall aLIS tlijlS I jli iaSa ±1 ^ AlJiJualt l$jXat*x ja SLLuiaSI j j^aJI ojjjS J 
liAj . Z ji-a tjjSj li^jj (^IjVl Aa. jJ t> JaIc ^jSj Ajli Z[X] 

(j- J*l& I-fl ) +8 i +4 i +2 t +1 Jai jA i 8 <_W JC .iaj jA jL-all 

(/(a) = 0o/ J-ljt 

/(1) = (1) 3 + (1) 2 -2(l) + 8 = 8*0 

/(-l) = 10 * 0,/(2) = 16 * 0,/(-2) = 8*0. 

f(4) = 80 * 0,/(-4) = -32 * 0,/(8) = 408 * 0,/(-8) = -264 * 

Jjkjll aLIS jjc. ^ ^WIjj Z[X] ^ ji-a J\ Jj^Ji » jjj£1 jjljV lifrjj 

JjkjU 3LLIS jjc. / :=X 5 -5X 4 -6X -1 JjiJI Jji& J ^ ^ = * JH> 

• Q[*] 

ALla jjc. (jjSji Z[Z] ^ *L15 jjfc / J - -jUiuJIS - <>Vu„ : i4 

^ >w ajV) x-i) = o J Ai) = o j jSn a^ jj\ <> j-ijc. / _j ji£ lit 

/(l) = l-5-6-l = -ll*0 
/(-l) = -l-5 + 6-l = -l*0 



Division in Integral Domains JUa*JI it a uiill : mJLUI uUI 

• <jJjVi ^ j^' o- <J*i j* 1 o*^ lP! 

(A-l-T) £ ^j3U 
^jjfLj t P = 3Z <-j 

/>(/) = A"+* 4 + 2 

^(0) = 2 ?t 0,/?(l) = 1 * 0,/?(2) = 2*0 

£3 jla jA La£ JjVI J*' J& P(f) — 1 O^J 

X 2 <_W*- (jjll jJ t> jj^J! CjI jiS Luli 1 j»a X 5 cU*-° 

1 >y 

: ^ 1 jA L^ X 2 lU~ ^1 (f^UQ J ^ t> ^ j^l ^ cjVI j 

* X 2 +X + l « X 2 + 2X « X 2 +X « X 2 + 2 . X 2 +l « X 2 

X 2 + 2X + 2 « X 2 + X + 2 t X 2 + 2X + 1 
_S 2 > >^ LjJ a ^ ' (X + l) 2 ^ X 2 +2X + 1 jj^JI Sj£S 

jl£ />(/) JJj^ o- 5L.lc X 2 +2X ji X 2 +X J X 2 <jl£ Ijj 
X 2 + 2X 4 X 2 +X < X 2 oil • p(/(0)) = 2*0 o^j < /?(/(0)) = 

. p(f(X)) _! J-lj* uj^ u' O^V 
c£ j < /?(/(!)) = />(/) tR>c t> 5Uc X 2 +X+I jI 2 +2 a l£ »ij 

• />C/W) cUljc 4> J u^V X 2 +X+l 4X 2 +2 ail . /</•(!)) =l?tO 

p(f) = (X 3 + X 2 - X - 1)(X 2 + 1) + X + 3 

p(f) d*l j& t> 5L«l£ X 2 + 1 jj) 



Ring Theory utUJLsJi^^u (t ^itil1|«— 2)t) 



p(J ') = (X 3 - 2X + 2)(X 2 +X + 2) + 2X + 1 

p(f) cUIjco-^^lW 1 X 2 +X + 2 oij 
/>(/) = (X 3 - X 2 + 2)(X 2 + 2X + 2) + 2X + 1 

/>(/) u- 5Uc ^ X 2 +2X + 2 u^! 

JjS JUlbj t (% Z )[JT] ^ 04^ ^ £(/) J Li' ' JjVl ^jJl 0- 

. Q[X] ^^j' Z[X] ^ UMj^f 
. jtilS 1 A* liijij j . P = 21j iaAi J (jLaJl jlS : Ala »al4 

25 (Js^. (-jjiii-all : \ » Jlla 

F "u-Uulio" (Jli. ^ (Jjiaail ALUs jjc. y AjIIjII A^.j.}J| qa a - 1 A. •*<■■.<■,. ; (J^Jl 

c X 2 +2eZ 5 [X] jj^l SjiS j^b, iUk % Z (=Z S ) iili- .((U-r-\) 

iZ 5 [X] J JJ^il ALti ^ 

: J 

(0) 2 + 2 * 0, (l) 2 + 2 = 3 * 0, (2) 2 +2 = 1^0, (3) 2 +2 = 1 * 0, (4) 2 + 2 = 3 * 

(JjLJI 1 Jll« jliil) Jjk'iti aUS jjc. ^jjSia t A^l VjJ 



Zs[ ^[X 2 + 2f{ aX + b + l X2+2 ^ a > beZ ^ 



((A-Y-Y) ^ n Jlio >3l) 



£VY 



Division in Integral Domains J*ISill JUaJf rta.nill : wJUl uUI 

L»Aj i 4 i ... i ^ o**^ i^L b >■ a ^ o"^ tj '^'f ' 25 <y ojQ 

((1 >-o-r) ^ 1 Jli. ^1 j) . " 
. tj. 27 t5 i <— > jUa-oll : y \ 

X* + 2X + \ ij££ 4 % Z (=Z 3 ) JiaJl i j-» »i* : J*Jt 

: jV . Z 3 [X] ^fl ciiliS ^ 

(0) 3 +2.0 + 1 = 1 ^0,(1) 3 +2.1 + 1 = 1^0,(2) 3 +2.2 + 1 = 1*0 

OVIj . (1 Jla jla3l) ALIS j£. ^ J\ 4jO As. jill J- 

Z3[ ^ 3 +2X + l] :={aX2+Z,X + C + [X3+ ^ X + il|a '^ CeZ3} 

. f j mif . 27 t>* 3 3 uj^J (J* 3 - J* 

((X 2 + 1) + [X 3 + 2X + 1]).(X 2 + X + 1 + [X 3 + 2X + 1]) 

= (X 2 +\){X 2 +X+1) +[X 3 +2X+1]=X 4 +X 3 +2X 2 +X+\ +[X 3 +2X+1] 

= X(Z 3 +2X + 1) + X 3 +1 + [Z 3 + 2X + 1] 

= X 3 +1 + [X 3 +2X + 1] (X 3 +2X + 1g[X 3 +2X + 1] rfi) 

= -2X + [X } +2X + l] = X + [X 2 +2X + 1] 

X 3 + 2X + 1 J*X* a^lj? 4 6- o^il! dloS jLu 

aLIS j£ X 3 +Z 2 +X + leQ[X] jj^I '>J& d J* : " ^ 

y (v-t-r) jtui ^ ijA o^uii Ja .(Uj,„nH) jjUMi 

X 3 + X 2 +X + 1 = (X + 1)(X 2 +1) 



Ring Theory uiUJbdl^j^ ^\i3\fu^23\) 



p ti> ' p - 1 = 3 di (Y-l-r) JUJI li* o-AiSj Vj . Jjk^l <Lla 

. LI ji t j^c. Li A 4 t = 4 

/e £>[X] lij . D <j jSsj F < Utki Z> ^SJ : \f Jll> 

i> Jjill <^o) I jLus . F[X| Jc. JjkjU <Lla jjc. l^jSlj . D[X] Jc aLIS 

* D[X] J^fdA^ 

o4 ' AGi) dx^/= Jlill ^ (,» Jf OjLu jjlj : JaJI 

. ge £>[X] « Z) J'^j 

. Q[X] J Ji^il ^ jf in^u- Z[JJT] ^ J 
ALla j£ f :=X" +pz Z[X ] Jj^l Sj^ jj^ P JJ tfV : nil 
^ jjKMl ^Lla JWbj Oaliisjjl -^jj^) Z[JST] ^ JjMN 

((\-1-r) ^) Q[X] 

/ := X"- 1 -X p - 2 + X"- 3 - ... - X + 1 s Q[Z] 

. (Aiu *Icjvi p = 2 ) . p > 3 iib . (v-n-r) Jti° jtii 

: 

(X + l)/ = X / '+l 

=xT f ((jr+i)/) = ^(jr'+i) 



Division in Integral Domains J«I2*1I JUaJI <jj it a mill : 4JUJI mUI 



;r r +...+ 



X-l+l 



CT g (f) = X»- 1 - 



z p - 2 +...+(-i) r 



X 



p-r-l 



+ ... + P 



Q[X] ^ji^iiALii 

ALla t>j Z[JT] aLIS jx. f cj J* u* j±* : <'A* w» 

(v-o-r) ^ni) Q[X] ^ Ji^iS 

>jl . ! Z[X] ^ JJ^t J jSi) ■ cA^ 1 J J i> ^ ^ d^J 

/(l) = 1- 2 + 8 + 1 = 8^0 
/(-l) = l-2-8 + l = -8*0 

(j^xl (jj Lai . ^?-J-^ (j-a Ljial jC (jj^J ' * U % f (J 3 ^ u' Cfi^i^ CP! 

^^ii.j.} jAa_a tjj^J* (Jxl^'ft (jL\aj Z[ ] ) Ajkj^Jl (j* La^_La (JS jjAalc. ^1 

: JaSa Jjkjli ijAulS*} lS^-\ {{f ) = 4 = jAaLJI 
/ = (Z 2 +aX + l)(X 2 +^Z + l) (1) 

f = (X 2 +aX-l)(X 2 +fiX-l) (2) 
8 = a+fi (jijU^j ^u.) 



] Ring Theory oiUbJi^taj (fc ^tlll(«— 2)t) 

oralis liAj = 8 J J\ 

l jjSjUl ^ X tjlal" t Jt 3 (^J" AjjjoU jLalb liuil (2) <^i 

= or+/? , 

t3jLJ o^sllill ^0 = 8 
. Q[X] J l*Li^ u^jV JUIUj Z[X] JfdA^ u^V oil 

? liUj ? Z 5 [X] J Vij.nfiH JILIS jjo /:=2Y 3 +X 2 +2A r +2 ^j^l Sj££ Ja 

Z^X\ ^ lijmnll ALli jjc. Jj.la. i—i^is Jj^aLs. ajjj^a ^ f (jc ^jo 

f(a)=0 jli l*i«l jc t> 5L»lc X- a jlS I j)j • JjVl a^. jail <jjiu<i l$L>l jc. 

3 « 2 4 4 * 1 ci>i SjUu ji ±2 ' ±1 t^/^ 2 J-ije. jVlj .((n-o-r) 

: ^Yl£ ±2 4 ±1 Ak. M U^1! J^Vl u^lj 

/(l) = 2 + l + 2 + 2 = 2*6 
/(-l) = -2 + 1-2 + 2 = -1 = 4*0 

/(2) = l + 4 + 4 + 2 = l#0 
/(-2) = -1 + 4-4 + 2 = 1*0 

^ j^km alh juibj) z 5 [Z] ^ 3iL\s jjt / jj^ii sjiis jjj 

: AiUll i_j ^Jal! J^>U Uja! jj£j ^WLj . IS Q[X] <^i Z[X] 

. f = 2X 3 + X 2 +2X + 2 



Division in Integral Domains J*IS*ll ^UaJI a a mill : 4JUJI <JU1\ 



^Ua jj<;-« ^j^J! S Jjkj iiJU jlS I ij ^LuJ! ^ V Jli« ^ laS UUj : JaJl 

. ±2 J ±1 a ji ^ 2 —1 ^-IS a (V c JST- a JjVl V jail j> cU^- 

: aIU JS ^./fa) 

/(l) = l + 2 + 2 = 5 = 

J-ljJl J jl ^i 

/ (_l) = -l-2 + 2 = -l = 4^0 

f (Jxl JO j* iL»lc. (_>Jjl X + 1 (jl (j\ 

/(2) = 3 + 4 + 2 = 4*0 

y (j-oi jc. jx !jLoI& (jjui j\r — 2 ji i^i 

/(-2) = -3-4 + 2 = -5 = 

y <_}j jc. jx (jxic + 2 ji i$t 
jjSs j y (jxijc. j<a j>Laic Uj^i jii 

f =h{X -\){X +2) 

jli JalSia jUnj Z 5 [X] jV J 

deg(y) = deg(A) + deg(X-l) + deg(X+2) = deg(A) + 2 ((<>-^-Y) >3i) 
jijuijxii jXaUxii lis j i =y_ i jbijxii jxUxii jV j . J± jVi j- A jj%i 

S jjjuall ^jk. y jjSja X — 1 t X + 2 jjLlstll ^ 
(X + a)(X - 1)(X + 2) = X 2 + 2X + 2(= /) 

a = -l 

1 AY 



Ring Theory CiUJbeJijojiii (1 /.^h [ ....-h ) 



f = (X-l) 2 (X + 2) 
(=(X-l) 2 (X-3)) 

< Q[X] J *1AS jjfc / :=Z 2 +8X -2 J ^ ^ : n Jl* 

. C[Z] * M[ JT] J Ji^ aLIs 
' <Qffl JiJ^ ^ uj^ Z[X] ^ <JJaill aL15 / lit: ,-iU »I1 

X 2 + 8X-2 = 0^X = " 8±V ^ = -4±3V2 

2 

Uiu i Q[X] J Z[X] J* JJ=^ / S j^S jjSV 

. C[X] « Je, OMi 

Q j» Q J <A«ill Jia. (V-O-V) Aaoiill (jiSLu <_ji li* ^ (_valj 

Q[Z] J cjA^fUte u»J* .f:=2lX 3 -3X 2 +2X + 9 c& • ^ 

. ^A~ I" (jAjLslb iAl-\VI Aj_>iaj La >Vl i t\A 

: Up] jjjSj Ij^jj j 3 = 2Z iaAiui : JaJl 

7 = x 3 + x 2 +T 

(/(0) = T*6)/(T)=T*o 



Division in Integral Domains ^\hii\ <jj iiamiill : t*JUJI wUI 



f = 2X uj^-a i 5 = 3Z Uiiul I ij : Aia »al> 

: t_iil ji (Y) 

^ Z 3^J/ 2 ( i ) 

°^ /[X 2 +3X + 2] 1 ' 

. j t ^) if. j T i n*t (jo (jjSjJ ilii. ^j-liji (V) 

. j >( -i\ if. AjjLaJ (ja UJ^J cr*^' (^) 
^ JJ^ Atil l^i] t Q[X] ^ OjkUJ X 4 + l a' c> 0*J! (°) 

R[X] 

• ( %Z )[X] ^ ^ ^ ^ 4 +^ +4 ui c> u*J^ 0) 
J^U ' SJ _^ ^/ljSI . Z 7 [X] J f>-^ f-=X 3 +6 d& ( Y ) 

L*j- ^ jjj . JL> Z ' [X ^ X 2 +1] ' Z 3 [z] i>51£ ji^ oAjj (A) 

f ■= X s + AX" + 4Z 3 - X 2 - 4X + 1 jj^aJI ij££ jlLJ ^ ^jl (1) 



1A1 



Ring Theory CA2ise)i£o>rij (0 ii£fl,»««2)i) 



d J* &ji ■ K.'-.^ lM* jf- p(X)eF[X] c&j ^ i^F jSJ (n) 

((A-Y-Y) 

J\ Jk2 /-^ 6 + r+l 4 +J 3 +I 2 +ZeZ[I] J c> Cfiji Y ) 
X(Z + 1)(X 2 +X + 1)(Z 2 -Z + 1) :^Vl£WiBALl5 JJ jo 

/i jl£ lil iaiij ^! Qffl ^ *L15 j±.f.h: = 35/ e_i jc : jLi J) 

(... JxSij t Z[JT] ^ Jjki! <Lli 

^ Jj ^ x 4 + 4g Z 5 [X] Jk (n) 
J-l j& / := X 3 + 2Z + 3g Z 5 [X] j j^Jl SjiS JA^ Uti ^ jji v) 
Z 5 [X] ^ Vi j.«jitt *LV5 jjt JjJ* Ciljj^ J^US / v^l .Uu.yW <L15 

^ Ja . Q[X] J JA^il <Lli f:=X 2 + 6X + \2 J c> 0* J* A ) 

? C[X] ^ ? R[X] ^ JA^ *1A3 

Q[X] J 0^ *1A5 jifc X 3 +3X 2 -8 J «> oajj (\ ^ 

Q[Z] ^ Jjk5iI*L\S X*-22X 2 +l d J± <y>Ji (< ') 



Division in Integral Domains J*6ill jlbJI &i : £Jttlf wUI 



Q[X] J Ojklil ^IS X 2 -3 (-^) 

: Q[X] 

8Z 3 + 6X 2 -9X + 24 (m) X 2 -12(\) 
2X*-25X l +mx 1 -W ( j ) 4X 10 -9X 3 +24X-18 (_^) 

? Q %-6X + 6] - « ' * * <"> 

o*jj . JJ (> n : FxFx...xF i> *jj> 4& j*^. 5" < ML* F jSJ (Y £) 
die jk^II- (jjl-u ^1 f(X l ,...,X n )eF[X l ,...,X n ] Acj^ J j^lc 

• F[X x ,...,X n ] ^Uli-ujS (a,,...,flje 5 &~ 



Field Theory Ml ^ 



LJI 



The characteristic of a field \-\ 

n I— > n.l 

V«,»i€Z:f(n+m) = (n+m).l= 1 + + 1 = ! + „. + ! + 1 + + 1 

dl jJl ^ «+m till jJl « cJjA\ m 
= n.l + m.\ = <p(n ) + <p(m) 

JUL 

(p(nm) = (nm).l= (lj^+J) (lj^+l) =(n.l)(m.l) 

till jxll (jx ft (1)1 J-all (jx m 

= (p{n)(p(m) 

( ^(1) = 1.1 = 1 : {\ ) ^ (_^) J, ^ai Ui-36l Ijjj) 

Z K 

UJ% (i^ 1 jO^jj-j-j* d (A-Y-^ ) (> \ A JUL* ^ tlilikJl t> 

ois ijj i^j j& iii z ^ a d (v-y-^ ) ^ r jn, o-j ' yiic 

. v4 = m Z <j jSj <Jjjsj w e N i?. jj 
Ker{q))=qZ Ji <Ap^ ?eN -^jj CP! 
Char(K):=q si&ij 4 g ja K lS^JI j] JUL 

Chr(K)=0 o ^1 jl ^1 ^1 j cp <=> ^(«) * Vn * 

n.l#0 Vn*0 

i AA 



Field Theory J^issitj^&i ( CJtJt^2)t) 

Ola dli£ 

Char(K)±0 => 3n e N\ {0} : n.\ = 

J efil m.l = oj^i Aw N\{0} ^ w jijuJ ^ V _J si* J j 

. m.l = UJ% AW N \ {0} ^ W ji^i J* AiUJl oiA (^fl jjaJI 

CiRiQ JjS=Jl 

(^ukJi ^ ^ (u-r->) js^ y J fLuJJ JSl (Y) 

AjSi « "2" >-» ^ (% z )[^ ] aslj wti js* (r) 

. JjloUjlSI (j* J^C- 

t> A: (The subfield) L J^\ JfcJI ^jrf (a-y-Y) r£ Ji. ^ Uj£i 
. k JiaJl (superfield) titfSUa. SJLJl oi* ^ . K 

• JaVl jjlc. oo*-*" 6 - <_siw £ ) 
a-bek : a,b g k JS1 (Y) 

fl6''e A: : Z> *0 l a,bek ^ (r) 

^ S^jll j^iic "1" *(£,+) ^-aJl Sj*j "0" LaA (^) ^ uIj.^itII 

J 0^-3 (r) t »j-J (*,+) Ju^ (*) .(*\{0},.) vj^l'^j 

(*\{0}».) 



: ^3»3lL> n-^ 

Char (k )= Char (K) & k 

^jl 22c jA jl jLloI! ^ jLuu JSaJl jjiAx 
lis*, * Uji fjje- ^ >*JI , Char{K)± * ^ AT e&J : 

tjli JtslL, . Char(K) = mn jj^ m,«eN -^jj^ 
= (CAar (A" )). 1 = (mn ). 1 = (m . l)(n . 1) 

ji Char(K)< m J* £ 0*j • »• 1 = J m. 1 = lP) Ji*. ^ jV j 
<ji t n = 1 ji m = 1 ji jujj Ajli Char{K) = mn c& j t Char(K)<n 

. 22c Char(K) J 

: Liu j»j A- \ — \ 

Aklj g ^ JSa. ^a. jjV l»Aic (prime field) ^J.ii Aj] P JLaJ Jli 

,la.jj AT JS*. JS1 

P := n{& \k czK <^> JSa. } 

(The prime field of K) K -J ^j.Al L&aJt < ^aI-ij J J J** j 

: 4j £j \-\-\ 
: <jli jiljc, . JjVl Alb. P * !5Ua. K <j£J 

Char(K) = <=> P=Q 
Char(K)=p±0 <=> P =YpZ W 



Field Theory j>is«Jtjvj>iii (tUOJt^ai) 



1 Q uj^ (up to isomorphism) oU jos j^. j jjVl uj^ j 

• U?^j5l ^jVl (jJS=Jl Jjl p dip. 



<p:Z-*P 



r l j!l OjSj Char(K) = Q *JU ^ : ": 



JLJl (> ^> Ji^ <£(Q) (jV j . 0>|Z = p o&> «iw <3>:Q->P 
<& $i) jjKUo. Q « P ojSij * 4>(Q) = P J s^j JjSN 



z c- 




3,0 



Ajjlii Ker(<p)= pZ U*al Char(K) = p*0 *1U ^3 

r/tfZI - 2/ = Z/ 



pZ 



n j& nZ jaax ( i 
Q c> J> Js- Z (-? 

: tU« 



jLl^JI jA Z jj-" j* wZ >^ 4 iilk ( i 



Z®Z (m) 2Z (I 

Z 3 ®Z 3 (j) Z 3 ®3Z 
Z 6 ®Z 15 (j) Z 3 ®Z 4 (_i 

Z 4 ®4Z (j 



3 ( j ) >- 
30 (j) 12 

( j 

? (v-^ ) ^ liA <_>i^^! <-J* oyS J <jj^ ^ 30 ' 12 : l!) »ui 
ULixx n.l J jSJfi) 12.1 = « 20.1=0 iUl^ taLki : 

? jxa- L. . (j jOaJl ,> W —11 + 1 + ... + 1 £ j-a-all 



Field Theory Jjiaelic^jjlii ( A»*"p ...^ 



Ua JLJ! CiuJ s jiA j . « g N \ {0} 
m . 1 = ojfe tijj^ m g N \ {0} jij-ai j$i ji^JI <_j jU^ V _>*JI jl£ I j) U 

. 2 jA LiA jxaA\ tjj^J JUlbj . J jl .lie jA j t 

S jsJl <LLala j.nVwll J ( _Jc (jAjj . 2 jA R aJIaj] 4iLa. ^ : i 

) Sjill JLZ* Jl^Uj 2 = : ijJk j41 

b 2 =b t a 2 =a : ji (ji ' 3 jSlt ^Ula ^j^c. a,Z> jlJ 

(a-bf = a 2 -2ab+b 2 = a 2 -b 2 =a-b 

(ab) 2 =abab = aabb = a 2 b 2 = ab 
U\±)\ R 

(r) S jill JiUx afe & 

^Jc cijJaj ALLJI .al.sc.Vl J** i> cA> (J**- J*" 3 ' -^J 1 '• 

jA t_j jlLuJ! jaJI JiaJl ; Jail 

Q[V2]:={a+Z»/2|a,6GQ} 

CjlilaJl Ajjki t> ( ^ 0_ ^ _ ^ ) <^3 Y ^ Jli. JoA 

a,beQ a+b4l <_s J V2 ^ 



. R J! t> cs Si=>. f jj^j- j* * — > x p (Forbenius map) o-Ahjjs 

:x,y&R : qU >Ui 

<p(xy) = (xyy = x p y p =<p(x)<p(y) (1) 
<J!ju1 R 



<p(x +y) = (x +y) p =x" + 



r J r\(p -r)\ 



^jois ! jji Jji ajc. ^7 (ji L»S 4 1 < r < _p ^jo^l p — r < p <■ pi p 

r\{p-r)\ 

<p(x +y) = (x + y) p =x p +y p =(p(x) + <p(y) (2) 

. 6^>iiliA <_1_i11iaSI ^-H! (2) ' (1) (J* 

(1) iOeK J J O p =0 : si* >41 

xy-'&K (2) 



(x ->>)' = *' - 



b J 



x'-'j + ...+(-iy 



x '+...+ (-l) p ~'x>> + (-1)" y p 



Field Theory jjisJi^iii (CJUA,«~Ji]t) 

J jVl : tjJ^aJl I^C La ^ j^aJl ^ftVl a J^Llo (jjLuJl 1 JliaJI ^ JlaJl ^ LaLa 

/? = 2 ( i ) : jUlU li al 
(x->0 2 =x 2 + (-l)V=* 2 +j; 2 =* 2 -J 2 

(jc-^)'^-.);* oAJ^c^ 
x -y e ^ (3) : J J\ 

. sjiiLui (_i ^Sij (3) t (2) ' (1) t>° 

(x +y) p =x p + y p (!) 
Vn e N : (x + _y y" = x p " +y p " (m) 
(x +yY*x 4 +y 4 jjSj diuH 4 Ujx^ ^ 

: 

S^jiLiA fjjajljLttSl (jjl&all c?^ La£ LoLoj ( 1 ) 

" ts^ cj^J 11 ^Ij^VU (m) 
( i ) fj* A i\-ns* : n = 1 
: « — > n +1 

(* +J o'" +, =((* +> o'7 



(1 + 1) 4 =2 4 =0*2 = 1 4 + 1 4 

Field extensions J^A&ll (fLiil) 4Uto»l f-1 

K o^k j*. (jSa.j 4 £ Jia. (jx jjUl A:) £ j j5l : ul jxj > — X — > 
O- V^j AT z> A: sjIc t.^un j (field extension) Ja* (fctuul) JlJlat 

. k JLJl jIjCuI K lM u) Jlij . (K, k) 

kxK^K KxK->K 

4 

(£ JLJ! Jc. Uxk til ja ^() Lkk tc.t ja - k 
. Kzpk lM ^l^l (deg ^Sj) (degree)^? ^J^dim^),^ 

(* cM <> # ^\ ^Ijill ja dim, (TO) 
|X : A: ] < °° ^ | j] (finite) K z> k JiaJl jIjU u] J^j 
A" => A: Ji*. jIjlU ^ (intermediate field) ^ Ja*. <u] Z <JLJ Jlij 

• X t> ^ j?" & J K (>> tjjja- X jjfLi LaAjc 

HI 



Field Theory ( cUCJtn„,a)t) 

[K :k] = l&K = k 
k K £1 jiil UJ K J s^jB >-3el<=>[£:fc] = l : iiAj^l 

K=l.k=k <=> 
Degree Theorem 4a. ^1 4.? >& t — Y — > 
: ol^ K id k Jia. i^L»l ^ Liu 5tS». L I ij 
[A" :Jfc] = [A" :Z][Z 

^Ijill LAJ {x v ...,xj Ijjj • * IdI u^^ 1 ^ 

dip. x ( _y ; j^U^I o)*L (Je-K is^ 1 t 1 -^ {yp-,^„} <■ k L 
k J^K £1 jili LjAJ ^ ;g « / G {l,...,m} 

: flU >4) 

[A :Jfc] = dim A (A)>dim t (Z,) = [Z :*] = oo<=[Z : fc] = oo (1) 
[K :k] = dim k (K)>dim L (K) = [K :L] = oo*=[K :L] = oo (2) 

{i, *J ' uai^oi^ ^US! K 3 Z i L id k c& 0") 

. L J^K £1 jill tuAJ {y„...,7„} ' k J* L jiSS L-U 

^ y e {1,...,«} « i g {l,...,m} 4 x ( ._y y . j^U*ll <ji ^ 5iA jJl 

. kJ*K £1 jail LLl 

JSl ajV (generating system) (U j-) till- Ulkj ^ s jjSidl j^UxJI 

n 

je{\,...,n] J^j y^Vi uj^ ^ 6 15 ...,fe„ gI 

7=1 

' bj =X a^r, uj^J ^ a XJ ,-,a mJ e ^ 

11V 



1=1 j=\ 

QAAfiik Jic (linearly independent) LJ**. aIsl^ l^J j^UJI j 

m m « 

ye {l,...,n} JS1 Z«^,=0 J E X a u x ^ j =0 ' ^ G k 

(=1 1=1 7=1 

L ^ j-ljill a-U {x p ...,*J uV) ;ep n} JO, * ie{l «} 

JUL . F — 1 JSa. ^Ijlal ^ Jj4J <jal£-a ajL*J . Jia. jljdJ E Z) F j%l I tj^ 1 J 

tJ Li ^1 ji£ « 4J lil [£ ; F| = n sjSSs j F J* n ^ £ u! 

: Aajjj 0- Y- ^ 

[7? : Z] = [AT : k] ujSj ^ A" 3 «a Z J* J** JS1 ) 

L = £ al* 

:k] = [K :L][L:k] = [K :L]=>[L :k] = l 

L - k (jjli (r-Y-^) j>j 
^ Ji*. J <ua ^j/tf AT =z> A: jIjS-I a u Uji 'Ato [K : it] IjI (*) 
uV C 3 R lM ^L*SI ^ "JriT ^ Jaa. j^jj 3la JIUI Jc. j . ^ 
(R JeC <>aJl £1 jill L-U 0^ i * 1) "2" liA A^jJ 



HA 



Field Theory j^uJi^ojiu ( iiO|»-Jill) 



Ring adjunction and field adjunction JjtfJlj A&I^J (^UM) &tial\ X- \ 

A: |>f ]:= n{i? : ^ o- *iL* uA c 
A:(^):=n{L: A" o* <Jj* L,k uA <zL} 

■ k L J& A t'uk t'JuSuA K t '» w &\ L X L J VaJI JaJl < 4oj jail AilaJI 

< *M 6- £[a„. ..,«„] Uli m& A={a v ...,a n } «U ^ 

• W i> A:(a,,...,a„) 
: 4£»xU t-r-> 

: (jla iiiic. . jSa. jIjIoI K k <j£J 

£[^4] _J A^iiSSl Jaa. A:(^4) K 0">A Ajjj?. Ac JS1 ) 

k[a] = {f(a)\f<=k[X]} uj^ JS1(Y) 
k(AvB) = (k(A))(B):K o* B <■ A 

0) : a» 




iluaj ^> : — > k (A ) I»iu>i1U Ja-I j ^ jjjjjxijjjx — (AjxHjJI) A^jSJI 

: (jSaij (K o- ^) AO*) 



ill 



<ujaJl J ji=Jl 2^?. £_Ll£ k(A) u] tlija. t>j A: kjA - cp{k \jA ) c ^(Q) 
li^j . (j-lt) cULi p J ^ (p{Q) = k{A) cP J&ij • h{A)czq)(Q) 

. k[A] —1 Jia. Ajiuii jA UJ^JJ Jsa. £-o !)l£l ni'ifl &(/4) <JiaJl OJ^J 

*;={/" (a) |/e*[AT]} ^^(Y) 
• ^ J csi (/ =X ek[X] Ji ) aei? ctiKo*'^j>'^ 
f(a)g(a)=(f.gXa)ER*=f-gf.gek[X] <=f,gek\X] <=^R 

f(a)-g(a) = (f -g)(a)ER 

. (1) k[a]<zR uj^ £ uM J* 
J ^jai jli j> <utt A: u {«} c 5 a! 'Vj K c>* S <u j=» aSL. J£J jSlj 
. =fc[a] J £^ (2) * (1) o- • (2) c*[a] uj^ ^ c5 
fr04ufl) = n{Z| K i> X , k^j{A^jB)czL} (V) 

= n{L| £ ^>JS- L , k(A)uBczL} 
= (k(A))(B) 

: Oj hu r-r-> 

asK ±±j lit (simple) .kuju KdIz JSaJI (jli-l) ^LuiV Jli 
(primitive element) Lul^j I >ua4& »1a J* a <^"jj . K = k (a) 

. , f . KZ)k Ji=JI £l^Y 

: JUt t-r-> 

i» R ^ C t> <i3> <ji ^IS ^lliS . C 3 R[i ] J j 

. . 



Field Theory j^isJljo^ii (.Mi'ttp ...^ 



uj& £ c>j • R(/) = R[i] = C uj^j ^ K[i] uj^ li^j . R[i] = C 
Algebraic and Transcendental Elements 

: ub > — t — > 

jjja. | j| t A: Lf ifr (algebraic) i$ >a. <u] a e K j.^wl Jli 

ALUil 4*^1! sjja. jll / . y( a ) = ujl> / e k[X ] \ {0} 

• A_^(transcendental)^luu- j.^wJI Jliia jj^J! s JL, ^ i jjj 
. (algebraic numbers) Aie-Hs Q <^i& C >^Uc tr A^ J 

CCQ ^ Liu JjSu jl^cVl fti* <ji ^ jiiuaj 

<p a :k[X]-*K iaEK t J^i^| -rj 
f^fifl) 

% ^Ij1T^I JlW 1 <=>3/ 9tO/e*[A-]:/(fl) = 0<=> k J* lsj* a 
<p a ^Ijl^lj <=>4f *0/e*[X]:/(a) = 0<=> £ J* ^ a 

: (jli iilift . A: ^Jc kaLiix ae K <jfuJ j 4 JSa. j| Jl«| K Z) k (j^ 

J j^J jiS 4Sk ^ J£li£ £|>] ) 
(^ol!) J Ji^ Jfc(A) jSLil! £(a) JLJI (\) 

[*(a):*] = oo (r) 



Lift ^JbUll : Jift -Ul 



_S ^531 JL. j& A<a) (Y-r-^) o-j ' f *M 0) i> ( Y ) 

AJfl] 

<...<X 2 <X jj^J! diljjaS tjjSj neN ^ a& j .jfcfjq^. JSLSu Jfc[a](^ )t> (r) 
[A:(a):)t]=din i (A:(a))=dD^(A:(^))=oc t ji dim* (M^ ]) = 00 Li^ ^Sl^X" 

: h& i-i — > 

. A: fjc UoLoia 1 j^iic a g K j ' J**- K id k o^jl 

k(a 2 )czk{a) (X) 

. 4 null J jLJl t> AjlLo jjc- hoc. jlaj A: (a) 3 A: <JaaJl .ilJuJ (V) 

: ,-)U 

OjSj / e A-[X]\{0} jj^ s jiS ^Ji Ails A: Lj^ a 2 &\ 0) 
a J tj'\ * g :=f (X 2 ) j j^l i f jL-a jj£ a &li j •/ (a 2 ) = 

. jj^aSUj : A: jjic jf?. 

di^ /,ge Ar[Jf] A^j. -ui gSij Aili ae A:(tf 2 ) c>IS lil (Y~r-^) j> (^) 

• A -=Xg(X 2 )-f(X 2 ) Sj^l Iji^ a • fl =^^ : d& 

gift 2 ) 

a o& deg(Xg(X 2 ))*deg(/"(X 2 )) $ J^ 1 lsj^ J A j 



Field Theory j^ixllCkj^ c *.ti*Wp ...■3w > 

UaluiLa f Jj~aic a", H = 3, 4, ... <jj5Ll (^abjll ^IjiloiYL <i\ j ) t> (f ) 

A: C...cA:(fl 3 )c^(fl 2 )c^(fl!) J £^ ( Y )i>J £^ 
The minimal polynomial t^faall ii$AaJ| Oj^S 0- 1 

U jya jj^ja : A: [X ] — > A" <■ a&K t Jsa. .i! K z> k c& 
j-u^U ^ jj £ ^ Lj^ a u 1 ^ ^! •/ ek[X] £j^?J a! 
^er(^) = |/J /„ e A: [X ] s^j M~ ^ 

V/,g^[J]: % (f^) = (f+g)( fl )=/( fl ) + g(«) = ^) + % (g) 

<Pa(f -g) = (f -g )(«) =/ («) = % if \<Pa (g ) 

<> iKer(<p a ) * {0} J ( Y ~ £ ~^) t> g 3 ^ £ csr^ lSj^ a uV jVlj 

^^SlaJ! ^jjjjjxj^Sl (jl SjJiUo i—ljllaJ! CjULJI Ajjiaj ^ (^~^~Y) 

: uL jkj Y-o- \ 

^ [/■„] = {/■ eA;[X]|/(a) = 0} ^/ a e^[X] s^j *«k. ^ ijJK 

. (The minimal polynomial for a over A:). A: a i> ^ J.»iaJI » 

: r-o-\ 

i k lijja. a e AT * JS». K z> k cfiA 
A:={fGk[X]:f(a) = 0} 

: AjflLSia AjjVI ill! ^jjSj g (= A 4yil-i« J jia. ajJj£ (J^J ^ jilJC' 



deg(g)<deg(0 : /e^\{0} ^ (\) 

^ hi--"" g (?) 

lil A: a (j* ^jiu-all j jiJl SjjjS jjSj g E k [X ] J j-i^Jl SjjjS (jli IjSa j 
g(a) = 4 ,ji ku.n'll <L15 jjc. < a*))-,* g dul£ I j) ias j ilul£ 

Cjlk a <> ^>-J» ^j^Jl SjZS yA g |j) : "(Y) <^ {\)' : flU wll 
/e^\{0} £ ^deg(g)<degO r ) o^i>j[g]=^ 
0=g(a)=f(a)h(a) : J ^ . /,Ae*[*] ^g = A cfcl : "(V) <= (t)' 
jli ^ o-j deg(g)<deg(/") (Y) t>j- ■ A e ,4 ji /" e ^ J^AjVj 

■/G^'j^W' deg(g)<deg(/z) ji Ae**(=*\{0}) 
jli jite. ■ k (Jc ao* isj^ -^j^ » j££ cff* ,/a U^ 3 : "0) ( r )" 
j±. g oVj . g=hf a i hek[X] Ail dii^ t g £ [/* ] 

g =/„ O&u h = 1 jli 

tiiia. X" —p -i jA^Jl SjjjS ji CjlSLJ Ajjivj ^ (f-l-T) j* : c'jiA »1) 

. Q[Z ] J ( JyktfJ) Vij.njMl *Lli Jji Ate 

X 2 -p ^jj^Jl • j^Sl jw. yfp J <j\ t ) 2 -/> = &lfl ^ 

. a^iilxu (_j jUa^S! ^jjj (V - ° — ^ ) (jx3 4 Ajtilxa X 2 — p j 

: 4j a-o- ^ 

CSji^all J jiJt a jjjS <j*f.k ^ Ljia. G AT 4 Jia> .iIaloI K Z) k jjliJ 

: jli iSiic . A: j^Ic a ^ 
o» £ 



Field Theory j^isJljxj^i (l DU«^2))) 



k[a] = k(a) = k l X fy ] 0) 

[k(a):k] = deg(f) (Y) 
. k k(a) ^ijiB L-U ujS {l,a,...,fl'""'} ui* m -degtf) 6^ ^ (V) 

#>:£|X]->£[a] 

Ker((p) = {gzk[X]:<p(g) = 0} 
= {gek[X]:g(a) = 0} 

^ ^lla Ker((p) 4 A^lu.i cijLJlia jUaj ji ^.^j JL> k J 

O- ijlJl JtU! ^jUj jAj t JH. ^er(^) J t k[X] 

t ffe&i ^ [f] J&A j oASkll (1-Y-V) j> V,j,nn\\ aL\3 

tii J^&[a] J (> ^ — f— > ) g^s^jU ^ic. ^ /c[X] <#j 

. £[a] = £(a) = ^^/ } J 

ArW = {^):^G^[Z],deg(g)<degO r )} : U al 0)o- : (r) . (Y) 
(^ji . J*L5) jA± {J j ^(jVj .(cA&Jl <jjJij t> (A-Y-Y) ^ M Jli. jJijl) 
q,rek[X] jUSiUj •b=g(a) o& g^k[X] ^jy 6 e k[a] JS1 
uVlj . Z?=^(a) = r(a) Jo g=qf +r,degr)«te&f) OjSj ^ 

A =fi a \+fa+...+p m jr* j3i,fi,...,j3 mA Gk ^be k[a] JS1 



£1 jill ^Jffi a mA . ... i a i 1 j—liJl J i*1 ' (deg(r)<deg(/ r ) = m <ji) 
=) UlGj^ a 7 "" 1 . .... a * 1 j^U*ll c^K . £ tf i^JI 

4 g G k [X ] \ {0} J jia. S jjjS tipl jjSai (y=»^- <12Laui jjc. = Uixk iluu 
J j.iaJl ojjaS / ,jV (jiiStij lift j . aiA J jiaJI a jaiSJ jLua 4 deg(g) < deg(f ) 

Algebraic field extensions J$Aall QldUAsSH 1- 1 

: uu jaLi \ -1 - ^ 

I jj (algebraic field extension) L >ja> JSa, K zd k <Ji*Jl 
(transcendental field Ualuila Jaa. JtJlal L< -^j . & ^ Lj^ K ^ j^^- <_£ 
. k (jic UaLAo aG K jj^c c*3Ua jjjSj U^j& ^1 4 Ljja. jSj ^1 lit extension) 

: jj Jai i-'x-y 
: tjli iiiic . JSa. jIjSJ K Z) k jSJ 

a„ 4 ... I fl[ i>.JJj 4 lljia. (jjfL 4 L$jia K Z) k JSaJI jljlal jl£ li] (^) 

K =k(a l ,...,a n ) o&^^K^^Uc 
K=k(a l ,...,a n ) oj^i k J*- a x ,...,a n g K >-aUe. 131 (Y) 

• ^J^^f?- cs^^Wj j*'*' " UJ-^J (J*^ jl.iLal (jli 

aG K jj^c tji Ajli 4 k ,Jc- A" ^jJaaJl £1 jal! iu jA m ^! ) : 0^ ^ 

job* — oJLttlx-a — ) 4_iaJJ^a (X 4 4 fi[ 4 £Z 4 1 j i it ll (jj^J 

■/(«) = uj^ / e £ [X ] \ {0} ^ s ijaG^J^^^o-j 
kJ^K Jo^l j-ljiU (fl,,...,a B ) u-L-i JS1 K=k{a v ...,a n )c^ ^ «k Sj^j 

4 K= k(a) u^j it Jc hj^ aGK <jK U : J^Vb lM jJI (Y) 

■ [K :k]<oo J (o-o-i) ^ Ajla 



Field Theory J^L*)!^^ (CJttJl,w«2)t) 

L-k{(\,...,a^ <. Lz>k'4jhA\ JjS=Jl U\~.<* cMj ' «eN\f)} 
tluaw K = k (a x ,...,a n+x ) • ^ "^iJi* &n ' ••• ' a \ A?*- 

: J gup . k Jc a v ...,a n+l e K 
[K :k]-[k (a i ,...,a n )(a n+l ) : k (a v ...,a n )][k (a x ,...,a n ):k]<<*> 
J ti' ((e-o-^) j f — > ) i>j k{a x ,...,a n ) Jc ^j^. a n+x jV) 

: guau r-n-^ 

K zd k JiaJl jli jj^ia . K zd k JSa- i^L«l ^ Ldu Z oSJ 

. oyj^ K zdL t L zd k o\i K zd k ^! ^ cH 3 ' j 31 i> : t'M >4 
<uls iSiic. . asK j t oyj^ K zdL i L zd k t jU• 11 < 1 ^ , j£J jVI j 

Lj^ a OjSjj . a n+1 +b n a n +...+b l a+b Q =0 d ^ b ,...,b n gI ^ 

•*(V-A) «> 

<_«Jc. ) lU^Jj A: t^ic. ajj^ b n <■ ... i bo cs L ZDk <jij 

[t( fl ):*]$[%4Xfl):*]4%-^):%^JI%^J:*]< eo 

• K zd k uj^jj 

tij^ L zDk Jlja-Vi (*) 
a g L (jVi 4 L j^lc Lj^ aeK ulS I j] (V) 

o . V 



: J (Y t> • a,beL c£4 ■ k czL J ^1 j (>) : L 'M >4t 
J\ (b * ^ ja-bcti -lSj* k (a,b) 3 & JiaJ jIjS*I 

a,bGL L ^ oUS* (Z> * olSliJ) afc" 1 c a-bc^k{a,b) J 

. Lj^ L(a)z)L jI.sl.VI ujlj (Y-l-^ ) j^IJt Lj^ a &K (r) 
ti jf> a (J ij\ i Ljja. L(a) z> & jjSj (F-l-^ ) o* J (^) t> j 

« CDQ .Sl.iL.VI ^ ^ <JS^ ^ (^J^l -al-toVl L& A^j^) Q 4^ jo? nil 

• Q ^ £»«Vj Q Jc Lj^ ^ C J ^ j^juV j 4 ci QdQ jI.sl.YI j 

Construction of field extensions J$*all Ql JlA^I sLSli) V- 1 

: 4j Jal > -V- > 

f(a) = o&^aeK < k -\ 
OjSj ^ [p] JIUl jjlfl t iwil} JjIS S 5Uc /? |j| : <»M ^1 

. ^ ^^j^,] (U-r->) o-j ' ((^-Y-f ) Uli. 

X & k jx^alxl 4iY t j»jj3 jjxjjjx 0j^! k <_yic- /? AjAaj j 

x +[p] = p(x ) = [p] e[p] 



o . A 



Field Theory jybJi^jjiai (tio,*-^) 



Jfo* [p] c) o^i liA j [p] = k[X] £ t>j ' l=x 'jc e[p] : Jl^Wj 

•(kjjajj-jjj* cs^Wj) i^>\j p ojZjj {0} k fjc p Si jj jjj 

ji tj£*jj x g k ^-a y(?(x ) (identify) J liiLaja ^ 

p(fl)=^(A')) = /?(p)= j p+[p] = [p] = 
Splitting fields and extension of field-isomorphisms 

<_^jYI A^. j^ll ^ <_W Lity ^jlai. J-^J^ 

: <JL? \ — A— \ 

Ailj iibou] jjia. a jjSSJ (splitting field) JSa. K id k JLJI ^1^1*1 <jj JUL 
J^s lij ( k J* /jjLSa ^ K u! ^4 Jty / g ] 

/=Z ) (X-a 1 )...(X-«) 

^ ^Irf ^ Ji* J, /J tfi 0) J\ V^W (X) 

. Ajkk Jxl jc ^ K Z>k JSaJl 

: Jll> X-A-^ 

ja Q(;)dQ . X 2 +leR[X] jj^aJI SjiSi 3^ ja C 3 R 

X 2 +1g Q[X] Jj^I SjiSSl 



<P:k[X]^>k'[X] « (Ujas jj*jjJ) i^Uiu c&j ' k \ k c££ 

. jjiaJl dil t^ULJ jJilU! JSLiull 

I-iuJ-iIU .la. jj illit . k ' — S JSa. 0(f ) —3 t jiua fit ' t k — J 

: A: (a) — » A: '(« '), <f> \ k = <p, (j)(a) = a ' 

: c'M »» 

Vg flg(a)) = O(gX<0 (*) 

li g = \ + \X +... + A n X",A x ,...,A n G k 
9ig («)) = V(\+Afl + ... + X n a" ) 

= <K**) + 9(\)V(a) + ■■■ + 9iK Ma" ) 
= ^) + ^) fl '+... + ^)(ar 

=<!>(£)(«•) 

(commutative) ^Vl J^iSI jl tii 



P 

g(a) sk(a) 



■> A;'[X] 9/! 



^0/7 = y/op => (p = y 



Field Theory j^LsJtjojlii ( .*.m^w ( ....im ) 



(•^j d, ) <P d J s 
: (f) \\ Iaa <J*il\j <d ■*<;"■> (jVI j 

(*er(/>) = {/•€*[*]:/(«) = <)} uV ) f*Ker(p) J ^ 

JtiLj ^ UtL. [/] oj^ -W-^ ^ j*& / o^j [/"] czKer(p) J 

. [f] = Ker(p) 

/> )) = (<S>tf ))(«') = => <$>(f ) G 

(p ctis • iSM J*^ y:k{a)^>kXa<) {Jj* . J-U) 

• ^ j£ JJ*J j* 1 ^ UJ% ij t^ic- J**- t> f JJ-J-jA 

. (jUaitt Ji^ jL- jA {0} {0} J jViuSI JiaJ) 

: ^ jib— p(b) d& bek d$ ^! u^ 1 j 
fla) = ^(X )) = (#b/?)(X ) = 09'oO)(X ) - )) = p\X ) = a ' 

: gtifluj t-A-^ 

^: A: (a)— jja- j f jja jj^ jji i^alb jj -ula 4 A: ^jlc. a ' 4 a (jx jjLjji^l 

(A: ^ fida. jl! ^jloI j jA 1 4 ) (p(a) = Cl' 4 | k = \ k jjll linaJ 

on 



j Q[X] (J (Ji=^) Vij.-inH aLUs jji Z 2 -2eQ[X] 3»jViJ .ijjaJ Sj£S 
(£-A-^ ) t>j . q ^Jc +V2 t> cS jr-^ ■ij^l S ^ ' ^ U 1 ±V2 
' ^(V2) = -V2 a£s : Q(V2) -> Q(V2) -^j J 1*. jj 

. 41 J> V2 ci ill Q(V2) ^ S^jB ^Ua ^ . y | Q = l Q 

2 = 1 + 1 = y/{\) + y/{\) = ^(1 + 1) = y/{2) = ^( V?) = Xf/ijl f 
^ ^ « Q(V2) 

<b:k[X]->klX] « (Ljyij^jjJ) il£L£j . 0^ k' ik c& 

«ola c / ' := )_! K'zik' i /_! ijiij K z> k J^^\ 

ACj-aa_a ^^ic. ^ ^ y jtLu*ai Ac j-aa-a f>Jj tyf (^) 

: 0&^v> a x ,...,a n ,c e k ^ AAi JULj . AT=A: uli r = o 1 * 
/ , =<D0 r ) = ^cXX-^))...(X-^aJ) : J ^/^-^...(X-aJ 



Field Theory j^iaJi^j^ (CJl^lft^JU)) 



■K\k J f JLJ j> j^Vl Jb. r- 1 ^ li* J! Ail^YLj . o±jJ 

jlL-aVl t> r CijlS j AjjIiiSl u±jj K \ K if i (p ' £ 1 < & li) U^ 1 J 

aj (>• /? ^jkj-aH ^jiaJl »jJj£ jJU*jj . K \ k ^ Cl r 4 ... 4 flj : / — 1 

/' jVj . / ' := ®(f ) _1 U-AS p':=®(p) jji^j/J r lSa 

. (p(a x ) = a[ * = uj^^ <p'.k{a^^>k \a\) ?j* Jy >^ ^ 
K' i K i f i (p i k \a[) . yk ^bbjl u*j9 jVlj 

: 4.. ifej V-A-^ 

0:Ar[X] o^j '(^ jj-j^) (pr.k^k^ k'^ k 
t / ':=<&(/■)_! jaLB JS^ K'^k' 4 /-J ^ j* »ij 

Jilj 4 g jA olJ 4 ^ ^ / — 1 Uu.inll JjIS jjc. (Jxlc a jL-a JSJ 

: AiiVl 

. A" ' ^ / ' jUx^>i Aft (^ifc K ^ f jli^i Ac j*x« ^ JJ ty/ ( ^ ) 

^a) = a' (V) 

^(x ) = ) : x e k (V) 



(f) : k (a) — > k \a ') ? jjijj* j jJ ^jj -ula i-iu^M! JjIs jjc. g : <'M nil 
jVj . ((V-A-^) jlail) tp{a)=a' i xek q>{x) = x 

(n-A-^) ^Ajli /'-J jjLSsJia. K'zjk(a } ) if-l&x^K ZDk(a) 
< x e k(a) £i*zA y/(x ) = (p(x ) jjli <±iiaj y/\K -^K' ? jya j>» jjji .la. jj 

. ' /" ' jlL-ai Ac_jA2k-c f jliu-al o f^Di 

. (JjjLijJI (Jjiia. 4jjl.la. jj -ija.j A^^al (j&jp <ji ^ jWtni'i (jVI J 

: 4-i £j A-A-> 
: (jji ij-llo . k[X] tji Aoj^J JJC- J J^a> o JJjS /" t ilia. & 

(^3 i£ (jLiij / t Jaa. jljlal K ZD k olS I •>}./_! juLS Jto. ^ (^) 
./_J ^iLij JSa. ja £(<?,,. ..,a n ) z> A: ' ^~<z„ ' ••• ' -M 3 ^ <-Ulj& 

fjj9 Jj-jjji Ja.jJ t / _! (jjLiu ^lia. K'zd k <■ K zd k £)\& \i\ (V) 

Ac r, ^^ic. ^ ^ y jiL^ai 5^. j-ai-o ^joijj t y/ \ k = \ oj^i ' * y/'.K. — 

jjfc JjAa. 6JJl&1 (jjLiall Jia. (jc. ^KVi (ji (jVl ^jWuii'^ . ' /" jli^ai 
. L^ji* JSa. jljjj f K ZD k cjjlij Ja. <_£ (V) 

: c'jU ^1 

K ZD k Jia. jljaJ ^ J.^i-s) i^jljj t> Ija'U bj& (^-V-^) -t ^'■■■1; (^) 

: (jjSj diiaj 6 G & t «,,...,a n G i£ t 
. ^ lUy* J Ar(q,...,a„) > / JLSE liSAj ./ =Z?(X -a ) 
Jia. ^ y cjSLij li) 4jV t / _ 1 JSa. jA A:(a,,...,a n )3 A: JsaJI 
^jj Aila * <ika. Jxljfr ^ k(a x ,...,a n )zD k i^VI ^ L ^ 
uVj . / =c(X -b x )...(X -b m ) o& ^ czk , b x ,...,b m eL 



Field Theory j>ise)i£j>iii ( ii)U)l,»— 2)1) 



* {b l ,...,b m } = {a x ,...,aj * n = m J ^ ^ j jUaj ^(a,,...,^)^] 
Z, = &(a p ...,a n ) o]i k(b x ,...,b m )^L czk(a x ,...,a n ) jVj 
. s jiib- «_jjikJt ^ ^> = l t < k = £' ^(y-A-y)^ (v) 

. Tjfl**"' ijj^j 

: ,H1> 5-A-> 



^2 




C ^ / =X 3 -2gQ[X] jj^ii sjis jU-I ^ 

j o& (r-A-^) Q(«,) ^ fc'jfl ^ M,«, 2 } 

Q(a, ) -> Q(a y ), 2> + b x a x + b 2 a x \-*b + b x a j + b 2 a) , j e {2, 3} 

xeQ(fl y .)nQ(fl ( ) JSIaAt. Q(a y )nQ(a«) = Q u_& 7** J^j 

7 7 c i 

: cU^j Uili £ = 3 * y" - 2 Uiit I jj 



,3/r. 2;r . . 2;r. ,rr. An . . An. 

a+b<J2(cos hi sin — )+c</4(cos — + i sin — ) 

3 3 3 3 

i. / .3/^"/ 4;r . . An. ,,/-. 2;r . . 2n. 
= a +b '•s/2(cos — + * sm — )+c -s/4(cos — + 1 sin — ) 
3 3 3 3 

a +6^/2(--) +c V4(--) = a'+fc ' ^2(--) +c ' V4(--) 
=> a =a\b =b\c =c' (1) 

: (^^ic J > <*ii i (jnlj-^Ml ^^3?^^ aljLuiAjj 

6^) +c V4(-^) = ft^(-^) +c -V4(^) 

r^Z? = -6',c =-c* (2) 

x e Q ji ci' ' 6 = c = J gttj (2) < (1) 0* 
• xeQ oj^i <>t = 3 t y = 1 1 iSj / = 2 < y = 1 lil JklL, 



on 



Field Theory jjisJi;^^ ( uJli)l|»— Sty 



R _J Ja^ C (<-J 

Q _i JL. R ( j 

Z 2 -J Ji*. jljU Q (-i 

jj^i sj^si / (a) = ijj . n <> Q ^ »gC jSJ ( j 

deg(/"(X))>« aliifcte* 0^/(I)gQ[I 

jj^i Sji&i / (or) = ' jj • » i> Q ^> ^ ae C uSJ ( j 

deg(/" (X )) > n 0*f(X)e R[X 

Q(tf) = Q[X ] cjl , ^j^t X ol£ li) ( 

Q <> / ( A 



(J^^> (^) ' ( ' 



a -i j^l a o\i a& F <jl£ lij : ^j-> > (_= 

£ja*^a ( j 



J 



W 



(c) 

M ^ jli^l / -X 4 +1E Q[X ] : ^ ( J> ) 

C^" 3 ( l5 ) 

(2 ^ 1 ^jj) / :=X 2 +1 ci>i 

. (c 2 -l) 2 =5 J ^ C 2 =l + V? J liA c:=Vl + V5 ^ : rtU w» 

ujSjs / .-X 4 -2^ 2 -4 Jjo^l Sj^S U.>> jjj . c 4 - 2c 2 - 4 = jli ^ <>j 

/ :=X 4 -2X 2 -4 'jjJaJSjiSl Vl + V5 J Jf- : Jail 

jj JjI^jII <Ua JJ& <_yA t*Ilj£ . (ja.1 jll jA ^Y 4 l5->1j") AaJ^o JjJa. ajiiS 

. *jjikJi ^ ju^\ jjoaJi sj^s ^ u^! • jjaii) Q[JST ] Uu.nli 

F JSaJl A^luu* ji Ajjia. i^ilS lit aeC 0* « K,„ : t JUi 

• a:=>f7r,F:=R ( M ) tf:=l + /,F:=R (i 

a:^4n: , F:=Q(7r) (j) a:=Jx,F:=Q 
or:=;zr 2 , F:=Q (j) a^yfn+X , F:=Q(x 2 ) 

a=7r 2 , F :=Q0r 3 ) ( c ) := *r 2 , F := Q(;r) (j 

or := y/2+lfn , F := Q(n) ( 1. 



Field Theory j>2asii5uj>Jij ( uJll)l|«— 2)1) 

J ti'i a 2 -2a + \ = -1 : dp £ <>j a-\ = i J ^=uL = l + ? (i) 
. 2 U^jj jR or = l + z' jii Jislbj ar 2 -2ar+2 = 

1 l^j^j ajj^ or . / :=X - Jn e R jj^H <-ij*i or=^ (m) 

a . / \-X 2 -n g Q(;r) cijiuj ' or 2 ji a-4n ( * ) 

2 ^Jjf?- 

. (a-l) 4 =;r 2 ■. cP t>j («"-l) 2 J t^i* a = V/r + 1 (-j*) 
4 Wi^j 2lj_>^ a . f := (X -l) 4 ~n 2 s Q(/r 2 ) ^\iJ£^j^ 

. / -=X -7? E Q(/r)^Jl Sj£S <_ij«j . Ot-rf =0 J CS ^1L = 7T 1 ( j ) 
Oil . / :=X 3 -/r 6 e Q(/r 3 ) :f <->j*±. d =d J ( c ) 

(« 3 +6a-^) 2 =2(3« 2 + 2) 2 :u^^t>j ot -Zc?42+3a2-2-j2=7i 
/ := (X 3 + 6X - ;r) 2 - 2(3X 2 + 2) 2 6 Q(/zr) 

^1 jj) a-.u. j (Ji^) <LlS <LLuill ^YLJ ^ / lilliS j . 



>/2 + i (-*) M >/W6 (I) 

.a 4 -6a 2 +3 = : £ t>J a 1 =3-V6 ji or = V3-V6 : xfefl 

i^S ^I^^L; Q ^ Vij.nfin <Lla jjt / :=X 4 -6T 2 +3 JjiJlij^S 

' a A ~a 2 +^ = 7 : d* £ t>j ' or 2 =^ + V7 a= ^l+jj (^) 

a 1 +3 = 2-j2a : J^j a-Jl=i jl a = 4l + i (-^) 
^1 sj^s .ar 4 -2or 2 + 9 = J ^1 (<ar 2 + 3) 2 = 8or : jli ^ <>j 
a * jiii) Q[X ] J Vij.-fill aLU jjoj / : =X 4 -2X 2 +9 

jSJj . I j^xsc q ^ F *-jJbj dip. t F JiaJ bljjxl £ ^jlJ : T 
. t q" j> F(or) jl ^Ic oAjj . n ^.jJ ,> F ^yic L^a. ore E 

t> (Jjiu-all Jj-iaJl ajJdS f jl alius « ^.J^Jl <*ij F (^Jc <^JJa. df : flU >4) 

[F(ar):F]=deg(/') J ^ (e-o-^) <o^l ^j-nM 11 ^ ^ a 
. 71 *uil <, F JfeJl ^ fclji F (°0 ^ j • 17(a) :F] =n o& 



Field Theory J^i^i^^u ,*-iJi) 



jSi . F ^ic. Ljx=. a c&j c F F(a) lUj TjIjsj f ^sj : v jn. 
(The usual basic homomorphism) 



F(a) = (p(F[X]) 



. F ^ l«£L»l*- * a ^ (fonnal polynomial) j s 

: jjJc J~aaJ liila 4 p{(X) = u) <i J a > t> J 

l JUall Jjfui t^ic-J .« t>» jx— ^jA 

cf +l =aa n =-\_ x a n -\_ 2 a"- 1 -...-\a 

= -K^-k^- x -----K)-k^- x -----K<* 



~""r 

j8 = b Q +b } a + ...+b n _ ] a"~ l 

(*) A-aUl Aiu^all iaSa (Jill j 

fr + b x a + ... + b^a"- 1 = J3 = b' + b[a + . . . + b' n _ x a n ~ { 

: iiiic. . b ,b' E F <*i^i 

Q> -b' ) + Q>t ~b;)X +...+&_, -b' nA )X"- 1 =g(X)eF[X],g(a) = 
jli j»j (>j . g(X) = uj^ u' ^ ' -M" g^O j 'UjSi L»S = 

! (O-O-^ ) Ajjiu ? tiji-l <SJji»J (JH«JI lU i^ijSxJ JA 

Z 2 [X] ^ V,j, M j'itt ALli p(X)=Z 2 +X+leZ 2 [Z] J+aaJ S ^ : A Jilt 
ji X J-.UI l«i uj&* Jjtf 1 ^J^ 1 i> J*^ ^ UJ&a Vij..ntt aLIS dul£ I jj AjV 
. X.lc. ^i^yV /?(1) = 1*0 < j p(0) = 1^0 u^lj * X +1 J-UI 

. (i^likll Ajjkj ^ (Y-Y-Y) jliil) 

Of jij-a (^^Ic (_J jiaJ Z 2 1 ii JSa. Jljlol .la. jJ 4jl ^ — V— \ pjjUitl ^ .Jxj ^jaj j 

« + Oor j—UJi t> uj^j Z 2 (or) Sj-iU. &UI v jn. j> . X 2 +Z +1 _J 
. 1 + * or . 1 i j^uji ^> ^j^j * l + \a * + lor * 1 + 

cf(l + or) = <ar+cir 2 



Field Theory J>a^!£j > lii ( CJ\X\p-*21\) 



a(l + a) = \ J ts\ a 2 +a=-\=\ J J\ « p(a)=a l +a+l=0 c&j 

(1 + er)(l + a) = 1 + a+ a + a 2 

= l + 2a+a 2 =\ + a 2 =-la = a 

. C Ua 

((^-Y->) ^jiiu >&l) : 5 Jll> 

i^jj 4 K ^ jU^i i^i^d^ixjj / =X 2 + 1 Upi oSJj < & = IR c& 
t R[jjf ] yfl Ullo [X 2 +1] <i* J^Wj • ^ ^ 

^ r+[^ 2 +l] ^ rel (identify) . ^ 8 l J j/ 2 + i] d&j 



^ujL.oJU . a:=X + [X 2 +l]-.X c& 



'[X 2 +l] 

^+1 = (X + [X 2 +l]){X +[X 2 +l]) + l 

= X 2 +1 + [X 2 +1] = [X 2 +1] = (KJ^\j^\) 

. X 2 + 1 j^Jl i j^Sl > or J J\ 
Jc ^ jl^ ^iii Ua IjjSl * "f l«J X 2 + 1 JjJaJl d* 

. iaaa AiiaaJl jl.ic.Vl ft.iVw.il (j* Liu X 2 + 1 J J^»J! »JJ^ J^> J AjLLJI i-ic-Vl 
>^»£ <7 l«J X 2 +X +1 Jj^Jl : <3jU-11 A Jli» J\ SjLiVU : > > JM* 

. JJ^l Ioa ^ji . (Z 2 (a))[X ] ajLi JJ J\ Jks J ^ li^j « Z 2 (or) 
: (jjVis = etr 2 +a+l dr-.lj. ^ „ a^u^t a — ,^ '„„-,,„ : Jail 



X -a 



X +a+l 

X 2 +X +1 
X 2 -aX 



aX +X +l = (a+\)X +1 
aX -a 2 +X -a 



(X 2 +X +\) = (X -a)(X +a+\) 



l + a 2 + a = 



U g fj J* o*j* • / +1eZ 4 [X] : n JO» 

Jul ^ AiVj <*Uj£ . 2a + l = (1) : J* / -1 f>- # ^ >jj = <'M 
= 2(2a + l) = 4«r + 2 = 2 : ^4 M '4# = u_£j ^ 4 tiJ 1 * 3 ^ 

. X 2 + 1 _S jia. a <\ Jli. £ j^JLi : > t Jtl4 

. Aji-i-N (Jxl jC. i_i^>jJa (Jju^I^ Sjjjl^i ^jlfc i_u£j (ji (j£-aJ X 2 + 1 <ji ( _ s Ic (jA JJ 

: ^ t^lUj • «T = X +[X 2 +1] Ujjl : oUjJI 

(X + or)=X 2 -ar 2 =X 2 -(X + [X 2 +1]) 2 
= X 2 -(X 2 +[X 2 +IJ) 



X 2 +[X 2 +\] = -l + [X 2 +l] 



UjljI^J * -1 + [Z 2 +1] 4 - 1 

(X +a) = -(-l)=X 2 +l 



Field Theory j^bJi^^ki ( »iJUip— 2J1) 



: J Ji»y • / -=X 2 + le <Qpr ] jj^Ji sj^s jiici : jil. 

s j^s jjLSi jSa. o-J C « X 2 +1 = (X -/)>(* =>/-!) 

Q(i):={r+si |r,5G Q} > l^LSS Jia. »jS1j « / 
jVi (ilkS .R ^ / c>. jA C u]i (X-A-l) ^ 3^ U£ Uiu 

0^ cii X 2 -2=(^-V2X^+V2) c> ^ X 2 -2e (pf] 

Q(V2) := {r +5 V2 I r,5 g Q} j* I^LLSj JS^ K <> 
/ :=X 4 -X 2 - 2e Q[X ] ^it Sj^l j^Laii Js^ ^.,1 •. \ t J&» 

/ :=I 4 -I 2 -2 = (I 2 -2)(I 2 +1)gQ[I] 

±V2,±Z ^ jli-iVl (X 2 -2)(Z 2 +1) : JjJ*Jl Sj^S JLJ jUjUj 

Q(V2,i ) := Q(V2)(/ ) := {a+fii \ a,0e Q(V2)} 

= {(a+b^) + (c+d4l)i \a,b,c,de®} 
f :=X 2 +X +2e Z 3 [X ] jj^J! Sj^si j^La ^ ^ji : ^ JO. 

/=(x-(i+0)(X-(l-0) 
Z 3 (0:={«+^ |«,6eZ 3 } 

j.nWl) J (>-V->) o- flu : >V! JLJI jUjV J 

0\0 



ji-ll jUiVj . Z 3 Jc /_! Ji^ ^JiS F uj^j ' (2 0*/i#) 

^ . Jlia jlail) / X -j3 JjSj ^ ^Vl *I jkJl ^il! ^ jaJ >Vl 



x-p 



X 2 +X +2 
X 2 -J3X 
(P+l)X +2 
(P + \)X-p 2 -p 
P 2 +P + 2 

/? 2 +/?+2 = 



UJ^J 



= (X -2p-2),/3 = X +[X 2 +X +2] 

F[X] ( ^ SjfiS p[X\ I j) Ails jJl ^ij 



F( fl ) = 



WO 



Field Theory j^bJlc^Jo&i (itJUJt,*^) 

j, fiA^iuob) ^.ij . / :=X 6 -2e Q[X ] jj^Ji Sj££ jiai : n 

: J (o-o-l ) . Q Jt V2 — S c5 ji—ll J j-^l *• ^ 

Q[V2] = Q(V2)-^^/, 6 _ 2] 

{1,2^,2^,2^,2^,2^} 

: J ls' ' Q cM Q(V2) ^1 £1 jill o.U 

Q^/2) = {a +a l 2^+a 2 2^+a 3 2^+a 4 2^ 6 +a 5 2^\a l e Q} 

Q(^5 ) j^Ua fc-L-i : W Jlla 

X 3 - 5 ^j^Ji - ej ^3 «uV Q J* lsjx* -s/5 : J»fl 
: cjjfrj Q J* g-ijiUo^J {1,5^,/ 3 } uj^ (0-0-^) 

Q(V2,V3) = Q(V2+V3) 
Jl+SeQcJ2,S) ls ^si ) V2,V3eQ(V2,V3) oV e^'j : "=>" : 

V2+>/3gQ(V2+V3) : "c" 

>/3-V2,>/3+V2gQ(V2+V3) J 
V2 g Q(V2 + V3), V3 g Q(V2 + >/3) 



. Q(a) J^Sl! ^ 
: JaJI 

X 3 -1 = (X -1)(Z 2 +Z +1) 

= (x -i)(x - C l+ f^ ))(x - C l ~f^ )) 

Q(V=3) 

Q(X) j^U& <_i— : V. Jll« 
OjSj ^ Q[X ] ^ ^ iJS. ^jl : Y ) JH> 



X =Vl + V5 ^X 2 = 1 + ^5 ^> (X 2 -l) 2 =5 
=>X 4 -2X 2 -4 = 

p(X ) =X 4 -2X 2 -4 ^ ajjUxJI ^ji^JI jjjiaJl i J£ jjS 
: a,6,C£Q : Y Y Jll* 



Field Theory j>isJiSvj>iii (ilO,w2)l) 



(1 + _ ^ e Q( ) = {a + b l/l + c ^4 | a,b ,c e Q} 

■ Q J* Qi^^^jtiltU {1,^2,^4} ujZ^jX'^eQX] 

±±^L = a+bl/2+clf4 
2-1J2 

=>\ + ^4=2a + 2b^2+2c^4-a^2-b^4~2c 

:Q ^ Q(V2) —3 o-U {1,^2,^4} oVj 



=> 2a-2c=l (1) 

2Z>-a = (2) 

2c -6=1 (3) 

2a -b =2 (4) 



: J 5^ (3) t (1) i> 



5 2 4 

c =— t^le J^»aJ (3) ^ (J^uj«jIUj . 6 = — ' a =— : j' 5^ (4) ' (2) t> 

6 3 3 

Q=yR) Q[4-0=Q[l+0 d J*<>j< itrj^s 

: J^\£, 4-1 G Q(l + i) : <-jU w» 

. l-ieQ(l + /) J g^a. -l + /e Q(l+0 J l+/-2eQ£l+0 
: ^Vi£ 1+/ e 0(4-0 J^W c^j .4-/ e Q(l+0 J ^ 3gQ(1+0 



J leQ(4-/) «41j£ . l-/eQ(4-/) J 4-i ,3e Q(4-z) 

. 1 + / e Q(4-/) ji^/e Q(4-z) 

a,b<=Q ^ a+byfl i Jy ^\ J (3 + 4^2)"' & ^ : t < JH« 

: JaJl 

(3 + W2)- = = 3-W2 = _ A+Av5 

(3 + 4V2)(3-4V2) -23 23 23 

• Q(V3) JSI^Y Q(V2) J ^ : to J&» 
: <p ( f jja jjx j ji) jSUi ixjj Ail Q(V3) ySLZn Q(>/2) oljl : flU alt 

p:Q(>/2)->Q(>/3) 

2 = p(2) = = (f*Jl).(p(42) = V3.V3 = 3 

Q(V2) ^ ^J^ 1 Jj 5 ^ 1 <w ^j 1 : n tin* 

00 ^ . Q ^ ^ <JS^ Q(V2) ^> Ji* Q : JaJl 

j> . Z ^1 JUi . Q(V2) z> Q JLJI jii-i ^ ^ Jji^ 

[Q(V2):Z][Z:Q] = [Q(V2):Q] 
tiji—M Jj^JI SjuS ^ / = X 2 -2 <jV [Q(V2):Q] = 2 (0-°-)) o*j 

[Q(V2):I][Z:Q] = 2 



or. 



I Field Theory j s z*}\^ J &j ^-.i^^...-^ 

.L=Q(S) JL=Q J J [Qj2):L]=l J [L:Q=l J .U« 12* 

, ox^" , co 2 a X//n af~ l a^ n 

is ^ 5 t> t>jf?> e + /r ujSj duij is c K. U ja. !*S*. (<_i) 

: 

3 — <z jj^sJl ojjj£1 IjLua (JjSj ji t , <>j«i F J**^ 3 i>« ^J£> 

jjo Sjji£ J . F = Q(^ 3 ) jjld a = n? jib . aeF ^ 

£" =Q(e,/r 5 ) jjljj X 5 -(e+x) 5 Ua^JUj^S ( i ) Ji* (^) 

Z 2 [X ] ^ (i^wii]) JJ^B aLU Z 3 +Z 2 +1 J oAj. ( I ) 
(Z 2 Jc. U^ll) cUkjll ^L15 

. Z 2 jtoii jIjsj ^ X 3 +X 2 +1 jjjaJ f a jSji (^) 
4 iA ^ (z 2 («))[z ] <j j*i j\ jks jsr 3 +x 2 +i u' t> 

on 



0- Jo^ l«i 0J%3 Z 2 [X ] J UlS / :=X 3 +X 2 +l li) : ^ 
jaaa (jjj.^fc <> ^jSj Z 2 j] diti. . X - y <jmi ^ ji jVl A^. jJ 

J /(0) = O&Ls ' 7=1 J 7=0 jjSjdi^jlj] / jli i ( u 

,/(0) m-3./(1) = 

/(0) = + + l = l*6, 

/(I) = l + l + l = l9t0 

. (Z 2 Jc. OikilJ <Lli ^1) Z 2 [X] ^ Jjktfl ALIS j±. 

iSju^Al JjiaJl "oj^ X 3 +X 2 +\ ■ iJluJI V Jlia (jVl ^Vlnnm 

.-gc. / jkss Z 2 (or) ojj^ Z 2 _s (^) ^jii a 

: Jli!! Jo Z 2 (QT) ^ >^ til JMLj 

A^+A^a+A^a 2 , 4=6,1 (*) 
X 2 +(a+l)X + (tf 2 +er) 



x 3 +x 2 +\ 

X'-aX 2 



(ar+l)X 2 +l 

(a+l)X 2 -(cc 2 +a)X 



(a 2 +a)X +1 
(a 2 +a)X -a 3 -a 2 
(X s + a 2 +1 = 



Field Theory j^iaJljoj&i c -».«*Hp ...^ 



: (jAj (* jJijl) Z 2 (a) ^ AjjLull jjualiJl Ajj^vj ai* . .j 



or ajj^j . l + a+a . flr+cr « 1 + er « 1 + or t er ( a <. 1 « 

or 4 + (a+ \)a 2 + a 2 + a = a 4 + or 3 + 2or 2 + <ar 

_= or 4 + a 3 + or = 

(2=0) 

. X 3 +X 2 +l -JJ^S^ X -a 2 3 J 

. jpJ\ i_jAc (jijjj ( Aallill ij* -ij-^ »JJ^ JT 3 +Jl" 2 +1 <j\ tins, (jx j 

: JiMX -a 2 J* X 2 +(a+\)X +(a 2 + a) 
X +a 2 + a+l 



X -a 2 



X 2 +{a+\)X +a 2 + a 

X 2 -a 2 X 

(a 2 + a+\)X +a 2 +a 

(a 2 + a+l)X -a 4 -a? -a 2 

a 4 + 0? +2oc 2 +a = a 4 + a i +a 
(Z 2 ^2 = J J~v) 

. Jju-us o^ar 3 + etr 2 +1) = <j J 1 -* j* j cc 4 + a 3 + a j* JL 

: Z 2 (a) X 3 2 +1 Jkss a^! 

X 3 +X 2 +1 = (X -ar 2 )(X -(ar 2 +ar+l)) 



(Z 2 (a) J a 2 + a+l = -(a 2 + a+l) JJ^v) 

CdQ < Cz>R : L. : f . Jll> 

^{1,/} uV * 2 ^ CdM jI^xVI jj J J\ [C:R] = 2 : M. 

. [C : Q] = oo . R ^ C t^iil £1 jiU LLi 

[Q(V2,V2):Q] :njL 

: JaJI 

Q(V2,V2) = (Q(V2))(V2) 

[Q(V2, V2) : Q] = [(Q(V2))(V2) : Q(V2)][Q(V2) : Q] 

= deg(X 3 -2)deg(X 2 -2) (0-0-^)^1) 
= 3.2 =6 

[Q(V2):Q] = 6 ijii-o-j 
« Q(V2) oV Q(V2,V2) = Q(^2) J, Qfc/2,^2) = Qtf/2) J 15') 
6- <uli ^Sljll . Q JLJI ^ u^lj^ o^Vl W Q(V2,-^2) 

(Q(V2,V2)3Q(V2) J U-j^-ljll 
: J ^ ^ Q(V2) = Q(V2,^/2) jjc^j^ : AJa^L, 
QcQ(V2)cQ(V2,V2) 

=> 6 = [QV2, V2) : Q] = [Q(V2, ^2) : Qtf/2)].[Qtf/2) : Q] 

= [Q(V2,V2):Q(V2)].6 

^>[Q(V2,V2):Q(V2)] = 1 
£ = F(l) = FJ6 [E:F\=l u^j (u^) F -S bl^l £ JS lil ^ <su^j 



Field Theory j>2j*)tjojJij ( iUU)i|«— 2J») 

[Q(V3,V5):Q] ^ji : rv JH. 
Q(V3, V5) = (Q(V3))(V5) n Jii. ^ ^ i-s : 

[Q>/3, V5) : Q] = [Q(V3))(>/5) : Q(V3)].[Q(V3) : Q] 
= 2.2 = 4 

« Q(V5) JLJI ^ Q(V3,V5) g-ljill o-U {1,73} : ^> 

Q ^ Q(>/5) ^1 HJU u-L-l {1,V5} 
UJ {1,V3,V5,VB} {1,V3,V5,V3V5} o& W lMj* O-j 

. Q (_M ^ Q(V3,V?) J^l g-ljill 
Q ^ ^/^3 + V2 ls * ■ tUli 

J t5 ^L I . X = + V2 ^ : iM 

X 2 =-3 + 2 + 2^^6 =-l + 2V^6 
X 4 +2X 2 +l=-24 : dfi J^j ■ X 2 + 1 = 2^ J ^1 

V^+72 

£ = C jl£=RJt>i>jj.R Js^ii IjIjs-i E c£4 ■ f* j&i 

: u^lj . E C C ul* JUL, j^ 1 ) 
2 = [C:R] = [C :£][£ :R] ( 0-) 



[C:E] = \ J [C:E] = 2 jJ 
. E =C ji^ [C:E] = l i E =R [C:F] = 2 

<ji ^jlLuu Q(V^) = Q(^) J ji . 6 * * a,fc 6 Q cftl : ra Jll» 

jxj . JaeQ jjli ^Ulbj . 6 Q : JjVl *JU1I : u^U M : t'M >4 

. a=by 2 cP i> j * = u' 
-b±Jb 2 -4ac 

. /?e F(a) i F aeE l F Js^iJ u^-i F oSJ : rv 

F JiaJl (^Ic CIT J..ni»ll <>J SjjjS ^ OC : Jsil 

: (©-o->) j> Lbi ^Jijs ^ js ^JJUj t ((r-o->) t (w-^ 

lWUj) [F(ar) :F] : F JiaJi J! V^W # t> ti>^ 

F czF(J3)ciF{a) {PzF(a) 
=> [F(ar) : F] = [F(a) : F(yff)].[F(/?) : F] (^l ^) 

on 



Field Theory J^ixJtJojiii ( .Mfiw ( ....m ) 



(_jA A} <jjoii3Lj a^A Jj-laJ! » j±& (jjSiui JSf 3 — 2 J j.laJl S jJaSiS ji^a : t'jtfe >Jt 

^ ji^i'ir. ^.jjV Laiu . 3 ( (Q) ^^JlC. (J jit n-ill JjiaJl SjJj£ 

jjiJi Sj^s oj£ Q(V2) ^ J-a^ c?i AiV * 3 Q(>/2) 

. 3 Q ts J& <1 (_j jiuuoll 
Q(V3+V7) = Q(V3,V7) J^o*^ : TAJ** 
15! yfe + Jle Q(V3,V7) J V3,V7 g Q(V3,>/7) : ,-.U 

(1) . Q(V3+V7)cQ(^,>/7) J 
Jt^L yfe + Jle Q(V3,V7) jVij 

/7- 

(V7+V3)(V7-V3) 

V7-V3eQ(V3+V7) : ^ v/ / j gQ(V3+V7) J ^ 

4 

cii V3,V7eQ(V3+V7) Jtilbj ' V3 + 77 e Q(V3 + V7) o^j 
. s^ib- MJ lkJi ^ (2) « (1) o- . (2) Q(V3,V7)cQ(V3+V7) J 

Q c> Q(V2,V3) (!) 
Q J* Q(V2,V3,V5) ( M ) 

Q(V2,V3) = (Q(V2))(V3) (I) 



[Q(V2,>/3) : Q] = [(Q(V3)XV2) : Q(V3)].[Q(V3) : Q] 
= deg(X 3 -2).deg(X 2 -2) = 3.2 - 6 

UJ {1,^3} t Q(V3)(V2) => Q(>/3) L-U {1,^2,^4} 

•^V-- ^ t>J ' ((»-°-^ ) jiail) Q(V3) 3 Q ^i^U 

{1,V3,V2,V2V3,V4,V4V3} 

Q(V2, V3, V5) = ((Q(V2))(V3))(V5) (-) 

Vj^l [Q(V2 ) : Q] 

= deg(X 2 - 5).deg(X 2 - 3).deg(X 2 - 2) = 2.2.2 - 8 
{l,>/3} « Q(V2,V3,V5)=)Q(V2,V3) iiaJLU {1,V5} 
Q(V2) 3 Q jI^U LLi {1, V2} « Q(V2, V3) 3 Q(V2) jiiuSU uJ 

{1, V2 , 73 , V5 , V2 V3 , 4l V5 , V3 V5 , V2 V3 V? } 

Q(V2 , V3 , V?) 3 Q i ji^U UJ 

Q(>/2+V3)3Q(^) ( M ) Q(^,V6)3Q(V3) (!) 

aV2,V6+^0)3(Q:V3-h/5) (:>) Q(V2,V3)3Q(V2+>/3) (-^) 

(i) 

[Q(V2, V6) : Q(V3)] = [Q(V2,V2 V3) : Q(V3)] 
= [Q(V2 , V3 ) : Q( V3 )] = deg(X 2 - 2) = 2 



I Field Theory J±*x3\^j3a, ( £J\X\p,„TM) 

M 

[Q(V2+V3):Q(V3)] = [(Q(V3))(V2) : Q(V3)] 

= deg(X 2 -2) = 2 

{1,V2} o-u-Vi iiSi- 
[Q(V2,V3):Q(V2+V3)] = [Q^2,S):Qiyl2,S)]=\ M 

{1} (j^Vi svii. MJ 

[Q(V2, V6 + VlO) : Q(V3 + V5)] ( j ) 

= [Q(V2 ,V2(V3 + V5)) : Q(V3 + V5)] = [Q(V2, V3 + >/5) : Q(V3 + V5)] 
= [(Q(V3 + V5))(>/2) : Q(a/3 + V5)] 
= deg(X 2 -2) = 2 

{1,V2} o-L-Vl 

Ljfi. W-ilal (jjfLl -Cila Jia. Jll^Lal J£ ) 
Ij^jla taljlal JLsJ (JJiik jl^Lal J£ (Y) 

tfl!" JLJ] Ti^l jjlj J jLJ ^kL. Oblj£L.» t> "CJ^ "^ aSjl " ^ ( r ) 

ajjilix Atjmj (jilt J5->1) (^Ic jlaJ (Jia. J jiaJI lijoS jl£ I jl) 

c 
I 

(M <4U J\l« . J jLJl i> (tower) "tx j/ M 
Q 



tjj^^ikx R (i) 

j jia. a jjjS J£ tiul£ I il (algebraically closed) L> a> <jftL» <u! F Jkl JUL) 

( F J jL^ F[X] ^ fctf 

R Jib Ljj*. Q (o) 
C(X) Jib Lj^ Aili- C (1) 
Sj^o jjc X 4 Lj^ ttLL. C(X ) (V) 
C uV < (algebraic closure) , e <_gtet aJ ^ C(X ) J5=JI (A) 

: jla ij-iic. . F JiaJl bljl»l E o%J) 

F £ {ore E \ F J* a } 

(E fj F _! ,< vaJI L Clc.VI t5 ^u « F t> ^> Ji»> jA 

J<nill (_$jLuU Lj^ia. (jjli-a JiL^ C^l j^- -" (^) 

F -J Ijjf^ tjljlol F <$iiF Js^il Uli-o bl jU E 1 j) ♦ ) 

. £>U ^Ulj . ^AJiJ-a (1) : 

£Xaa. Jla. ! (Q) JiLaJl : t T JUI4 

V>Luax j| jci iQJ& Lj^ t£*6.J tlwJ C (jSl * R C 

Q — ! ij ji* Q JLJ 
SjjjS J£ b) iaaj Ijj tftu o& F JLJ! J J* : ** tJHi 

. Jxt J] JLuj F[X] ^ 4^15 jjo Jj^ 

X— a ^UilaJi Ajjiij ^ (Y-Y-Y) t>j . ae F jiu-a IgJ / (jli jiijc. 
Lji Ojla g ^! • f = {X ~a)g u_& ^u^j ' / -J 

<L_>yi ji^^vWj • / = (X -a)(X ~b)h uj^jj ' beF jL^ 



Field Theory j^bJijojki ( £JttJt Sty 
F jjll li£Aj . /_] Tji^ ^ 6/ c /_! Uai. 5Ulc jl£ la 

F CF OJ^J £ ^Jf?> ^J)J1»I Ja. jjV Ajl 

jl£ I jj X^c . F c F £^ 4 F — S b)Ji.l F : v4l 

. E = F dpJMLji ffeFj^^j' (Lj^ ^ F uV) / =X -a:F 
/a) .fJL. iiL.) J\ ^ a cail£ |jj . / e F[X ] *1 J&> 

• F Jc a J J* c^ji • F Jo 
g(f (a)) = ul ^ g e F[X ] is j& FJc '^j^. f(a) : t -M *ll 
. F Jo <>jis. a J J gof e F[X ] (gof )(a) = -ul »U*-» Ija j 

Q(V2) Jo (V-jSll) OA^il *U3 2 -3 J <> t>j* : * v ^ 
^ a + bl/l+cZft i Jy *& Jo jjSj Q(^2) J y^c J : lM j4» 
jj^lsji^^ X 3 -2 (o-o-i) v Jii« Jiii) fl ,6,ceQ 
Jo (J^) Vij.-nti <Lli X 2 - 3 ^ I ij j . ( Q Jc ^2 j.^W ^ >^a3l 
: o_£> a,/> ,c e Q ^ <i J Q$2) JLJl J l«] oj^ ^Q(V2) 
(a+bifl-Vc^Af -3 = 

a 2 +46c + (2c 2 + 2a6)2^ + (Z> 2 +2ae)2^ =3 

: U t Q Jc Q(lf2) J^l^ljill o-U {1,2^,2^} u!^-t>j 



a 2 + Abe = 3, 



(1) 



c 2 +ab = 0, 



(2) 



Z> 2 +2ac=0 (3) 

r c 2 
a = ±V3 J Z> = 0) . b * a= — (4) Jc J^j (2) o- 



6 



. c*0 « a = (5) J^i(3) t>j • (ae Q ul o^'^j 

2c 

(6) J-^ (5) « (4) o- . (i3jUI u^Sliill ^ ^ j£ c = 0) 



Vi QO' ,-/ , V5,-V5) dQ J^l jlja-l J c> o*^ : * A 

. Q(/ ,-/ , V?,-V5) = Q(/ + VJ) J ^ 0*J#i- : 

i + V5 e Q(/ + V5) => 4+ 2/ V5 = -1 + 2/ Vf5 +5 = (/ + V5) 2 e Q(i +45) 
=> 14/ +2^5= (/ + V5)(4 + 2i V?) e Q(/ + V?) 
=> -12/ = 2{i + Js) - 14/ - 2V5 g Q(i + V?) => / g Q(/ + V?) 
=> VJ = / + V5 - / g Q(/ + V?) => / ,-/ , V5,-V5 g Q(/ + VJ) 




{0} (*) {o,i}0) 

0'.>/2} (0 {0,1,/} (r) 

R 0) {V2,V3} (o) 

R u {/ } (v) 



Field Theory j^bs)iSo>laj (iiliai,*^!) 



Q 0) ute 

<-J»=Jl uj^ u' U^y ^ ! cJaVl (jJc oU^ 3 ^ iJ* <jj^ J^ 1 ) -^J^ (^) 

({0}«3>S 

{a + ib +^2c +iy/2d \a,b,c,d e Q} (i) 

{a+bsfl+c-Jl +dy[6\a,b,c,d e Q} (a) 

E (l) 
C (v) 

Q(0 00 Q(V2) 0) 

2 _s ^jLLJi ^a-sii ja a ^ Q(ar) (r) 

Q(i,VTT) (o) Q(V5,V7) (£) 

Q(V2) = {a+fcV2|a,6eQ} 0) 

Q(/) = {a+W |a,6eQ} (Y) 

Q(a) = {a+ba + ca 2 \a,b,c e Q} (r) 

Q(y[5, yfl) = {a + b ^5 + c +dy/l5 \a,b,c,de Q} (*) 

z',VlT) = {a+6z +cVn + ^VrT/ \ a,b,c,d e Q} (°) 



: JaJl 

K{t) (Y) 
()) JL. UUj (£) 

i tU..... Lji^ bl^lal jjlj ol i 01 ^lla ^ JjLJl tliblJuxl qic. : M 

.- - - y 

cjbljlaVI « . Jli. ^ . 3hj.ni Aj-UL* l^ol Jli* ^ Oblj^VI : JaJI 
(i) al^VI J oW 1 •*K""0 ^ lSJ*?- (°) .aKu.ii Ajj^s. ^jVl 

Q(V5,V7) = Q(V5+^) 

. ii , ii . i i .i .ii — ,'1 

V5+V7 (V7-V5)(V7+n/5) 2 
=> V7 - V5 e Q(V? + V7) =5- V5 , >/7 e Q(V5 + V7 ) 

. (r«\ jiix jtsi) 

as\j jjc. ijU Aj Jia. l& ) 

Aitt jjc- tijfa- AJ JSa. (Y) 

*1U}..U QjSj jl^Lal <j£ (£) 
(Aj3 Aj£Lil« A.Lj.,ijjI Ajjj=J ^bloVI JS (o) 

<KUiLa jjSi U JtoJ aUj.hjII AxoLuuJI cLibl^YI <_£ (1) 



Field Theory j^^i^laj ( >UUK (.,.„!») 



( JjkiJJ) Kj.nnll aLIs U3b uj^ ^».iV*«B JjJaJI ^1 (A) 

^LU ^Ulj (V) 4 (1) « ()) : J*» 

F <^IA.I A" 2 c A", c&lj . F JLJ1 A" uSJ : ot Jlla 

J o* 4 tjjJji jjj^c [F 2 :F] * :F] ^! • K JSaJl Wdj^ 

J & 1 n J e: 2 = F } E l =E 1 

: (jjij Aa.j^3l t> Ajla iliie .E X C\E 2 & F <jlJ : flU ^| 
[£ I :^ 1 n^ 2 ][£ 1 n^ 2 :F] = [5 I :F] Jji ^ 
^ Jj ^ [Ey :F] jVj 4 [E x nE 2 :F]*1 d* E x nE 2 *F jV j 
F 2 =F,nF 2 J ^ JUUj * E 1 =E,nE 2 J J ' [£,^,n£ 2 ]=l J 

) |j] . F JS=J1 bl^-l F 4 ^(X )g F[X ] = °» lSH. 
o^j ' (F[X] ^ ^ULt SjUj) F (V.j-".^) <US 
OAji (^Ijll j±. a£>1- ^IjS ^ J) (deg(p(X)),[E :F]) = l 

. F Je J J» 

: J Vjl J^Y . F -J L. ^ p(X ) _J T>- « ^ : >4I 
: J Ji*V [E(a):E]< [F(a) : F] = deg(;?(X )) 

[E (a):F(a)][F(a):F] = [E (a):E][E :F] 
4 ((deg(p(X)),[F:F])=l uV) 4 [F(a) :E] ^degipiX )) J ^ \*j 

deg(^(X)) = [F( fl ):F] 



ilia, tjli j*j oiJJ^ 1 U^J- 1 ?^ u' ls^- : °^ 
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i_lLuia. JjOj - JjiaJl .He ? Z 4 JSUij JiaJI liA Ja . ajjxx j ^ jVl Alia, .la. jl 
? j un ti e AjojI (jx JafiJallj (jj^JJ — (cllil£L£i3l) tllLa jjSjjx jjjYI 

. ilia. (jJ J-laJl (ji t>> t3»^*ti ti ' 

V ja-all JiaJ! . 2 jA — — CfisA jf"J • ^ 2 J* J <-5*^ j' £^ J 

Jia. ia-jJ . (s.la.j3l j,,Vir. Cllj AjJ!.1j) 4ila. jA Jj) ilia, (jaj Z 4 jjV ^ 4 J^IA) 
. Aj^lLall JjisJ! (_HJ^j Lo.lie JJxu lx£ t Jj^alic 4juji (jx iaikJallj (jjSll .la.lj 
^ <£5VI J^U*!! "» Jji , nil' JjiaJl ^ (Jjiu^ll JjJaJl dl j££ .la-jl : 6V JUt 

(' 6 C D Q ( i ) 

V2eE3Q (_^) 
(V5+l)/2eC^Q (j) 

0'V3-1)/2g CdQ 
JjVi ^ P , i jXu* jjUl on Jii« ^ JLJI K ae K ^> P (j) 
or 2 =f+l « ^a-« are Z 3 (f )(«)=> Z 3 (f) ( j) 

oil 



Field Theory j^uJit^&i ( <^l£)l ( «~JUt) 

/ =t 2 +l ^ » uju^\ J j^Jl S *_ij*j9 t 2 + 1= o-j * = i M ( ' ) 

( I ) JL« UUj ( m ) 

/^ 2 -2 ti>^l J jiaJl jj£a « t 2 -2=0 j^i>jf =V2 t-K^-) 
« 4t 2 -4t+l=5 : <i u-j 2f-l=V5 : ula J^Wj * 2^ ( J ) 

/ 1= ^ 2 — ^ — 1 : w A t 5>*-aM JjlaJl Sj^SOjS 3 " ^ 2 — ^ — 1 = Jtfl 

4 2 +4+l=-3 : u!i <J 6-j 2f+l=i>/3 u' liA * ='^| : ^ ^ ^ 

/ :=? 2 + f +1 : fjk csji^l Jj^l l jj£s * ? 2 +t +1 = J ls' 

a 1 =p M "." Jj^ o- ( j ) 

.(2=lM >«) / :=f 2 +?+l ^ f 2 -f-l : jjSl- ^ji^l Jj^Jl S j££ J 

/:=X 2 -f-l : ^ ^ji-ll jjjJI Sj^S ( j ) 
/(a) = f +l-f-l = *Z 3 (0^aMi^ 

AlLo JJC. (jjSj ^Luia jljdxl (j£ (V) 

qjSj Q _S tij^ jbU J£ (^) 



L. JL*. JlaMA JaiJl £•! jill i^Lilo QjSi t< Li g-l j3 j£ (A) 

Ll^ila (jj^J (JiaJ jljial (J£ 

^USI . (A) t (V) t (£) t (r) « (Y) : J*» 

: ^ J UiLcj lift C oi^i X 3 - 1 € Q[X ] J jJaJI S jj& : M Jlli 

z 3 -i = (x -i)(X -<y)(x -<y 2 ) 

2/ci 



u jiic ^ ussi co = e 3 J cji » aajjii jjM 1,0, a? 2 

X 4 - 4X 2 - 5 e (Qpr ] jj^ii s j^si i3iLsali j^ji : n. jilt 

: JaJl 

X 4 -4X 2 -5 = (X 2 -5)(X 2 +1) 

= (X -V5)(Z +V?)(X +o 

/ :=f 5 -3t 3 +t 2 -3e Q[f] jjjaJ s j^s jjLsa Jia. : 

: JaJI 

/ :=^ 5 -3/ 3 -3 = (r 2 -3)(^ 3 +1) 

= (f + J3 )(t - V3 )(t + \){t 2 - 1 + 1) 

= (f + - V3> + l)(f - l±i^)(f - 



2 2 



Field Theory j^bJi£oj£u ( >UUH 



Q(Si ) c Q(V3 , Q( J3i ) lM ja o-J jSl 

/ :=(X 2 -2X -2)(X 2 +l)e Q[X] ^J^^ji : nv JUU 

jj^i^j . ±U±V3 : ^ C ^ / jli-i : 

Q(l,-/,l + V3,l->/3) : j* /^JS^ 
(? bU) Q(i,>/3) J*^i u-is jAj 

^ Uj£j US . ^U! A Jlia ^ J^aJ (> « ita „ >! : \T Jtl» 

. Z 2 J* f :=X 2 +X +1 jj^ii Sj£S j^Lsa JLJ ^uVl 

7] 2 =7] + l J J\ * rf + 7] + 1 = : (jli jliie. . Z 2 ^ / <j >**JI 

ilia. (jjSj <uVI jj-alic. AjujVI (ji j^^j (ja-J 2 = (JiaJl JJax) 

0,1,77,1 + 77 
i_i_^jJallj £-aaJl ^jj-li. ^iVi'in) liUi j^Ac. 4j&^)jlJj 
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1+77 





1+77 


1 


*1 



oil 



77(l + ^) = ^ + ^ 2 =77 + l + 77 = ^7 + l = + l = l 

. Z 2 (77) JLS3S / jVlj . j~»Uc ^uj jj Ji^ Z 2 (/7) J J 



X +1 + 77 



JT-17 



x 2 +x +1 

(l + tfK +1 
(i + 77)X-77 - 77 2 
I + 77 + 77 2 = 



Z 2 +X +1 = (AT -77)(X + I + 77) Jc*i 

(2 - ji~5l) 

. <^ ju^\ J^^t^^W^' Z 2 (/7) «k 

. f (JjLiu JSa. jA Z 2 (^) ji 

L> Jix ^ (3LSjj Jj^Sjj&JS (^) 



00 . 



Field Theory j^isJlSoj&s ( .rt^ti (n ...^ti ) 



. F j^lfc J3 <JA (J jij-all J j^aJl 

Q 3^ K (X) 

J jiaJl CjI u^lA JjLij JL* F jl£ lit F JiaJl ^ic (JjLSj JL* F jj JIL) 

R J*, ^lss R (r) 

Q Jb, £LB Ji^ Q(/ ) (o) 
Q(^r 2 ) Jk. £LS5 J!*. Q(/r) (n) 
^jjxjjyi r lj £cf ^ 4 F ^ F o^Lij Ji^ jsi (v) 
F —1 U jJjj^jjji jjSj F F — 3 (isomorphic mapping) 
f J«3jj-jjji J£ . (£Y Jli« jJiil) E cF t^a. 4 F Jic E JjLSj Jia. J£l (A) 

— ^ ?jfijj*j*J j* F ^ F ^ jj 
^ f^jj f jjajj-jjji J£ * E c F dip. 4 F E (jjLSj JSa. J£J (^) 

F _S ? jjsjj* ja 4 CulS F 4 F 

. A^,^ jjjtftl ^SL . AlLLi. (A) 4 (V) 4 (Y) : JaJl 

^jjU. Q c >X 3 -2g Q[X ] jjiJi Sj^s jjLB Ji*. ^ji : nn 

: JaJ 

X 3 -2 = (X - ^2)(X 2 + V2Z + V4) 

2 

= V2[-l + >^3] = V2[-l ± y/3i ] 
2 2 



( Q( V2 , i V3 ) <= Q( V2 , V3 , / ) J Ji-V) 

[Q(V2,/V3):Q(/V3)] = 3 : ^Vlj 

Q <> ^2,>i5>-ii '.jA*^ jT 3 -2 ^« deg(X 3 -2)=3oV 

[Q0'V3):Q] = 2 : oJ* ^ 
X 2 + 3 = : X =i>/3 

l> (J jijL-all JjiaJ! S jjoS ^ X 2 + 3 (jj^J 

[Q(V2,i VJ) : Q] = [Q(V2,i >/3) : Q(i >/3)][Q(i V3) : Q] 

-3.2 = 6 

Q jc. {X 2 - 2,X 2 - 3} iSjLsa ^ji : nv JH» 

Q(V2,V3) jA <J£^ : JaJI 

• Q J* f :=(X 2 -2)(X 3 -2)e Q[X] Ji* ^ : nA Jtl« 

(X 2 -2)(X 3 -2) = 0^X =±Jl,lj2,(X,P : j*a 

X 2 +V2X+V4=0 *bUJI IjV or,/? (V 

Q(V2,V2,V3/) 



Field Theory j^JI^j^ ( £)U)t|t_Ji)t) 



Q(S, S, Si ) = (Q(S, Si ))(S) 
[(Q(S,Si ))(S) : Q(S,Si )] = 2 
[Q(V2,i>/3):Q] = 6 



(m Jilo (>) 



[Q(V2,V2,V3/):Q] = 6.2 = 12 

X'+X'+I J t> . Z 2 X 3 +X 2 +l -J IjL- «r : ^ ^ 
X 3 + X 2 + 1 _S or AaL-yu ^ j . Z 2 (or) J* 

: ^ ^2 c> X 3 +X 2 +1 -H>^ a cM£ lil : JaJl 

X 3 +X 2 +l J-ljc t> Jale. X -or uVlj • or 3 + ar 2 +l = 

X 2 + (or + l)X + ar 2 + ar 



X -a 



X 3 +X 2 +l 

x 3 -«x 2 



(a + l)X 2 +l 

(or + l)X 2 -or 2 X -oAT 



(a 2 + a)X +1 
(or 2 + a)X - or 3 -a 2 
ar 3 + or 2 +l = 



X 3 +X 2 + 1 = (X -a)[X 2 + {a + \)X +a 2 +a] 



i& , X 2 +(a+l)X +a 2 +a ^=Ji 
or 4 +0 3 +d +0 2 +a= fl^+a 3 +20 2 +a= c?+d +a= dp? +a?+i) 

- .0 = 

: 1 + or + a 2 _i X 2 + (ar+l)X + or 2 +ctr ^ 

(or 2 + a + l) 2 + (a + l)(a 2 + a + 1) + a 2 + a 

= a 4 + a 2 + l + 2a 3 + 2a 2 + 2a + a 3 + a 2 + a + a 2 + a + 1 + a 2 + a 

= a 4 + 3a 3 + 6a 2 + 5a + 2 = a 4 + a 3 + a = a{a 3 + a 1 + 1) = or.0 = 

. c 3 ;} l^i js^ Z 2 (ar) <jj^ « ^ 

/ eQX] jL^u Q je. a j > » ae C^Vi JSJ ()) 

. / (a) = u_& ^ 
V2+VJ (^) 1 + V2 (i) 

1 + i ( ■> ) Vl + V2 (_^) 

VV2-1 (_*) 

00 £ 



Field Theory j^bJi^j&i (CO^alt) 



I^X] J (Vyflty ^ X 2 + 1 ^1 ij& J oAj^ ( I ) (?) 

^jis. c_u£! . Z 3 Jiail ^I'll Jj-iaJl ojiSl !ji-a # (^) 

. 2 + 2a « 2 + ar « l + 2cc * 1 + ar ^ 2a * a c 2 * 1 J 

t j>. r-»'ir » 125 1>« tJ** -^JJ ^ 0*J^ (0 

Q(V2,V5)3Q ( M ) Q(7)dQ (I) 

Q(V2,V6,V24)z?Q (,) Q(V2,V5)^Q (--) 

Qtf/7) j^Uo (v) 
X 4 +X 2 +l = (X 2 +X + 1)(X 2 -X +1) 

(/=(X 2 +lXX 3 +2Z+2) u' Ji*V) • / .-=X 5 +2Z 2 +2X+2gZ 3 [X] 

a! UuJ j Q(S, VJ) Q(V3 + V?) jIjs-VI a^jj ^ji (> ^ ) 
a] laJj Q(V2, V2, -v/2) Z5 Q jI.sl.VI A^jj (H) 



L«3L. ^ ^SI Q _S i^l > Q(V2,^/2,^/2,...) jl «k o*^ °) 

^ ji& Sj^S J* u ! <>> ji* ' ^ — 1 tjj^ £ lij ( n ) 

E J* F[X ] 

* E Jc j^nFlXJJ j ij& J£ ^ lij . F_S £^ v ) 

(jA jj . 2uM F[X ] J tfeksB aL15 jj^ ij& JSj f ji! (U) 

Ljfa. F <jl Jc 

F(a)-E ji F(a) = F 

QJc <R t> VI t>ua>^ ^j^ 1 t^j^ ^ji ( Y< ) 
: JVI* Q -J Lku-j bl.SL.1 co-ul R rf 0*Ji ( x ^ ) 
(countable) j*J1 aLis Q (^) 
iJ3 5blS tjjSj (JjIS JU Ljuli jlilol (\) 

*Lts Ciuoi r (r) 

[F(a):F(^)]=l : J <>jj . ae jSJj.FJi^J bl^l K c& (™) 

[F(a):FV)] = 3 j! 

Q "^J- 5 JS J^otic. jc ^jJ^J ^joa. jljloV VH» M.>*»1 (^^) 

jjjaJl Sj^S l$l a 1 K Jc <^A*& aLIS jj£ ^ Sj£S m(0 jS! (Yi) 
jjoa. cjl jjjS ^ (or) s jj>^11j m(?) J* IJt m(^) <j 

? (1 ^jjI! bJ ^i) 



Field Theory j^weJijXjj&i (tDUn,^^) 



? m(t) u ju^A) j j^Jl s l«J 
m(t) = t 2 -4,K =R (I) 

/»(0 = ' 2 +l,£ =Z 3 (m) 
m(t) = t 2 +\,K =Z 5 (_^) 

/w(f) = f 7 -3f 6 + 4/ 3 -f-l,£ = K (^) 
: Ai&l oli^l djUjj ij.jl (n) 

Z 5 (0=>Z 5 (X) C^Q 0) 

2 -J jy>a^ Q(c^dQ (i) R(V5) id E (r) 

Q(V7)^Q (i) Q(V3,V5,VfT)3Q (o) 

a 7 =3 ^ Q(a)^Q (v) 
3 (*) 1 (r) oo (y) oo ()) : ^uyi) 

( 7 (v) 2 (i) 8 (e) 

+q4l + ryfl + s V35 

. Q ^ j^aUc. s i r i q i p viija. 
•.yi^uAj^ «Vji* K =K Q czK l ci...czK r =L c^lj)(YA) 



j^jlj JiJi . Q(V1 + V3)dQ lM jIjU (^) 



ooV 



Jtc LJai. til js Z, jIjj&W ^ ^ t> (linear transformation) j,^^ Jij^ 
Wi X 2 -3,X 2 -2Jf -2eQ[X] J ^ (n) 

: AiiVl ^ j^l jiSl (C t> V> V jia. JjSj) Q J*- cjjLSj J jS*. ±±J (rY) 

; 6 -8 « f 4 +5/ 2 + 6 t / 3 -27 
s ^Llo jjLJi vy <jii«> ^ Q _s cjhijiais jjLJi cjUjj ^ji (rr) 

Z 3 ,>X 3 + 2X+1 Jj^Jl s j^SSl JjLB Jia. j^lsi (r£) 

> Ja . Z 3 ^ j 3 +l 2 +l+2 jjiB <>». ^1 (ro) 

jjc. (JjSj l$i . Z 5 ^ Vj^ 1 i> <*jJa*Ji JjJaJl <j£ Jj^l (vn) 

ai* 4> . Jjk^il ALU!! jjft oiA (jiixi ^JjLS JjSa. ? (iaWSSl) Jj^'U Jjla 

/ _J tjjLS Jis. I J&j* K Jlc n s j££ / I j) (rv) 

« ! ^Aj [I : K] J ^ oa jjs t K 

X 4 -l ( v ) X 2 + 3 (i) 

X 3 -3 (,) (X 2 -2)(X 2 -3) (_?.) 

jIjU ^ /_! f ji^ a * deg(/" ) = 2 ^! • / € F[X ] jSsl (n) 

^ £cf • « ' F[X] ^ Jja*. i jiS / o^i (*«) 



Field Theory J^jlki>ki 



Ldl 



Golois Theory V<^V!> tib^^ 



Galois groups l$Jlfr >»j 1-V 

iT cjU >>a i »4 »i ji ojxj j^ojjj j Aut(K) jJIj U^! j^As ' (».>0^ 4jL& j* 
(Automorphisms group' of 

: (-L ^ Y- ^ - Y 

Aut{K;k):={(p& Aut(K)\<p(a) = a Vaek} 

4jj jaJl %ja j5l aiA ^ a j (! LjUj jjiUx <jU jJl) v4 (^T ) J* j UJ^ 

-J I 4a 5 » j J)K^>k (The relative automorphisms of group) 

G(K Ik) >jlU UUJ l^lj jLijj 4 K ZDk (Galois group of Kz>k) 

Ji* K k i k[X] J fc£ ^ ^ / . A: jl£ lit (^) 

A: L > /•Jl tlUi^i GaKf :k) =Aut(K;k) <^ . /-I 

(Galois group of / over k) 
: A&ftai* r-^-r 

Aut{K;P) = Aut K < * JjH cM 
0* > cii * Aut{K)^Aut{K;P) J t» : >4» 

\/x e P V<pG Aut(K):(p(x) = x J 1 <J* 
(. <pe Aut(K) J£J #>(1) = 1 jj^ '^j ' ^ ts^ ^j^ 1 J j - ilk - j* 1 l&j 1 
<«eN\{0} JS1 <p(nA) = <p(l + ... + l) = n(p(l) = nA JttLj 

on . 



Field Theory 



m ,n g Z x g P ^ c^h • n e Z ^ (p(n . 1) = n . 1 £ i>j 

772 . 1 

n.l 

77.1 #7(72.1) 77.1 

JS |j) . /g£[X] . (p&Aut(K;k) « JS^ K z> k c£A (\) 

f _J ji^a Ljaji #>(«) <jti 4 / _1 I ji^ fl g Ac 
TV ./-ItSASlI JS^ KzDk . iuUc^l /eJfc[JJf] t ^A:o^( Y ) 
: ^ • (iV ^ n) n:=Ord(N) i K J / Jiwl Ac 

^IJ (i) 

Gal(f;k)-*r n 
<p\-^ <p\ N 

Ale. 72 i * i Y n (j-o ^jj.^ *w>^ j ts* ^ ' J^-? 1 *^ j • » Ai-^U 

: jil ' (hj.niMT) JJa^I j£- /<Il3l£ lj) (^) 

Gal(f;k)xN ->7V 
(<p,a) (— > 

^jlti&jl ajLoc ^ j t N Gal (f ;k) (y> 4jLc jjli 
V«GA::/(^))=/-(a)=^(a))=^0)=0 : J & <p\k =l k & 0) : 

/ _S ji-a q){a) J 

(xj)gIxI cJ^l li) (transitive) MJliul l^jJJcG^T A^Uil 
(t(67,x) =:a(x) = }> jjSj tliuLj a&G <JaVl 



J <j' ' ) = x :x eK ^ ^1^=1^ <>j < k(N) = K 

: (jV 4-iLac. ^ji ^uil jl! (jl ^iia! j 

Va,b<=N -3(p&Gal{f;k):(p(a)=b 

Vfle N :1 Ca /(r;*)(«) :=1 ^ <( (^; A )( a )=« 

= \ k 4 k ' = k (V-A- ^ ) (j* a jjilfa AjllSlil AjLc. ^ j 

: Jll, o-^-Y 

/ ~(X 2 -2)(X 2 -3)gQX] Jj^il ijlU a> o J iiAjjli Mj lkJI 

1 (Y-^-Y) <> •/-! 13^' J* Q(V2,V3)3Q J^lj : /'»U >4I 

: (jit'ij CiLajjfljj-ajjjVI ijx 

2 = <p(2) = (p{4lf = (^(V2)) 2 => 9<>/2)e {V2,-V2} 

. AT— 1 ^Ujjsjj-^iji ^uj j&Sn Jc. ^ -ui .^V3)g{n/3,^/3} JUbj 
l«l UjV « Q(V2)[X] ^ (J^kil) Uj.nnll <Lli X 2 -3 Jj^il s ji£ 
^ji ^ (Q(V2))(V3) = (Q(V2))(-V3) oVj -Q(V2) ^ >J 
j^l) ft(>/3) = ->/3 4 fl(jc)=x : xgQ(V2) ^uj^Aw^-S^ 

4 <P 2 (S) = y/3 o& K — S ^ 2 ^jjajj-jSji o^jj JlJUj .((r-A-l) 



I Field Theory j^iselijo^ (CJtUlic-Jill) 

K :=Q(V2,V3)^I £1 B~{\,Ji,SM&} uV j .^(V2)=-V2 

i>j • (p 2 =(p 2 2 =\ K i) £&4ila tf(b) = <p 2 2 (b)=b :beB JSlj « 
^iUlbj AjjSb ij- j ^ «/ (A" ) jl£ VI j « ,4 itf ) * {1, , , p 2 } J Aila ^ 

^jjSj^ajJjl Ui. uti i Aa. jJ (jl (_ iaj ^aJ (j-a j . 3 _ji<Vffi. < _ s -iC' (_£ jiaJ (jl 1->J 

(jlaj (^tilbj t (p(y[3) = — \fi t #>(V2) = — n/2 : <j£^ j$i c3^ ^"J ' J 

Aut(K) = {\ K ,<p x ,(p 2 ,(p 3 } uj^I^?j 

. AjcUjII S j jA Aut(K) J (ji t = ^ = ^3 = 1^ lijJa. 

The Fundamental Theorem of Galois Theory 

: ub jau ^ — Y — Y 

jAaJl <jA-yj Fat <7C<3, ■ Aut{K)o* '^j* G < K c& 

: K L i G 

Fix(K;G):={aGK \(p(a)=a V^eG} 

Va,Z> e /fo (X;G),Z> * : : uV ^ c> «3> Js- i 7 ^ (tf;G) 

a,b&K;b *0:(p(a) = a,<p(b)=b => 
[(p{a-b) = (p{a)-(p(b) = a-b =>a-b t Fix (K;G), 
<p(ab- 1 ) = <p(a)<p(b- 1 ) = (p(a)(p(b)- 1 =ab~ l ^>ab~'Fix (K ;G)]; 
(p(l) = 1 (K ^ jJl 1 ) 

: dijiu t — Y — Y 

(Galois extension) I «1L» aIaI^I li* . JSa. K z> k c£4 
k = Fix (K ;G) u& Aut(K) 4g2M ajS> Sj* j G <^a=»j I jl 



. I j3U ^ Q(-v/2) 3 Q JLJI Jlixl : jtl» r-r-Y 
: (jjli lifrjj Aut (Q(y/2)) = {1} jt Jo 3iA ^Jt> lillj Jc. o*J^ 

i^x (Q(^2); {1}) = {a e Q(^2) : 1(a) = «} 

= {aeQ(V2)} = Q(V2)*Q 

: jVl£ ^^(Q(^2)) = {1} J ^ uVlj 

< (Qtf/2) J JjVt Ji^ ^Q)AiM(^)-Q)=Aut(QSl2)) {r-^-y) 6- 

(Q(^2);Q) = {$?e AutQi^Jl) :<?(«) = aVaeQ} 

: pe^ w *(Q(V2)) J^Wj 
2 = ^(2) = ^((^/2) 3 ) = (^(V2)) 3 => <p&2) = V2, ^((V2) 2 ) = (^2) 2 

Sj^S ^2 ^jll ji-ll Q$2) J Wi X 3 -2 u! ^ <>j 
Q(^2) J^l (1,V2,(V2) 2 } j g^Q^^fi cij^l 

jj^alic. ^jft "^jall" (jjjj La^J 1 ' ^ (j) ' * t>>J •(( 0_0 ~^) J^j') -Q JiaJl Jc- 

.^7 = 1 JjSja t JaiJl ^Ijill qAjJ 

The Main Theorem of Galois i*JJi\ t-Y-Y 

%£. B i K ak Ji aaujII J jiaJl Ac ^*?-« ^4 4 I jJU, jIjU K czk c£A 

: jli ij^jc . Aut(K;k) t> <u jail 
^(AT; ):A^>B,LH>Aut(K;L), : J 0) 

F£c(X; ):5 ->^,Gh Fix (K ;G) 



Field Theory j^isJli^Jii 



Fix(K; Aut(K;L))=L VLeA, 
Aut(K; Fix(K;G)) = G VGg5 

[K :L] = Ord (Aut (K ;L)) (Aut(K;L) s j-jll tej} ( i ) 

[L :K] = [Aut(K;k):Aut(K;L)] (^) 

: * ^ L tyiu <JSJ (V) 

! jlU Jl^l ^ z> Z ( i ) 
iij isaj Ijj Aut(K;k) Aja^nL Ajij^ » j^j Aut{K\V) (m) 

(peAut(K;k) (p(L) = L ()) 
Aut(K;k)^Aut(L;k) 

Aut(L;k)=Aut(K;k)IAut(K;L) (r) 

: Jlla o-Y-Y 

olJ . AT := Q(V2, V3) U(jxj li^Jj <JUJI liSla jlx^u .iUj Jc. jVl u*> ^Slj 
jjlj di^ a,b,c,dzQ ajIj jiiic .x g Fix (K ;Aut(K ;Q)) 

(o-i-Y) ^ Jftj ^ UjUjl*^ ^liki-Uj . x =a+bj2+cyl3+djlj3 
<p l (x) = x Ci**MJMLj cS+djl-Ji^-cyfe-djlS liJjjii 



0*1 



. x e Q OjSj ' 6 = J ^ gjL #> 2 (x ) = x <>j • c = d = jj& 

Aut(Q(-j2,4?>)) <> ci' Aut(K)o* i&z* j*. G U^j Uj! ^1 
jjlj li^j . ajcUJI Sj-j ^ G ^ k = Q = Fix(K ,G) o& 
((o-^ -Y) ^ iLi j J l-S Al4(K) J*i3b (_jA G) -I jJU 

^ J^L ^dQ Jkll iiUV u-&> c^ILj -H 3 ■= {1<P 3 } '# 2 := {\,(p 2 } 
Ajjiiill t>j i g {1,2,3} ^ L, := Fix (K ;H j ) ^ ^ki V* Jj^ 

< V2g L x uVj • i JSl [K :L i ]=Ord(H i ) = 2 ( Aut{K,L.)=H, IjM 

. Q(V2,V3)=L 3 « Q(S)=L 2 « Q(V2)=A J ^ V2V3gL 3 * V3gZ 2 

: uu uu n-Y-Y 

Gc& 

K G (character) Aiua ,ai >a ; 

: 4jyn q-) V-Y-Y 

A i ii o j i A ir. (jjSj AT (J**- ^ G ji % ' • • • ' ^ L£^* Ailia-all jj-ajJl 

ii: JUl Jc. K Ji G JJ JS1 t5 LaJl £-1 jalJ Uai. 



Field Theory j^iseJijoj^i ( <iliai|*^2Jl) 



e rf&j . f>j j:G jl£ lij 4tt t 

X = Zi = Mz(e)) = (W(e) = 0(e) = 0^ (tf JiJ >-) 

( (jiaaJI ^Ijill jL-a jA 4 AT ^ jll ji-siic. jA 1) 

• K ^ G — 1 (^ux ^it t>i n — 1 <J^ t^j^.^-i frlc^Vl u^' j 

: 1>J • * Xn (<*) ^ 

4z l +...+\z.=o (i) 

AX (#) + - + AX (a)Z„ (S) = 0, 
AX (a)*, (g) + - + \Z n (a)Z„ (g) = ° 

jjjhlb A^lil! 4 flg Jft (1) at j. nil Jjftb JjVl \\\,^ 

: ^ J^j C jiJUj . J n (fl) ^ <j>jJIj <■ g (1) 
A U (a) - Xn (<*))& (g) + - + \- l (Z n - l (a) - z„ {a))z H . x (g ) = 

(1) t> lS>I *j* o±J • A =0 jli Zi(<*) * Z„( a ) uVj 

• = ... = A K = f^C- J '^i 
: ^SVI J) jrU^ (jVlj 

4 AT ' Jia. J) AT Jaa. CjL, jjjjjxjjjx ^? 4 ... 4 CijlS Ijj : 4a.uj A-Y-Y 

( _ r Luvll £-l_)sJl ^ LiLi. <SSluui (jj^J 4 ... 4 jjli 4 ^ '* - ^ " - S ah-^ „ 

. ^ ' J*=J J* K ' J\ K 0- ^Ijjll 



: 4j^-aS S-Y-Y 

i ^^jl* t _ s Ju-o 4 ^ ' (Jia. ^ Jis. CLiLa jj3 j j-a yya (p n i . . . 4 (p jjSiS 

.-u^- Z :={* g^T |ft(x) = ... = #,(>:)} o^J 

* 0- ^>JL. L 0) 

.(^ULJ - (A-Y-^) ^ Yr Jli. Z *0 J cji * le L J J 

: be L 1 aeL <jlJ jVl j 

ft (« -£) = ft (a) - ft (b ) = ..= ft, (a) - ft, (b ) = ft, (a -b ) 

b e L \ {0} <■ aeL ^s>i Ji\ j <■ a -b e L J </l 

ft (o^T 1 ) = ft (a)ft (ZT 1 ) = ft («)ft (6)""' = ... = ft, (a)<p n (by 1 
= <P n (a)<P n (b- , ) = ( Pn (ab- 1 ) 

ft(a ] )X 1 +... + ft> I )X„=0~ 

: ' : I # 

ftCaJ^+.-. + ft,^)*,,^ 

/^,...,/l r eZ ^jiaeK JS1 . (x „...,* J e y AiU 
t /6{1,...,«} ^ ft(^) = ft(^) uVj * a = + A r a r <jj 

: ^ J~x*j Uili 4 (*) _/ e 



Field Theory J^^ljojlij (4 ilt21,»-»5)l) 



n 

X x i <p i (a) = x l q\(a) + ...+x H <p B (a) 

i=l 

= Jfl^(M + - + Vr) + - + JC .?'»(A fl l + - + Vr) 

= x + - + )] + - 

= ft ift + - + * .0. M + - 

+ft(/tJ[x 1 ^J + ...+x„p>J] = 

(# f UuUJM* I ,...,xJe(AT uV) 
.(A-Y-Y) ^ ^Ui liA. J (x 1 ,...^ II ) ? t(a...,Q)^ X^+.-.+x^ =0^ J^Wj 

(ji il^jj t tllLajjjjj-a jjji (jx 4j$Vl« ft^jl (JluUill JiaJ! L (jj^i (J ^U <_^J 

. s^cLuix i_$J^ ^j&IAx ^Tun I^J j t [A' ! Z/] j^ij 

: uL ^au ^ ♦ — Y — Y 

^suail jll ^j-ajoiJ . Aut(K) c>« 4 Jj'l'u Ajj ja. e jx j G ' AT (j^J 

7> G :K ->K,a\-> £ ^a) 

K JG (trace) Ji 
: 4^Ui n-Y-Y 

: (jli iiijc. . Aut{K) (j* Ajpio -Sp_>?- » j G CfiAj <■ ^U K tjSJ 

{0}^rr G (^)cFix(^;G) 
^ ^ 

j^jj <iV ) UsUi T jbia j-jV» JSsH OjSj G JSJ : >4t 

<p\-^y/o(p 

(p\-^y/ o(p 

: aeK JS1 j j£j 



WCE <P(a)) = Z jKp(«)) = Z ^( a ) 

?>eG ^>eG jjeG 

J ^ Z ^«) = : aeA" £x*J Ail rr G (^) = {0} J J^j 

<peG 

: ULa. <JaJjjxi G J > ^ ift (ji ^jjtJ li* — (Jjiwall ^juoljll ■ * Z ^ = 

(WeG 

(A-Y-Y) (j^aUS 
: >Y-Y-Y 

: (jla jiiic. . Aut(K) i> 'W"- ^Sh °>» j G o^j ' uSJ 
[K :Fix(K;G)]=Ord(G) 
. [K : Fix (K;G)]< Ord (G ) J ^ i» J ^ (1-Y-Y) <> : ,-,U >4l 
J ^ j* Mji^Jl uj%* C? ={^,...,^ n } ; Ord(G) = n ^! 

^ Uai. ^kjj^x ^jSj a,,...,a m e : j^liJl <> ra <_£ m > n <J£1 
^auUiall f Lki jjSj m > n jV j . Fix{K;G) 

tf\a,)X ,+... + <p;\a m )X m =0 

( P - n \a x )X x +... + (p n \a m )X m =Q 

^jj Tr G (K) * {0} uVj qjSj tiV T jiiij 

ujfL^ (j: jJg/:" J- 

Tr G (x t ) = <p l (x t ) + ... + (p H (x e )*0 



Field Theory j^bJi^jiij ( i£J£ll|*~JUl) 



£g {l,...,m} : i s^ljl 

a ] ^,(x 1 ) + ... + a m ^(x m ) = 
« I %(^,)+-+«J„(^) = 
a 1 (^ 1 (x 1 ) + ... + ^(x 1 )) + ... + fl m (^ 1 (xJ + ... + ^(x m )) = 

: J J 

m n 

Ya a jH <Pi( X j) = 

j=\ i=\ 

m 

J Tr G {Xj ) aj = : Jfi ' ls>* 

^ Ubi. aJsujj- JjSj a m t ... t a, ^>j-3U*JI jli 4 7> G (x .)?£0 u^j 
. J*J\Uv (n-T-t) Fix(K;G) J^j Tr G (K ) 

: 4-j.Ufr*j MT-Y-t 

: (jli ijijc . Aut(K) (>> <J4^i-o Ajj ja. o j*j G U^J ' ^ 

i4wf ;Fix (K ;G)) = {^e Aut{K)\(p{a)=a Va e Fix (is: ;G)} 

Aut(K;Fix(K;G))z>G d* ? 0*j 

t . . . t ^ Ia jjL^aUc. j i n ^ G ajjj o^j-^^G 1 ' <peAid(K;Rx(K;G)) c£A 

: uV>j < ft = 1* ^ * % 



_ _ _ ___ IjJU MjJai : urfUlf mUI 

Fix (K ; G ) = {a e K \ a = cp 2 (a ) = . . . = <p n (a ) } 

= {a e K | (p{a) = a = (p 2 (a) = ... = (p n (a)} 
= {ae K | <p(a) = q> x (a) = <p 2 (a) = ... = cp n (a)} 

. (U-Y-Y) ^ oi-sua : :/7jc(^;G)]>«+1 (W-^j 

: ^ t-Y-Y 

■ k=Fvc(K;H)<. Aui(K) <> aj^Ho 4jj> ' a> oj H t I jJU. jIjlj K id k c££ 

H=Aut{K;k) {\) 

Aut{K;k) o-^Sj-j G J^J Aut(K;Fix(K;G))=G (Y) 
t> (jl jiij «dl i t>J ' » j^^J- V-Y-Y) 0-5^ ) : ,')U »M 

. (U-Y-Y) o-^gsa (Y) . a^ujS Aut(K;k) 

: > g-Y-Y 

I jlU. K ^) L (>) 
[K :L] = Ord(Aut(K;L))<°° (Y) 
(v4 < °°,Fix (K ;Aut(K;L))=L (r) 
(L=Bx(K;G) ^) (U-Y-Y) t (H-Y-Y) <> : »(Y) <=(>)": ^1 
LczFix{K;G)czK : ^ G := Aut (K ;L) : "(r) <^ (Y)" 

iWb [A: (tf;G)]=CW = J (U-Y-Y) « (Y) <> 

L=Fix(K;G) J* 

: n-Y-Y 
oVY 



Field Theory j^Ji^j^j (£Jttit|t*an) 



Hx{K;G)=k « Ord(G) 

Aut(K;L) jlj-L':=Fix(K;H)t H^=Aut(K;L)^j^ . ((^-y-y) ^i) 

Aut(K;L)~{<peAut(K)\<p(a)=a VaeL} * V=Ex{K\Aut(K;L)) 

<p'o(p~ l e Aut(K;L)=H <=> (<p , o(p~ l )(a)=a VaeL 

o #>'0) = VaeZ,<=>^'|Z=#>|Z, 

: (jjj^ <p lf ...,<p r e G ^jj^jji r:=[G:7f] <jl£ lij 

^ |L :Z e {l,...,r} 

{aeL :i/f 1 (a) = ... = i// r (a)}=LnFix(K;G) = Lnk = k 

. [L :k]>r : J (1-Y-Y) 

t>j 

[AT :&] = Oi/(<j) = [G : # ].<9rc/ (#) = r.[AT : L '] ( ^ ) 

{L' = Fix(K;H) jV) 
ji gab K Z)L'z>Lzik t>j 
= :L][Z :L].r (Y) 

: J gjjj (Y) 4 (^) (> 

[A" :Z']>|X :Z]=|X :£'][£':£] 



1>[Z':Z]^Z' = L 



: 1uX±*j > V-Y- Y 

: uj^j 0>e.4itf(A";&) J£l ^ • K z>k JiaJl tuu ^ Z, c&J 

Aut(K; (p{L )) = ut(K;L )o 

y/e Aut(K;<p(L))<^> y/((p(a)) = <p(a) VaeL 

<=> ^"'(^(^(a))) = a Vael <=> <p~ l oi/ro(pe Aut(K;L) 

<=> y/e. <poAut(K',L)o<p~* 

: Aj^if4j > A-Y-Y 

(p{L) = L o^j * ^ 3 £ ^ tux. L lj] • Jl^-I K Z)k c& 

jll ijli #>e Aut(K;k) 

AutiK ;k) — > Aut(L;k) 
<p\-> <p\L 

Aut(K;L) ^ ajI jj < ^ jjajjAul 

uli IjSU jIjlu) ja K Z)k <jV . G cAut{L;k) ^ ^\ J\ s jj^. 

J Rx(Z;G ! ) = A: 

tjl ^jjj r-Y-Y) <>j . ^ji* ^jS (^o-Y-Y) 4 j<s 'iM S jxj Sj^£ G 

. G = Aut(L;k) 

■ ^ ^-Y-Y 



1 Field Theory j^isdlj^jjJii 2it) 

\ jlU d&A L ZD k (\) 

<p(L) = L : <peAut(K;k) JS1 (Y) 

Aut(K;k) a- ;^V>"»j*j Aut(K;L) (r) 

: jUjJI 

yr.L^K CjUjA jy*yy& Ac M iH r=Ant(L;k)c£& "(Y) <=p)" 
LidA: (ji . M t> jlfic-l • W I ^ = 1/t ^uv 

(peAut(K;k)^j.H=M jj^ O^"*) O-j ifix(L;H)=ko& 1 j 3 ^ jIjU 
^(L ) = L J& Ji-x^j ji H J^j ' M J p | Z, : Z — > AT 

J J l&±* o& Ord(Aut(K;k)) <jla ( IjlLa. K zd k jVj .(Jja 

ji Je. Jill JaSa ^UaJ j . Aj^lLa a ja j // :=Aut(L',k) 

aeEx(L;H)\k ^U* »j| u^lj • kc3vc(L;H) J ^\j.k =Fvc(L,H) 
■iijiol K zd k cftj . (p(a)^a jj^ i ^=v? <peAut(K;k) ^ J ^ ai "" ^ 
ojS^ ^:=<p|Z_!j .Fix(K;Aut(K;k))=k :(lo-Y-Y) ^ ^ I jlu 

. a g Fix (L;H) '■ W( a ) * a 

. fjfijj+jMj*. sijj Aut(K;L) $ (U-Y-Y) o-c^'j = '(V) (Y)" 
<peAut(K\k) JS1 Aut(K;<p(L))=Aut(K;L) (W-Y-Y) <> : "(Y) <= (r)" 

^AaajjJoJl 4_u jaJl aj* jll c_Lj*j 

: I jSUJ AjjiuSl ( 1_x - >f ) t*» 0) i>J 

Aut{K\-):A ->B,L \->Aut(K;L) 

. (jl(L)=L (ji K ZDk I jJU. J AjinJI J jiaj Ac j>i>>i ^uja. 

oVo 



Normal Field Extensions J^JJ <ua*JaJl ^l^lA^ai f-X 

■ *j i-r-t 

: ^Lsa lil (normal) t^mk <jj ^ 3 k JiaJl j!j1»V JIL 

tij^ K z>k 0) 

\«1 yillj 1 k[X] J (J4^fl) jwfl 4LtS jj& / ^ Sj^ J£ (Y) 

^jj-»-*> cJ-»l jc ^ K Jc (Jiijj ^ji 

jc ^3^" 

• *M J-' J& ^ ^ 

: h & r-r-t 

: A^lSi. AiiVl CjI jjjiil! K ZD k ^ 

/Git[J] Sj£Sl J^Liu JS^ K ZD k (Y) 

diuLj Ujya jj-jjj- ^ : ^ -> AT ' jl£ j < jI^s-i K'zdK u 1 ^ ( r ) 

(p(K)czK J£ <p\k =l k 

j^Lic ^ (^-^-^) 6- ^ Ji» ^ ] K ZDk jV : "(Y) <= )" 

ie{l,...,n} J^j -K = k(a l ,...,a n ) d ^ k Jc '^jx* q^eK 

. / ;=/,../„ e£|X] jjiJl ^1 j* K =k(a l ,...,a n ) ^ K zd k 

: "(r) <= (Y)" 



i Field Theory J>2^i£u>tij ( ii)un^u)i) 

: o& ^ a x ,...,a n ,bzK i f Gk[X] ^ (a-a-^) t (\) <> 
<K' ^d^&^jK =k(a x ,...,a n ) ,f =b{X -a x )...{X -a n ) 
: tin] jjSj t AJkUl ^L-oilj (r) ^ ^U^J ; -> i£ ' 
/ {<Pia t )) = <p(f («, )) = ^(0) = 0, V/ g {l,...,n} 
& K = k(a x ,...,a n ) jVj • <p({a ] ,...,a n })cz {a x ,...,a n } Jc J^j 

(p{K )<^K J s jJIU. 
■ tij^ Kz>k J ? >ou^ :"()) <i= (r)" 

J^j .aeK ji^. ' (-W-f^) <Lli / e k [X ] jSal ^ j 
/,• u^j ' K =k(a,a x ,...,a n ) oj^i ^ a x ,...,a n e K 

JjjLiill JlaJ LjjJ ilia. UJ^J 'V^J ' i £} A >\ k (jJc 0!. 5 <_£ jju^all J 

lib . ^ JJjc, J K ' J^Ji^ /• g :=//,■■/„ ^K^k 

t*tr>) AT ' i ^ (OAjj^Aj' (a-a-^ ja. jj t / _S ljs~a b e K ' 

(r) iaj.il! jjJ^jj . x e A: ^(x) = jt * y/(a) = b o& 

. ZA± Jxljo J* K J&f 
: jilt r-r-t 

X 2 - 2g Q[X ] jjaaJl sj^si jjLSaJi jl> ja Q(V2) 3 Q cM ^ aV 



oVV 



x" -2=(x 2 -4rix 2 +V2)=(x -tfrxx +^2\x -i^ixx 

Seperable Field Extensions J^aU JLflMttJ 4^UJ> ^IjUU^I t-T 

: OijiLi > - i — r 

. / e k [X ] aMj jjAa. i jaiSl jjLSill Ji*. AT z> A: oSJ j < k 

^^juJall jj«JI Ls juv .ae K ±£4 j 
//(/;a):=max{ W £N : K[X ] J (X -a) n \ (^) f] 

. a ijif 

//(/" ;a) = l j\£ / _1 (simple zero) ia^uu >Lua a j] JlLj 

/_J (repeated zero) j a a) ;«)^2 

: ubjiu Y-t-T 

JLuiiSU ALti / g it [X ] fcjtSlI jjc jj^Jl ij& ls + u & . 5Ua. £ e&J ( ' ) 
JaSa ^ laj ,, ,j jii^i <U y Jj jc. Viunnll JAa jjc. <J*tc Js I jl (separable) 

■ f e k[X] JWj^U s j^si f a »j) A 

J;li fl£^ jl£ li) JUaiaU JiS f D/t JsaJl jt^l JL (_*.) 

*it5 j j^. i J& JS oils l jj (perfect) ^ ji £ti £ JLJ JUy ( j ) 



Field Theory J>Lji^ji>^j ( .rti*Hp 



jjluu k ijj^ ae K j~aj*J! ijli JSa. K zd k 
. Jl^ii£U aLIS A: <jJe. a —1 igjV» ^lt J j^Jl SjjoS <JLul£ iij -kSa j lil Ji.^-Ml 

Ajla (Jia. (J£ lilljS j . Lalj (jj^J jim JjaaII <5 (Jia. <_)£ (ji ^^ifc LajS (jA Jiiuij 

: <Ju yu r-i-Y 

/ =0 i =1 

(derivative) **!^) & j ^formal differentiation) LJ K^t AJa\sul\ ls ^ 

: 6^ Ail ^ « ^[^] ^ 

Z)(fl/+^) = aD0 r ) + ^(g), 
£>(/\g)=/ + (/") 

: Xii+M i-i-r 

./ G Ailj til ..ill Jj-ia. a jj&l JjLSjJI Jia. AT Z> £ (jlil j 4 ilia, k 0^ 

c3ia^ ae K JSJ 
//(/» = l«/( fl ) = 0,(D/Xfl)*0 0) 
ju(f ;a) > 1 <=>/ (a) = 0,(Df )(a) = (Y) 

: ^ J^aij » g (a) * 
D(f) = (X -a) r -\rg +(X -a)D(g)) 



I*1U «j£u : ^UJf mUI 

ajjLa jlii^ai £ i^ 0, f ^J-^ '"Ji^ dliLS La I jl (j<">")J (ji e Ja5I ^ J Wi ■ "J J 

: 4j.1i4.aj a-t-Y 

: u^Vl u 1 • At?] ^ ^ A*** y j t ilia. A: (jful 

. A: ^ja <Jto. K jj^ JjuJ\^f(\) 

. o4 d Jit* fJl k[X\ JW. D(f) i f (Y) 

^ji^ll ^Jl Sj^ ^ g if-UjJ^ljL*. ae K oSJ : "(Y) <^ (>)" 
D(f) */ _1 t£>ix U-lSg OjS (/yXa)=0 ' /(a) = cti -kj^ao* 
« deg(g)>l * £>(/) </_! t£>L. U.IS geit[I] :"(>)<= (Y)' 
(Z>/)(a) = */(fl) = jli^ . ^-S^ja J^^g-Jfji^ a 

•. 2u&i n-t-r 

^jiJL. ^/-Jji^jS^ (i-£-Y) oiD(/) = o^li] : 

. jL^i£U aLIS /ojSS JlsL, .fjjL, A -1 
(( 1 ) Y-£-Y) cumuli Vjj JL^U a£fu\* ' W)*0 
. g ^ j±. & JJu ^Ak k[X] ^ £>(/) « / -J ajVm^ 1 i>j> 

deg(g) = degO r )>deg(Z)O r )) 

: V-t-Y 
. / £ A:[X] it jSJ 



Field Theory j i l*!\^£>j (iUUli^sJl) 



oli (k Char(k) = cj&M 
D(f) = 0<=$f dulS 
: & Char(k) = p >0 jl£ li] 

<d ^ D(f) = ' / = £ a,^' ' p :=Char{k)>0 jl£ 



i=0 



: SjiU. ^ry (V-i-Y) * j> uVlj 

: A-i-Y 

Lolj (jj^J _jxaA]l <] (Jli (J£ 

. jit (jfc 1, il'i^o ajlAM j i jJC. (JiaJ liij (jl Lulfc i i Jlx<aij!)U vLjli t_yaJj 

jli liSA j . Jji jjc /> dna. t Jtial! Jc A: := (^/ j){X ) JLJI J'iVu.ij 



a 



a* AiV < Sj* o^^^l F p -X e k\Y ] jj^JI *»j££J K ^> k 
aim jitY p -X jj^i sjis jjSj oiikfl 4^ ^ (Y-n-r) « (> .-o-r) 



oA^ 



JjIS a J ^ . A: JL-oiSU 5Ui fl el o^j • J** K zi k c£4 

K ZD k ^Ji^d Jc jL^i£U 

IjJ jL^i£U 3US <j_&! A: ^jjaJl agI J <>j) ,jL^i£U 



Characterization of Galois Extensions 

Sj-jl ^UJI JLJI j* ^ J Jajja J^U ^ K ZDk IjlU Lis jt 

: ^ -a- Y 

u^j • cr^* ctf^* ^iHk^ a x ,...,a n EiK (. J** jIjIoI K zd k <j£J 

(X -a„) =X" -^(a,,...,^)^"" 1 +...+(-l)"g.fa g.) (1) 

^(5,.(a 1 ,...,fl n )) = 5.(a 1 ,...,fl (i ) 

^({a 1 ,...,aj) = {a 1 ,...,aj, (2) 



Field Theory jjisJic^jiij ( ilO,«— 2)1) 

X n -s,((p(aX--MaJ)X n - l +... + (-iys n ((p(aX..MaJ) 
=(X -(p{a x ))..{X -(p{a n )) = (X -a x )..(X -a n ) (3) 

: ^^Ic X 5 Ait^-aJi (j jail Cj5LjU-<i3I Si jL^iajj (3) * (1) l>° ci^^j 

s i (a l ,...,a n )=s i (<p(a 1 ),...,<p(a n )) (4) 

: J 5^ (2) (>j 

5 ,. ((p{a, ),..., (p{a n )) = cp{s Mv-^n )) (5) 

. OJjilxa t_ljliaxll ^ii) (5) ' (4) 

: Y-o-Y 

^Li*l! « n t ... t a x <j£5 . aeK c££j < 1 K zd k c£4 

/ ?= (X -«„ ) : J* {(p{a) :<peAut(K;k)} ^ fcfci-S 

AU(K;k) j^Uc ^ <^L. (p "d JJ lil yreAut(K;k) : >41 
: Ola f5 o*j « Aut(K;k) >^»Uc jLi3 <41£ ^o#> uji 

(w)Oi, -,«„}) = (i) 

(^o^)({a 1 ,...,« n }) = ^({«p-,«„})) = K{«n-^„}) (2) 

: J gjjj (2) 4 (1) t> 
y/({a v ...,a n }) = {a x ,...,a n ) 

Aut(K;k) 

Fix(K;Aut(K,k)) = k J f d£U~ ^ ^ (^-<=-y) ^ 

. (I jlU K zd k J 



jjSj Ij^jj 1 g Aut(K ;k) <ji / jU*J a 4 / j 

jjc. y jjl Cixij J JaSa ^Sjjj <uli t (a n 4 ... 4 a x j*-aU*ll .iJ a = 1(a) 

.k[X] J (Jjkai) Vy-ntt 

g(a) = t /=gA (3) oj^^ uVlj 
4 a. =(p(a) jjlj dii^ <peAut(K;k) j^jj z g {1, ...,«} JS1 
a„ 4 ... 4 a, ^UJl oVj • g"(a ) = g(^«)) = ^(a)) = ^0) = 
/ J 4 A g k * uj£ (3) « (g f-iB y) /| g J ^ ^ 

: f-o-Y 

: A^aLSLa ^jJjiSlt . ^^Lci K ZD k cM 

\ jlU K zd k (>) 

. JL^U Jjli 4 ^.jjVi i <ilo K ZD k JiaJl (Y) 

jfef^rj ^ jl^u <Lia sj^si j^La jSa. ja k zd k (r) 

(Y-o-Y) . ^ IjlU ^bliJ (>o-Y-Y) ^ : »(\) 

. JU^iDU !>US j UjjW^idA: lM ^i-l uj^ -KE^li** ^fo" JJ jc 
(Y-r-Y) AjjJajJt j> Ajlfl 4 t ^ziA: JLJI jljU jV : "(r) <= (Y)" 

/ U 1 LS^ t> Jf> J i-Jjlia-allj . / G £ [X ] 

<j£j] j t i-ijmnll <Jjla JJC- j 4 y Jj jc !)Lot£. g ^jfLJ . JU-oiiiU ALIS Sjjjxiijlj 
^ ^jlc. a — 5 (_j jia^aJl JjiaJl ojJjil AjjLuui g (jjfu Ij^jj . g 1 TjL^a ClG K 

. jL^i£U <Lla y tjjSi JUIUj t jL^ij^U ALIS jjS g oi* ^ J^J^ JjIS 

oAi 



Field Theory j>iseJi^o>iij ( iiO|«-«2)i) 



jL-i£*J aLIS &L&\ JS^ K Z)k c& - V) <= ( r )" 

O-j ' it czFix(K;G) Jc G:=Aut(K;k) o* • f ek[X] 

CW(G)<|X : Fix (A" :£]<°° 

G ji cji 

Fx (K;G) = k 3 J^'<*jA\^ jlk*]! j 

: c5 jJoLjj]I *.l jSLjVI f.lVlmlm j 4 K \ k i^f jli-ai Ale. V" (jit jU Jjll (^i ^'ni'H 

Fix(K;G) = k Jp^frji K=k o£i r = 0^ 

fl! _J g J j^aJl a 4 / _J t ji~a ae K \ k i r > 1 U^ 1 J 

j* # 3 £ ' jli ^Ulbj 4 k':=k(a) ^ . k[X\ Jf-^^Jl^ k 
jli^Vl 4> r - 1 1^1 ^1 i f e k \X ] JL-ifiU *Ltiil j jiaJI SjiSl jjjLBll 

G r = Aut(K;k')<^G * k ' = Fix (K ;G ') 

x eFix(K;G)^Fix(K;G') = k(a) &\ uSJ 
: ^ dx^ c ,...,c n _j g j—Uc. ^ (o-o-i) ^ <uli ra=d§(g) ^! 



x =c n _ja" 1 + ... + c 



: ,Jc Jj^j j t (a) = a. j! Jiysu (p i g G i g {l,...,n} 

X rlr r& ( * ) = ^ + - + C ^ 

xeFix (K ;G) 

= <P, ( c n-x)<Pi (O + - + 9, (Oft (a) + % (c„) 

(p : bG =A ut (K ;k ) 



h :=c n _ x X nA +... + c,X +(c -x)eK[X] 
h = d jijj deg(/z ) < n - 1 <jV j . a n i ... i a, Ji^\ ^ i> l*J 

^UlUj . x = c e k £ i>j ' 

Ft* = * 

: g\mmi t-o-r 

lj) I jlU. ijial ijjSj K zd k JisJI j1^>I ' J**" 3 j**^' ^ 
• ^ Jj^ Sj£* di^ K zd k 

A: ^ JL^ifiU <Lli j*-aUc a,,...,a n e K . Ji*. jI^Io! K zd k 

: jliii^c. .isT = k{a x ,...,a n ) Jl 

IjlU Jljlal L ID k (jjij <JjJ3U Z Z) AT ^ j3 JSs. Aa. jJ (Y) 

(Y-n-^)^^ K zd k uj£ : t'iU j4> 

k ^ en —1 tiji^l jj^JI s jiS uj^ i € {l,...,n} J£J 
. jL-*£*] ALlS / =/,../„ € Jfc[AT] Jj^ 1 Sj^S u] JL-Jfill 

/ -J Jjida Jia. oJ#* ^4 L ZD k jla JfcjLij JiL^ L ZD K jl£ I i) j 

t>j 4 IjIU iDi (r-o-Y) o-j . K =k(a i ,...,a n ) jV 
. jL^»i£U JjIS Uiui K ZD k iitfc . Jl.niiSLl <JAa j*a 



I Field Theory j^mII^Iu (tUiai,*-^) 

i -™ . . . 

Finite Fields it i ft T I U J^aall : V t 

OrJ(^) = (CW(^)) [X:/ ' 1 
. 4*11. jjS « :=[^ :P] jli -gl. ^ 4V : >4t 
P" ^ (La Jy * j jji) i^LSio " M ji P cM ^ ^ j& 

Ord(K) = (Ord(P)) n = (Char(K))" 

: t-i-r 

: lip] _J*Jh Aj^iaj ( ^ — ^ ^~ ^ ) 0"°J ' o J^ilf* 4 ill mil Aj^JaiSl 

: gUHu.t r-n-r 

AjjSb a:* 

={0,l,fl,...,a 9-2 } uj^A^ ae^ ^ (Y) 
X q — X e K \x ] jj^i sjisi t>^ k j J£ (r) 

kl^Lm 4jj ja. a ja j tjjSj t 4jLa K jij ' Alia ^ (j) (lua. <j* ) 



oAV 



* a: =a" u{0) (y) 

(^j ~ ^ ^) j-jm ^ (i-u ^ ) j> (r) 

V beK* : 6 ? -'=le A"* 

V b g K* : b" -b =b q - x b-b =\b-h =0 

b (jl (ji 

. JjiJ! ij^Sl jU*J # j^Lic. J ^1 . Jjf* -X € i§T[yST] ^j^t 

£ — > K 

x \->x p 

(Forbenius - Homomorphism of K) 

V x , j; e K :(xy)' = (xj; ) = (x )...(x )(y )...(y ) = x p y p 



(x +>/)" =x p +...+ 



x^V +... + ^ " 



r !(/? -/*)! 



Field Theory j^LxJijvj^&i ( CJUlt ( »...atl) 



fr^ uV) p \ (p - r)\ i p \ r ! Ulj (p\ p) p\p\ 3 ±*X 
jla p jA J^JI u! ^-y^ o*j (p \ P - r <■ P \ r \ <r < p 

jSlj. x p -y" = J t5 *-ai j li* . x" = y p c& 



(x -y) p = x p - 



{ „^ 



jc'-'j; +... + (-l) r 



. j^jjj p ji p = 2 tjij : (^ji ai& p 

: CM p = 2 I j» 

(x -y) p =x" +y p =x p -y p 

: Uj.i1 tjjSj lilliSa tpja hie p Ijlj 

-y) p = x p - y p 

x -y = ' (x -y Y = J l-sb 43a gSL J ^ 

SAxjll ^Jj jA O^JJ* ^jaSjj-jxjA p Jji ASc. <J£1 (Y) 



: ( -M tf» 

Igjaiij Aj$ila Acj-aaux (j^ (^'j^ -^'j) cS- 2 ^ f^'j ^-^'j (^) 

jjjoiujja ^ jjSjjAj* jA (jj^Jj V 1 ^' fjJaljj (jj^J '^-Jj (U*J* ' 5L»Li) ' J-a^t LuJ j 

: (jjii ( (r) r-n-Y) t>* •' « aii« J*. (^) 



v * G %z :x ' = * 



z/ _>z/ 

: ^ Oai n-n-Y 

(La js t XoLi) T j*l£ Aj ^UJ! 
. p > >*JI Ai is: o^J : w» 

aL15/^X p -«e^X] ^1 ij£S a e AT JS1 Oj^ Ails * L.U A" jlS lil 
L z> K i (Uj,„nll) J^kiil JjIS jjfc / _J 5L.lc g g K \X ] 0$*! . Jl^i£U 

<ji t 1 t jLlo 6 (jli jilic . g- 1 ji^a b G L i Aljtin'l (Jla. 

ali JL-i£*l aLIS ftfi j. g=(X -b) n a& ^4 n e {1,...,/?} ^ <u] 

i$\ . b E K i « = 1 jli 4 Z (^a A Kj . ni jli-ai Jai3 UJ JjSj (_jau g 

— ^jja jjxjxja (ji t b p =a b & K as K JSS Aji 

. (Ll3ji l vL«Li) f^J-alfi. (jj^J A] (J"j''J'JJ* 



Field Theory jj^ic^&i 



J&ij . ((v-i-y) JiA) f(X) = g(X p ) gzK[X] ^ji 

. ^ a ,...,a n eK UjJ ^ 

i)*3-b*'=a i jjjSj duaj 6 ( . € ia.jj Z € {0,...,«} <J^3 Ajli (j^jal! t>j 

/(X)=/3 p +^X"+... + ^(X"r 

Jtilbj . jLui.1 £-« (jiaSlij I OA j : (JjU'H) LjinnW ALli jjfc JjSj (jl f <ji 

. uuis: 

: gU&ml v-n-t 

"Lalj jjjSj «Gia (Jla. (JS 

(1-1-Y) 4 (o-T-Y) <> S^iLw ^ijj : L ' jA yti 

: kt & A-n-T 
: n E N \ {0} JO, 4 /> J J ^ J£l 

I p "-l6(^ z )[I] .^Sj^ALSJL. KZD Y pZ CP®. 0) 

X p " -X e P[X ] Jj^ll Sj££ Jta jjl. 



cpj&j J£ (r) 

(^a/ :=X P -X jj^Jl SjjjS jti^l j^a^ J ^ Vj u* (^) 

. \/ae(^/^^f :f (a)=a p " -a=a-a=0 : / jj^aJl Sjj2S 

: ^ic Jjuoaj UjU y J (jj^ij-^ b i a (jlS I i] 

(a±fc) P " = a'" ±Z>"" = a±fc, 

b b p b 

q\ (j\ if Jja^I s jjj£3 jli-a! (jSlil — <■ a . b <■ a±b jl <jl 

o 

<ji j^ajc JS jli wdljS t ^ ^"^/pZ ^ ^ ^ uj^ (if" 
JUL, t ((*-£-Y) jy)^ J iSs V jjl, /(iliflff)^ jVj 

• / ?=yf ? '' -X J jA=Jl Sjj5S jli*J Uj.nlU I ^ /?" (> iS9 K &lfl 

f5t>j' ag^* ( «^a p "=a dP p" -I <tJ t> s ^ Jll jV (Y) 



oHY 



Field Theory JjasJICXj^ ( *iJO^«2Jl) 



. sift JjAaJI 6 JJo£ (j J< im'i (JiiLa. jA „AT 3 P (_jVa (jja j . jja.*.*tt JSa, 

Oj^ a: -5 JjVl JLJI P d ^ 1 Char (K ) = p = Char (K ') 
(Y) ,> . AT ' _J JjVl P ' ^Liu- 

i_iL*v qj^j — jja. ji! JiaJJ jULa Uji tajc. p 4 tj*jJa hoc n & 
(Galois field of p " elements) 

: h & \ .-i-r 

i> p " t> uj^J J**- • Mj' 1 P ' b'J.'k W ^ 

: P JjVl AiS^j 4 j^liJI 

I jlU jl^l jA AT Z> P JiaJ jIjs-i (^) 
^ (JjlkiS ^1) AT oUjJjj^jjji Sj-j jIjj AT — J ouiujja ^ jja J>0 j-_jA (Y) 

((r-w) a: idP —iijiusj-j 

: <'iU nil 

I'"-Ie P[X ] jj^JI SjJS J tff **SL D(X p " -AT ) = -1 * 0) 
. SjiSU. *U^YI (r-o-Y) 4 (A-n-Y) j> gu* 4 jL^i£U aLIS 
: Jc (r-WY) <>_, 4 (i-Y-Y)l jiLJ JLJL-ty ^jliill j> J^J (Y) 

Ord(Aut(K)) = Ord(Aut(K;P)) = [K:P] = n 
r-)-y t-Y-Y 

(Pjej^pj K=P") 



a p i ... t a p i a j^U*ll J ^ u' ts^i ' * 5^ <T '(a) =a / ' 

lijj] tjjSj _/ < Z l Z,y =G {0,...,n— 1} </ =d? t> • t^jla jjjl* 

. Od(a)=p n -l oS- ji* ' 0<//(p H -l)<y-l</7"-l ^^'^l 

t « _J ^IS / tlua. Fix (K;[c' ]) (J*»JI < ^ u^jj^ f jjs 

. £ 0- Lu> ^u^i'eN\ {0} 

. J ill ! (jx ' 

jxjS) SjjiUa AjLUl^ .-1-Y) (jxj <>0^ 'SJjiaj Y-\ ^^)t> : >4> 

. Allt(K) i> SJJa. jJl <JJ j-jB <^A !SN \ {0} « « — S fu-ilS / dip. » [(T' ] 

. Kf ) : [& j] = j * CW([<y ]) =- * 

= [Aut(K):Aut(K;P)] (r-\-y 0-) 

Ol^ib i> =Fix(K;[a i ]) iaL 

. axilla ^Sjj 1 — t>*J 



Field Theory J>u<Jl^>£j (■"•"*" p 



Z 7 ^JL^UALli X 3 +5 jjiJlSj^S (^) 
AwjiVi Aj^ioll J jtoJ! tibial <_£ (X) 
UnU jjlj jL^i£*] <Jjli J£ (V) 

Jjii. SjJJ^l ljji>ij (JLa. 4jla (^Jtlila .il-SLal (JS 

jL^i£U Jiij t ^ s J a Jli-I Q(Vl9)z>Q (o) 

JL^U JjISj Q(V2l)3Q (*\) 

Jl^i£U 4Lla ^ J o^jV JJ=ull Alia jj^ ij& J\ (V) 
. L. JS^ / ^ Sj^Sl /= jli £>(/") = »jj ( A ) 
. AiLLk AjSUIj . A^.n (1) , (o) , (£) « (^) jjjISUI : JaJ) 

Q(0=>Q (!) 
Q(V=5)^Q (Y) 

{5 7 } jjM ^^Alij* a ^ Q(a)z>Q (r) 
(r)^u£Lc a ^ Q(V5,flf)=) Q(or) (£) 

R(>f7)DR (°) 
. 4j»nU (o) » (*) « (Y) ^bl^LoVI : 
. tjujiVi (jjaJ j$i JUIUj t Ljjia. (Jill ) jIjIoVI 

,J jM jA jL> l^J X 7 - 5 J >iaJl ij& : (r) jjjSill J] 

I 

. <M jjjc j Q(a) J* i#jSl X - a J-UJi i«i J {5 7 } jjM 



Aut(C;R) : r Jili 
: O^i^i asAut(C) i aeAut (C;R) 

Vre E:a(r) = r 

: jli iiijc. . z = dua. or(i ) = j jVl j 

j 2 =Q(if = aii 2 ) = ci-\)=-\ (reR ^la{r) = r 

■ j = ~i J j = i £ t>J 
: UpS x ,y e M u^ 1 j 

or(.x +iy) = a(x ) + or(7 )a(y )=x + jy {a m*-^) 

QTj : C — > C,x + zy h- > x + iy , 
a 2 : C — > C,x + zj/ h-> jc - zy 

a 2 j 

a 2 ((x + iy) + (u + iv )) = a 2 (x +u +i(y +v)) = x +u — i (y +v ) 

= x — iy +u — iv 
-a 2 {x +iy) + a 2 (u + iv ) 

a 2 ((x + iy )(u + iv )) = a 2 (xu - yv +i(xv + yu )) 

= xu —yv —i (xv + yu) 
= (x - iy )(u - iv ) 
= a 2 (x + iy )a 2 (u + iv ) 

: ^ . f jjijj-^ji a 2 J J 

a 2 {x + Oz') = x -Oz =x 



Field Theory j^Jljo^tij ( iUU)l|»--2M) 



a 2 G Aut(C;R) J J 
Aut(C;W) = Z 2 J* £ t>j • oc\ = «i J 

(2 ^Jij$ Cy* "Su^ 

: t Jilt 

£^<GaI.(f;Q) f :=X 4 -AX 2 -5e Q[X ] c& 
J>JI o^j • Q ^ ^ ' Gal.(f;Q):=Aut(K;Q) 

Gal. if ,Q) t> ^>Jl j-jll SjiiUJ 

: Jail 

/ :=X 4 -4X 2 -5 = (X 2 +l)(X 2 -5) = 
jl^ial jjSjj J = -V? 4 y = y/5 <■ j8 = -i <. a = i f jLlJ J\ J\ 

<*jJ cjj^j • K =Q0',V5) ^ K z>Q : ja t.i^i.^ott js=Jl 
t s^jll r lj j* / viua. <■ T i S i R i I ^ Aut(K;Q) ^ >^ 
jB ^ij . ^ jSUi c 3U*-yl r = (ap)(yS) lS = * i? = (ajff) 
ju»j ,4w£(X;(Q)) ^ u\ Aut{K;<Q) ^ »ja jli 

Ga/.(/-;Q):=^^(^;Q) = {/,7?,5,r} 

■■ ^ Gal .(f ;Q) <y> ^ j- j» uj^j 

{/},{/,!?},{/ ,5},{/,r} 

: ^^A s jJalioll AjjIjJI (JjlaJl (jjSS j 

^ =Q0',V5),Q(V5),Q(O,Q0-V5) 

JjiaJl i I jJLa. o^ya j <}ixi]l AjJ_)aJl (j^ i^Laj jJaljj .1^. jj 4jl 

(SjtUJ 



Aut(K) ^ j^ic ja Aut(K;k) ^ J£ 

s^jll ^1 j ja Aut(K;K) (^i J£ (Y) 
^jib ,4w*(X;£) (r) 

>V» u-jiu. L^i. JS(£-Y-r) ^ Fix (A"; ) « Aut(K; )Ju^J (o) 

K=k jli ,4wf(X;A:) = {l} ul£ lij (V) 
Aut(K;k) = {\] J* K=k rf& Ijj (A) 
OrJ(^(X);^) = l (1) 

! 1 d I ^jx (J^jluI Ijll^. ^oj <— *J^>»J * ) 

^U! . (A) t (o) t (i) < (Y) , (^) jjjI&I : JaJI 

: AJVI K ZDk obl^U Aut{K;k) ^jl : 1 Jll> 

^uf(Q(V2);Q) (i) 

Aut{Q(-j2,j3);Q) 

(l):Jafl 

((p{Jl)) 2 := (p{4l)(p{42) = ^)(V2V2) = ^(2) = 2 
=> ^(V2) = +V2 
p,(x) = x Vx g Q, 

o^A 



Field Theory J 3 23 t ]\^ J &j (CJWp^M) 



^,(V2) = V2 , =><p x =l; 
<p 2 (x ) = x VjcgQ, • 

^(<Q(V2);Q) J J 

(^ 2 (V2)) 2 =(-V2) 2 =2, 
^ 2 (x ) = x Vx e Q 

^ 2 1*1 *ij3b ^«f(Q(V2);Q) ojSi ^Wj • ^ = 1 J ^ 

.Z 2 JSLifi 

M 

(piljl)) 5 := (p(!/l ) 5 =(p(7) = 7 

= * Vx e Q uV j 

^ «f ((Q, or); Q) = {1} s j- jB uj^j 

(^V2)) 2 := <p(yl2)<p(yl2) = q^Jlf = #2) = 2=> y(2) = ±4l 
(^V3)) 2 =^(V3)^V3) = ^V3) 2 =^3) = 3=>&&) = ±j3 

0<H 



(^,(>/2) = V2^ 1 (V3) = V3,^(x) = x VxgQ), 
#> 2 : ^ 2 (V2) = -yl2,<p 2 {-Jl) = S,<p 2 (x ) = x Vx g Q, 
^ 3 : ^ 3 (V2) = V2,^ 3 (V3) = -43,<p 3 (x ) = x Vx g Q, 
p 4 : ^ 4 (V2) = -yli^iS) = -y/3,(p 4 (x ) = x VxgQ, 

UJ^J 

Aut(Q(-j2,^);Q) = Z 2 xZ 2 

. Q Ji^l > Q(V2,V3) J^l £1 jil! u-U {\ t Jl,S,j2S} J ±*V 
Fix (K ; ) . Aut{K; )o^l Jj^U! 1 Jlk jL^L : V Jll, 

((o-\-Y) ^i) | jiu. 4bl.iL.VI (-^-) t ( I ) o^^l : JaJI 

((r-Y-Y) jtil) IjIU jbia! ^ jl^Vli (m) ^1 ^ 

. jlij£ ^UJ jlli ( M ) AjLJ U (£-Y-\) ^l^VI I jlU 
X 4 + 3 +X 2 +X + 1 G Q[X ] JjJaJl J t> : A Jll> 

Uj.i1 : flU 

A" 5 -1 

/ :=X 4 +X 3 +X 2 +X +1 = - -,X *1 

X -1 

1 . . 



Field Theory jjisJijo^u (dJlltljwdX) 



: Jiua\ ojfrj 



<Jib (jjLij Jia- <_si e 5 t e 5 i e 5 <• e 

. jL-ai£U ALUs is 4& (_^^Wj • ^K'" 1 .' (5^ ' AiJlL* l$K j t C 

. Ajjjb K. <ji • fjuflir. 1 1 (j* ^ ' Tjg'''* iLSak K 

2 csjS jVij A"=GF(11) : (-M >4 

2,4,8,5,10,9,7,3,6,1 

1 1 jA (JiiaJt j^*- (j^ jtjJal jJ\ (j<i Aj] f^y* 

. K* — S ^Jj- 2 J tii 

: AjLU. <uL^. AiSVI jijUSlI iliilS U bj ^ : \ > Jll> 
t ji .Vnv 124 (j< UJ^J (J^ -^J^ ) 

tj. ^'i<- 124 t>« ' AjJ^jJall Ajj-aj t AiLa (JSa. -la.JJ (Y) 

fji nir. 125 t>> AlLa Jla. (V) 

3 GF{\9) <Ja=JI A^j^l Sj*jB (1) 

<l£Lila f^it 121 Oli JjiaJl J£ (o) 

GF(49) ^ JSLSL ^> Ji* ^js^ GF(2401) (l) 

^ jjSj^ajjjj AjLUjj Alia (Jia. (j<a ^ jj3jj-a_ajj<a ^1 ^V) 
Ajjjb (jj^J Aiiia (JSaJ A j* q-nII a^a_)3l (A^ 
AjjjIj <jLa. (_jV <vjjJo\\ oj-ajll 
lA j>oli»\ ^>j£l jA o_j-o_^' <_>"' *) 

( La jj^alic <-_Ujl jiu-aVl (ilju* nil ( a&\ >>inll AjL %ja jll (jJ 

: JaJj 

/>" = 124 (JjSj linaj « ^yS^a p XiC ^ jjV AjSf ^JaU. ) 

125 = 5 3 o-LjfcjU JLJ! : (r) . (Y) 



A (V) 4 (1) 4 (e) 
4il>U jjjsj : •) t (<\) c (A) 
: ^ ^ JUu 

: GF(5 2 ) J GF(25) JSaJl jid 
: ^ Z 5 ^jjmt a <A\aui1\ a n\\ si jl (jjSj 4 2 + "\/2 

. 2 + 4V2 * 3 + 3V2 , 4a/2 t 1 + W2 « 2 + V2 

4 4+3V2 4 1 + V2 4 3>/2 4 2 + 3V2 4 4+2V2 4 2 

4 3 + V2 4 2 + 2>/2 4 V2 4 4 + V2 4 3+4V2 4 4 

4 1 + 2V2 4 4+4V2 4 2V2 4 3+2V2 4 1 + 3V2 4 3 

. 1 

l*K GF(25) j^hc . GF(25) _S Sj- jH ^ 2 + V2 f5 i>j 

((a-i-y) 4 (r-i-r) X 25 -X e (GF(25))[X] ^1 sjisi jlJ 

: ^ Y Jl> 

4 83521 4 65537 4 65536 4 312 4 24 4 17 4 6 4 5 4 4 4 3 4 2 4 1 

103823 4 2 216091 -1 
: 

m 4 Jji aic. ^> dip. n = p m lil j^UsJl n Cy * kil^-j JiaJl 

103823 4 83521(= 17 4 ) 4 65537 4 65536( = 2 16 ) 4 17 4 5 4 4 4 3 4 2 

2216091 _ J 
1.Y 



( Field Theory j±ixi\^jlaj ( ti)tt)t,«— 2)t) 

[GF(64):GF(8)] . [GF(729) : GF(9)] : \r Jli, 

: sM 

[GF(729) : GF(9)] = [GF(3 6 ) : GF(3 2 )] 

[GF(3 6 ) : GF(3)] = [GF(3 6 ) : GF(3 2 )].[GF(3 2 ) : GF(3)] 

=> 6 = [GF(3 6 ):GF(3 2 )].2 

=> [GF(729) :GF(9)] = [GF(3 6 ) :GF(3 2 )] = 3. 

[GF(64) : GF(8)] = [GF(2 6 ) : GF(2 3 )] 

[GF(2 6 ) : GF(2)] = [GF(2 6 ) : GF(2 3 )][GF(2 3 ) : GF(2)] 

=> 6 = [GF(2 6 ):GF(2 3 )].3 

=> [GF(64) : GF(8)] = [GF(2 6 ) : GF(2 3 )] = 2 

GF(p") <j-o ^jr*- Jj* 3 - ^-jN l^* . jjuoliaJI Cy^p 1 " t>° UJ^¥J 

^" -1 = (/T -1)0?""" + ^"" 2m +... + /7 m +1), 

-Y) (>j • X ( X " _1 > j* X{X P _J ji^ JS jli JfclL, 

^j^. jli cdljS, * GF (P m ) ^ X(X P '-1) jlL j ^ ^ A _^ 

n.r 



. n f.ui?i m d^ta La GF(p ) ^ ^ja. JSa. jA 
^ f j> L*J JjSj X p " -X Jj^JlSjiS /7 W ^Jl 

^Ukli ^ (r-Y-Y) o^aLb ^iUU . GF(p") 

£_a JSLil) .F (jli jjJUC. . GF(p") (>» tjjja. !>ULa. F <jSLll j 

: UjjI jjljj 4 m <>a»j5 GF(p m ) 

n = [GF(p n ): GF(p)] 
= [GF{p n ):GF{p m )][GF{p m ):GF{p)} 
= [GF{ P "):GF{p m )\m 

F* _! hl>. or u^j ' f 729 i> Uj£* ^ I il : Jtli 

Ajj>JI J jtaJl o^jli (F _! AjJj*i» S>. jll) 

GF(729) c GF(27) * GF(9) 4 GF(3) 

: JsJl 

GF(3) = {0}u[^ 64 ] = {0,1,2} 
GF(9) = {0}u[cr"] 
GF(27) = {0}u[« 28 ] 
GF(729) = {0}u[«r] 



Field Theory J^^tjoj&i (ilO^-JUt) 



GF(2 24 ) o- ^J^ 1 Jj^ 1 ^ ^ i*^ 1 r 1 ^ c^j ■' n ^ 

: ^ GF(2 24 ) <>*J*ill ^J^ 1 ci^JI : JaJl 

. GF(2 12 ) < GF(2 8 ) « GF(2 6 ) < GF(2 4 ) « GF(2 3 ) « (FC2 2 ) * GF(2) 

((n-i-Y) jiai) 



GF(2 8 ) GF(2 24 ) 




GF(2 4 ) GF(2 12 ) 




GF(2 2 ) GF{ ?) 




GF(2) 



GF(16) t> <?3>il JjS=Jl ^jl : W JH» 

: Ja» 

GF(16)= {aX 3 +Z>X 2 +cX + </ +[X 4 +X +l]\a,b,c,d e Z 2 ] 

((Y) ^ tjjjLu (£) ^jjj^j) 

X 4 +X +1 = 0=>X 7 = -X -1 



= X+1 (1) 



=>X =X 2 +X (2) 



X 10 =(X 2 +X) 2 =X 4 + 2X 3 +X 



= X + 1 + + X 



= X 2 +X+l (3) 

jj^l ^jaJl JLJI ^JliS . {0,1} 

4j-aj3l (jx ^JJJ^ ^_>^ *->°j UJ^ ^ Ajjti <n\l JJC. Aj^jII jj^alitll jjl 

. (AjjjIj (jj^ "SU^ &J-0 6* '^j^ 1 • (GF(16))* <ujjI.jSI 



« (X 3 ji) X 3 +[X 4 +X +1] ^ ^ (U-U-)) o-j 



tjjoujaJl (jjj jll ijl^jll jA\ L»a t (X 5 J) X 5 +[X 4 +X+1] 
. (15-J "ctf*iUll j^" oIa^jI! jU«lill Ua 5 « 3 eft) (GF (16))* <> j^Ul 



^cijj X 5 Loiu t ((7/^(16)) (jx 4 j i A ir. A.uu i a. tlili Ajjja«. »J-»j X 3 

A*jJ lj> t£ja> aito. gj£ cgi t (GF(16))* t> j—Uc. Ajij^ 

: jA j. ^i l ir . 4juj7I jj t^j^l JiaJl UJ^LJ G.F(16) t>> jj^Uc. 



{0,1,X 5 ,X 10 } = {0,1,X 2 +X ,X 2 +X + 1} 

. X 7 " = 1 J X 7 = 1 X 7 * T (3^1 



Field Theory j^iaJli^lii (tUUHn.^tl) 



J is\ * X z +X + 1 = 1 ^f 3 0-J ' ^ +^ +1 Ual (3) o-j 

. <>sus : 1 = u& (2) o-j « X 2 +X = 



OjSj X ]0 =X 2 +X+l j U. Lb^la . VJjjr 10 *! 



J tf' X=0 ji Jf 5 =0 oj^ (2) t>j X 2 +X=0 

. u^Sls : X e[X 4 +X +1] 
( Z 3 [X]/ 3 + ^ + )• ajJ\^\ Sj- jB i r J oi^^: ^ JO. 

: ljU ^1 

F:=Z3[ ^ 3 +2X+l] = { ^ 2+ ^ +C+[X3+2X+1]|fl ' Z, ' CGZ 3} 



jlAja.jH jjLaijjlsSI LaA 13 ' 2 (j) tlua. ■ X li ^ \ i X 2 9^ 1 ''nnm j 

. F* _i (jj^ ^ ' 26 — S o^^ 1 



: oli f5 t>j • X *+2X +1 = UjjI .X 3 =X ui^^ 2 =l 



(Z 3 ^ 3 = 0) 1 = jUJUL, .3X +1 = 



: jli X 3 =X +2 J ^kX 3 +2X +1 = uVlj 



X 12 =(X +2) 4 =X 4 +4X 3 .2 + 6X 2 .4 + 4X.8 + 16 



= X 4 + 2X 3 + 2X +1 



= X 4 +X 3 (Z 3 +2X+1 = oV) 



X 3 (X +1) 



= (X +2)(X + 1)=X 2 +3X + 2=X 2 + 2 



1 . V 



X 13 = X 3 +2X =-1 = 2*1 

.Z 2 [X] ^ jjk^ *uai ^nai a^si 6- ^ - 0J £s / jsa = m 

o\k ij^jfr . /= (X- a) g jjSja U ^ . / _i f jL^, a jlS li) : ljU ^11 
^ ojljj U^ui oa Z 2 (a) tjLas /oslS lit . [Z 2 (fl) : Z 2 ] = 3 

. jtil) . 8 tf! 2 3 ja Z 2 (a) j-te 

. Z 2 (fl) -J U jIjU ^ g _J IjL-a Z> <• idliS j*Vl Cfi ^ li ) 

ujSj I^j (! Mi» g) [Z 2 (a,Z>) : Z 2 (a)] = 2 (jli 

[Z 2 (fl,fe):Z 2 ] = [Z 2 (fl,6):Z 2 (a)][Z 2 (a):Z 2 ] = 2.3 = 6 

64 2 6 j* Z 2 (a,b) q& J^hj 

X 8 — X lUIjc i-ij>.in11 Jjli jjc (J*UJ jjSI (ji' (j*jj : Y < JH4 

.3 ^ Z 2 Jc. 

• ((A-1-Y) X s -X ojLJu JiLv jA GF(8) J Vji Ji^V : nU yfl 

: 0^ ^ 

(? ljUl) mjULJI^j [GF(8):GF(2)(=Z 2 )] = 3 

( Z 3 [X ])/ ^ ^ ^ . s ^ o4 Xjj^C^Ji : Y ^ J&. 

F ^ Z3[X ^ 3 +2Z+2] = { ^ 2+ ^ X+c+[X3+ ^ +2]|a '^' ceZ 3 } 
. 26 y» F* >^Uc ju& cjli ^ o*j • Yv L?' 3 3 = F _>^»Uc. jjc. (jjSjj 

1.A 



Field Theory j^isJic^jiij 



(Z 3 [X ] J Ul*J) X 3 =X + 1 J c*-^ X 3 +2X +2 = : uVlj 

: liijji . X 4 =X 2 +X (1) : tji (^ojSj li* j 

X 12 =(X +1) 4 = X 4 + 4X 3 +6X 2 +4X +1 

= X 4 +X 3 +X +1 
=X 3 +X 2 +2X +1 



0) 

2 



= X+1 + X 2 + 2X+1 (X 3 =X+1 oV) 

= X 2 +2 

z^X 13 = X 3 +2> =1 (X 3 +2>+2 = <#) 

. .F 1 Soij-a uj^jV ' 13 ^Jfij F £y> Ajj j^. » _>»j ^3 jj X J ci' 

: Yfjllt 

Ac J ^ o& jj . 7L p f :=X p -X — i tJjLij E c£4 

. i i j ■ j ^^jiallj £-taJI dlaJ 4ali-a ii ^ f jlL-al 

X P"+yP"= X+ y (*) 

r^J^j' (x +y) p " =X P " +y p " (* , ):(>.-^-^) ts iAjll. ( >J 

Z = X *hi*-ii oiJ^ y ' x rf£ ^. ^ J 

X p "-X=0 *H~H ji^ x+y ula 
. ijj ji^, x+y a]* X p " -X ou^-a J ' * u 1 ^ ^! tij^ » 



1.1 



jac p J p = 2 ijjlS ^Ijjuj) (*') 4 (*) ^ tj* V-ii -3; ^ajJj 

(x -y) p " =x -y 

X p " -X aJIjU >^ L-J x -y J J 

(j X P —X Ail All cHjij-a _y 4 X ij ^ 

X 

. aJ).iI1 <_>>iil — Ail (j\ 

y 

: jjli till i£ 

. aIIaII (_>asjl jLk-a xy (jl <_ji 
: AiLU. <iiL-a Ajftl jijlSill U lit ^ : Yf 

^Lo ^ *jj3j Sj-j uj£ C ^ X 28 -l G Q[X] jli—l ) 

tj. <n'\c 60 t>a <— ilt-u Aii* Askjj (Y) 
t j. -VlR 36 <>« <—ii\jJ Aiix <JIa. A>jJ (V) 

primitive n root sa^jll ^ji ji> as) <JL* ^ etr _>~ai*J JUL : Uy^«j) 

(0<m<n -Jcf^l 4«"=1 u^^! (ofunity 

^2^] LS* 58 Aj>.jJ (> (Jjiaall) Uu«f\\\ aIAI jjd J jA*. » Aa. jj (o) 
i_l jj^all 4jL& £x Q Ajjjb sj-sj Q CS* AjjS»^i\l j;S& jj-aLUll (l) 



Field Theory j^iseit^jki ( >^luii (ttM ati ) 

J\ F ^Ji ( J^Uiu) f Jya jj« jjyi a\3 < t^lla ^ F ^] ( V ) 

. F -J U jJjj-jjjl tjjlj F -J F 

. jiJffl Jh . (V) « (O) , (£) t ; JaJ| 

^ s^jll (primitive 8 th roots) A^Lill ^uioJi jji?J> nc. ( i ) 

GF(9) 

(primitive 18 th roots) ajj^c ^Lull ajjI^II jjiaJt ^ .^jl 

GF(19) ^ 

ft^jll (primitive 15 th roots) (j*»aJI jjiaJI ^ (^?.) 

GF(31) ^ 

^ B^.jU (primitive 10 roots) 4j>JuJI jj^ 1 ( J ) 

GF(23) 

^ JjljSl t-Axua. jVhaW . 8 jA (GF(9))* j~a\l*\\ AiC ( i ) 

(GF(9))* J J«tf) • (GF(9))* t^Uj- ^ jUJ ja SjJIU. JjU! JlSJ 

jA CjIo1_j^J1 J^C (jj<L) j-a jll 4jjlaj ^ (^-^-^jjxjj .(V-1~Y) Ajjjb 
JJlJ! ^IjJLj . jJl jA r t ft —i fhr-Vt jiji.Uti fjoAUl (jjSj iluaj V" JJc 

. 4 J* u jUaJI 

^11 jji ( i ) ^ US UUij . 18 ja (GF(19))* <J j^h^ jjc ( M ) 
"1" jA r i n S jJioVl tdjlu-a]) j^lill jjSj ' * >j-> j V" jjc. j& <_ijlIx<Jl 

. 6 jA i_ljiia-al) JJ1*]I ^lUbj 
J jVI ^jJc OiJ^ <_r* (A£) (jjjxjll ^1 £ <-ia <-,l\W\) Ua ( =>.) 

in 



V> ij-j a* . 30 <> uJbj ^jli (GF(3 1))* JUj* a u^J 

i x —1 ^ >LJI f-Ull J : jl£ lj) 15 U j^Lic jjc. (GF (31))* t> 

x = 2,4, 8, 14, 16,22,26,28 o& JUlbj .d=2 J J <- = 15u^j30 

(GF (23))* i> ^> j-jl TjIj* ^ <** ^ j# JULj • - = — = 10 

d d 

. 10 Uj>^l\'lC. JOC 

<1jI*^3I jli t a £ 0(mod /? ) tlya. i agZ _J <d ^ (i) 
. a 2 = l(mod/>) o 1 ^ lit Jt»S9j ^) 2" ^t^^x 2 ^ a(mod /?) 

JjU'.W 20jli jjc X 2 - 6 Jj^li SjiS U I jj Aij^ud ( i ) » jaJl (h laaJ 

Z 17 [JT] ^ 
(i) 

x 2 = a(mod J p)=>3ne Z:a-x 2 -np 

=> a 2 = (x 2 — np) 2 

, p - 1 7 — -i 

= i H (mod^) 

1H 



+ 



^ -i 



Field Theory J>ue)ic^.>£j (£Oft~2)t) 



cJ^L lift j h =l(modp) uAjj x'"'eZ jli xeZ ciilS ij) 
^uij Sj-jll jc / " 1 = l(mod p):x g Z* p Linl Z p ^ 

(a = O(mod^) JS V)j x * J J^V) 

.xgZ J =l(mod/?) rf& a 2 sl(modp) C^ v 4 u&&ij 

x 2 = 6(modl7) ibu-ll J cii Z 17 [X ] J JJ^tfl <Ui X 2 - 6 (m) 
jlS iij Z ^ * 2 = 6(modl7) ( i ) o- : Z ^ 

17-1 

lil i^ij ^ ls' ' 6 2 = l(modl7) !i ! -^j 

6 8 -l = 17A:,A: e Z 

6 8 -l = (6 4 +l)(6 2 + l)(6 2 -l) 
= (1297)(37)(35) 

(1297)(37)(35) = 17 A" 

. Z 17 [X ] ^ Ji^ UlS X 2 -6 o^! 
X p " -X jjjaJi s jis • j*" 11 ^ ^ : n 



' ^ / lUIj^ 6- J-** X -a :=X p "- x -\ 

-J— = g =x p "- 2 + erX """ 3 + « 2 X """ 4 + ... + a p "- 3 X + a""- 1 
X -a 

: jA ^ tjjSj t JjiaJl t> />"-l c>g o_£" 

a p "~ l 1 



or or 



(f(a) = = a p - l -l dl) 

: <jla lj£A j 

g(flf) = (^--l)I = -I 

a a 

a! ^ f -1 .Wj ji^i or 4 g (a) *0 uii Jk&jj . p <. Ji>. J* LuV 

• 1 JjSSlI 

jjc. jj^Jl ajjiS o^iil ojjL- 3 P i. a (}S. lj) (conjugate over F) F 
Aial jUl jJl 3la&Vl »j£a a^r-i ^1 Jill ^j^i* ^LkL Ja : YV tfll» 

lili . M. iJiC- (p&\ jla Lajjl tjjSaljla CB&j* aMixi ^jixj US lit 4 : JaJl 

4 a,b e R ul£ 



1U 



Field Theory j^bsilSoj&i ( tUUll^«2]l) 



^X 2 -7aK+d+b 2 ^j^\ sj^l JjL^ Ua a-ib <.a+ib cAA>^ o\x*l\ib&0 
4. v iV,oll) Jj^l SjjfiS JiuJ . Q(>/2) => Q Ji=Jl Jl^-I j^l : *A J&> 

, >/2 ' -V2 . V2 u J 2 -2 (Q J* W.ti ILiai 

y/ : Q(V2) -> Q(V2) 
a+b \-> a-b 

. Q(V2) Q(V2) 

: LyJ a, 6 e Q 5^ : iM 

^(a+Z>V2) = a-&V2 

bl JaSaj <jl£ b) liA £ 4>j « a+bs/2 = a -by/2 UjjI jjSj JUL, 

. Q > viulMI JiaJ J 45! .6 = 0^ 

• /? CC JJ £■ —J f J t-ub i?.JJ OC, ft E: E £J-*?J ( I ) 

<>^(#)i> f Jyajj- jjji t*3b ^ t F cjie ayj^i a,fi-l (m) 

■F{(3) F{a) 



. (joblj E ^n-oljf. Qjji<Vio JaVl ^ylc <J\ju E <_&=>•■ (J^ j» ( j ) 

. AjjUjfijK^.tf-. (jx UjI^J V t-i^C- ^JJJ ji*-a » j^^-a El^s- (J^ ?j£jj*jr*j\ (-1^ ( j ) 

.is Lu ja. 

Aut(K;E)czAut(K;F) ojk F cz.E <zK J J LJi( ti ) 
. 3^,,, jjjliiH JL . (^) . {J) t ( i ) : JsJl 

: SUu*ll J jiajl ^ AiiVl Jl JftVl *isl JJ-JI jI JcVl ^ J^jl : T\ J&i 

R > V2 (m) Q ^ a/2 (i) 

Q V2-V3 (j) 3 + V2 (-^) 

K J^^ + i (j) Q ^ y/l+i (_*) 

Q(V2) > Vl + V2 ( c ) Q > Vl + V2 ( j) 

tialji* >/2 uj^J (^) ^- a ^ c ' oij^ cs^ (^) diJ^ 3 ( i ) : 

X = V2^X 2 =2=>X 2 -2 = 

. M. Ls ic. laSa <jjoij (3al jjj 
<j_»£j £ j£i (jjLJl (Y^) cy^^ iVuhL tilSj£ ( — a.) 

. Q Jc 3-V2 

in 



Field Theory j 3 2xi\^^i ( CJti)l^--2Jl) 



: ( i ) e^?- L»£ i i—ijlUrtll el.iV (_g j* «jjj£ ^I.^Viinl (j^-ajj 

X=3 + V2^>X-3 = V2=^>X 2 -6X4-7 = 

2 

. Q ^ 3-V2 

: ASal JLil! ii&Vl ^A? -A^jtf ^J) jU^I (Y ^ ) Jjj-j ^V»»in 
—J2 — -\/3 £-aj V2 + V3 j Ajoij £-a (jja! jjj V2 — V3 ( J ) 

• Q J* -V2 + V3 

. Q ^Je - V2 - / t V2 - i 4 -V2 + l j-cj Ajuij (jal jjj V2 + / (— a) 
.RJcy/l-i &\Ju 42 + i (j) 

-Vl-V2 « -Vl + V2 * Vl-V2 ^ ^ ^1 jjj Vl + V2 ( j ) 

• Q > 

. Q(V2) -Jc -V1 + V2 ^j^^^Ijjj Vl + >/2 ( c ) 

. AjllSijl j <eULa j 4jU£*j\ jalSj Aifclc jjI! Aailt J : ^Ja yalo 

L£ 4 cjUjja jj-jjjVi jjjcIj . Q(V2,V3,V5) JiaJ jjjcI : JH> 

: AjI] jLLJI (Y ^ ) ujj-oj <_ji Cj*U. 

: (Q(V3, V?))(V2) -> (Q(V3, V5))(-V2) 
: (Q(V2, V5))(V3) -4 (Q(V2, V5))(->/3) 
Vfs.S ' (0(>/2,>/3))(>/5) -> (Q(V2, V3))(-V5) 



1W 



r 2 (^ + V5) M r 2 (>/3) (!) 

^)(^) (^) (r 20 r 3 )(V2 + 3V5) (__*) 

rM&-&)Hrpr 2 XJW)) (j) (r/>rpr 5 2 )(72 + 745 ) (_a) 

r 2 (V3) = V3 (I) 

r 2 (>/2 + V5) = -V2+V5 ( M ) 
(r 2 or 3 )(72 + 37?) = r 2 (r 3 (72 + 37?)) 
= r 2 (V2+3V5) = -V2+3V5 



(W)( ^-7T ) = ^27^ = ^fe^ 

= V2 + 3V5 = 72+37? 
~ -273-72 ~ 2V3+V2 



(r 2 or 3 or 5 2 )(V2 + 74?) = (rprp\)(Jl + 74?) 

= (r 2 or 3 )(l(V2 + 37?)) = ( W )(>/2 + 37?) 
= r 2 (r, (72 +375)) = r 2 (72 + 37?) 

= -72 + 37? = -72 +75? 

(j) 

r 3 (r s (72 - 7? ) + ( V r 2 )( 7?0 )) = 
= r 3 (72 - 73 + r 5 (r 2 (72 73 7?))) 

1U 



I Field Theory j^SMitvu^ft {CMAfuJfy 

i — _ .. .~ 

= r 3 ( 4l - V3 + r 5 (- V2 V3 V5 )) = r 3 ( V2 - 73 + 4l V3 V? ) 

= V2 + V3 + V2 (- V3 ) V? = 72 + V3 - V30 

: rr jti> 

* ^ 3 (V2) = -V2 » $(V2)=^/2t ^(V3) = -V3 . q> 3 i p 2 l (p { i 

x g Q #> 3 (jc ) = x * jc e Q(V3) 

(J^^jj) Q(V2,V3) -J u-L-i {1,72,V3,V6} ^j^3l :_tfefl 

Q(V2,V3) ^ j-ic ^1 0^ J^u, Q > 
.a,b,c,deQ a+b4l+c4?>+d>[6 
. a-bs[2^cyl3-dj6 {<p 2 ,<p 3 } Jfc ^ a+bj2+c&+d46 ( t ) 

{1,n/2,V3,V6} o! ^ 0-j • a+bS+cS+dS=a-b^-cyl3-dS 

Q c> Q(>/2,>/3) Jj-U 
b^ = -b\f2,cj3 =-cyf3,d\[6 =-d^6 =>b =c =d = 

{a I a e Q} = Q j* cutill lM uj^j 

<p 3 (a+by/2+cy[3+dj6) = a-bj2-c\l3+dyf6 



a+by[2+cj3+dj6=a-byl2-cy/3+dyf6 
=>£ =c = 

{a+d4b \a,d e Q} = Q(V6) > ^1511 JUl o&j 

a -by/2 -cyfi —d V6 
b = c = d=0 : ( i ) ^ UEl. uj^jj 

fr*} M >"/ M r 3 (I) 

fo,r,,r 5 } (j) >W 2 M r 5 or 2 (2) 

{1, V2 , V3 , V5 , V6 , VlO , Vl5 , V30 } 

x :=a+b>j2+cyj3+dj5+ey/6+f VTo + g Vl5 + /z V30 

a,b,c,d,e,f ,g,heQ 

(') 

r 3 (jc ) = a + Z> V2 - c V3 + </ V? - e V6 +/ VlO - g Vl5 - h V30 
= a + Z> V2 + c V3 + d V5 + e V6 +/ VlO + g Jl5 + h V30 
c = e = ,g = /z= : : <jlS I j) Jaia j q\£ lij (jSajj li* j 



Field Theory j>ise]ijo>iii (iiO,»— 2fl> 

: jA uj^J A* 3 j£b Cliaj tluljll ^j^Jl <J^I <_S^ 

{a + b V2 + J V5 +/ VlO I a,b ,c ,d e Q} = Q( 4l , V? ) 
jA r 3 2 jib cjjIjII (^JjaJl JiJl jj^j 1 i^jll ^1 j j* r 3 2 (v) 

Q(V2,V3,V5) 4^ 
: ( r 2' r 3 } j^bd^j x ( — 
a-b^/2-c^ + dyf5-e46-fyJl0-gy/l5-hy/30 

QjSj 0' ^ {r 2 ,r 3 } j^b ^ISII ^jaJI JLJ JUlbj 
b — c- e =f = g = h = 
{a+dyfE \a,d e Q} = Q(V5) ja Ua c^Sll ^>ll JLJ a&j 

(') 

(r 5 or 2 )(x) = r 5 (r 2 (x)) 

= r 5 (a-b4l+c43+dS-eS-f VlO+gVl5-/*V30) 

= a - Z> V2 + c V3 - J V? - e V6 +/ VlO - g VTI + h V30 
= a + Z> V2 + c V3 + J y/E + e V6 +/ VlO + g Vl5 + h V30 
b— d = e— g — (jlS I JbSs j I j] djiaj liA j 

: jA liA CjjIjII ^jaJl (JiaJl J 

{a +cV3 +/ VlO +/z V30 1 a,cj ,h e Q} = Q(V3,VlO, V30) = Q(V3,VlO) 

(r^or, Xx ) = r 5 (r 3 (r 2 (x ))) 

=r 5 (r 3 (a -Z?V2 +cV3 + -eV6 -/ VlO +gVl5 -/z V30)) 

= r 5 (a - Z> V2 - c V3 + J V? + e V6 -/ VlO - g Vl5 + h V30 ) 
= a - Z? V2 - c V3 - d V5 + e V6 +/ VlO + g Vl5 - A V30 ) 



= a + Z> V2 + c V3 + V5 + e V<5 +/ VlO + g VT5 + h V30 
b = c = d = h= : li] iaSa j ^! I^a j 

{a+eS+f Vw+gVl5|a,e/,geQ}=Q(^ 

■ {r 2 ,r 3 ,r 5 } Jh x >-s*» ( j ) 

a - Z? V2 - c V3 - J V? - e -/ VlO - g Vl5 - A >/30 

b = c = d = e =f— g - h = 

: jA Ua dulill ^3^' (J* 3 ^ UJ-^)J 

{a I a e Q} = Q 

<7 2 :F^F 
a (— > a 2 

tr 2 (0) = I = 0, 

<7 2 (1) = ? = 1, 

(J 2 (or) = or 2 = l + a, 
a 2 (l + a) = a 

1YY 



Field Theory j^Lsell^jlij (£JU]l|«-«2)l) 



<7 3 : F -> F 
ah a 3 

. (\ ) -Late. (jjjLaJ (j-o (Y) (JJJ-oJ ^1*1* rtll 4 t 1 n'lll ^^Jtiall (JiaJl jt.^iLir. ^-Kia 

: ^ JUl jj^Uc. : Ja^l 

2 + 2a i 2 + a 1 l + 2a il + a i2a >■ a < 2 1 i J 
. or 3 = -or = 2a J <ji ' or 3 + a = : jli ^ i>j « or 2 + 1 = J j 

<7 3 (0) = 0,<7 3 (1) = 1,<7 3 (2) = 8 = 2, 

<J 3 (a) = or 3 = 2a, 

a 3 (2a) = 8or 3 = 2.2or = 4a = a 

cr 3 (l + a) = (l + a) 3 =i ? + 3.?.ar+3lo 2 + ^ =1 + + + ^ = l + 2ar. 

(j 3 (1 + 2a) = (1 + 2a) 3 = F + 3 .F.2or + 3 . \{2af + (2a) 3 

= l + Sa 3 = \ + 22a = \ + 4a = \ + a 

<j 3 (2 + a) = (2 + a) 3 = 2 3 + 3.2 2 or + 3.2.tf 2 + a 2 = 8 + a 3 = 2 + 2or. 

or 3 (2 + 2ar) = ? + 3 2? 2a + 3 .2.(2^ ) 2 + (2a) 3 =& + Sa 3 
= 2 + 22a = 2 + 4a = 2 + a 

: ^U! VY JIUI SjUiVLi : f V Jilt 
,4w?(£;Q) ^ 2 0- r 5 . r 3 t r 2 ^UjJj^jVi JS J ^ 0*^ ( ' ) 
U3SI . r 5 . r 3 * r 2 o^i^ 1 ^(£;Q) ^ i/ • j- jl» -^j 1 (m) 



: JaJl 

. 2 ja l+u P ji jj-jSj! i$i J til • r 2 2 = r; = rj = 1 ( I ) 

H = {1, r 2 , r 3 , r 5 , r 2 or, , r 2 or 5 , r,or 5 , r 2 or 3 or 5 } ( M ) 

{l,r 2 }®{l,r 3 }<S){l,r 5 } ij-jll . (Z 2 ® Z 2 <S> Z 2 ,+) ^ (^j^j 
Ajt'iiMl Cobl-iLaY! ; Jg ViJ ^1 jjbU a^j^> Ord(G(E IF)) Ja : VA Jilt 

(G (K IF)) = Ord (G (K I E))Ord (G (E IF)) 

Orf(G(Q$2;z>/3)/Q) =6*2=2.1 = Cki(G(Q^;iSVQ^2))l 

r-Y-Y 

0/rf(G(Q(V2)/Q)) 
. (Y-^-Y) J L»S 4 Aut(K;F) <> Y^ G(X IF) Ua lioiU : 4Ja^ 

G (Q( V2 , / V3 ) / Q(i V3 )) = (Z 3 , +) 
c»J* ^ Y . ^>s) (G (Q(V2 , z V3 ) / Q(* VJ ))) = 3 : >4t 
2%, « 3 cc ^j3b G(Q(V2,/V3)/Q(/V3)) A * ((*) 

F Jl^i£U JjSj F l& ^ JlJS-l JS ( I )■ 
(F ^) jL^i£U 5US o& F -CiLi jSa. JS1 4iLo ijlal ( v ) 

1Y£ 



Field Theory j^LsJic^lii (^un,*— 2)1) 



Lib" jix-iil (_5 jLkjU a jxa-a <JSa. (JS (— ?") 

F ^ Ailii-all 

JSa <J£ ^Jc 4ijx* H 4a. jj t> (K'"'.'*'^) J^laoU jjc. J j.ia a <j£ ( fc) 

ija n Lajt J l$J F fb ^ A3 ft 4a. _>> t> Jj-ia. a jjoS <J£ ( j ) 

F (^a 4ilia-a5l JliM\ 

Lab (jjfu Ljja. (jli- JSa. J£ ( j ) 

E fitfj*. <1 F Jia. J£ ( c ) 

: £li F — S JjLiS Jia JL^i£U 3US L^iia Ujial E rf& ' j) ( J- ) 
Ord{Aut(E\F)) = [E :F] 

[F : F] (xjuoL Otd(Aut(E;F)) & F-J ijjLS: Ji*. j u E cjS I j) ( ^ ) 

. AjjLua jjjlSill ^b . 4iLU. ( j ) * ( J ) * ( I ) jjjlft! : JaJI 
U^J ' Q J J*-' V iVj / G Q[X ] -J Vila uj^l : n Jtl* 

tab Q <jjS I cjjS . 2 JjSSB I4J C ^ UjU^i 

Jj\S jit fjA* yS. . vjUa^l &»sf -(X 2 +\f=X 4 +2X 2 +l : tM 

Lab Q jjS £-a (JSJJ liAj . 4LL2S JSa. ^ Vijmj ji-a Al t ] <^ JjIajiS 

f Jjla^U aL\5 jjc j jjc. J j.ia. bjjjS <_£ Jji ^jlfr jjA JJ : tt Jlla 

jL-ai£U aLIS ji^all a jjlAx F (Jsa. ^^^Ic. 

/ : Ajla jL-J = lM j*** (i ! : (V-£-Y) Aj^oMl t> : j4I 

jjtf : (1 — £— Y) Aj^uII t>j D(f)*0 o\£ I jj JLiij I^J ^ ^ 



1 *.Lu 



<d F Jaa. ^yie 4ij*-a q U u 11 nil ALUs jjc. J j^a. SjjjS JS (ji ^jlt (j^JJ : 

<jf J jia. qa Aa- <_)£ (jjii I j) JaSfl j (jlS I il JL-ai&U ALII jjc. jjSj p ^ jx<ujl 

^jj 4 * = JiiaJ ><u» jl£ lj) : (V-£-T) Aji J(S oMl j> : nU »I) 

al£ lit iiij l£ |jj /(=/(X)) = g(X') uj^^H gGf[I] ^j^ 
lil Jl^»i£U <Ua jjo jj£ Jjknll aLUII /(l-t-T) ^jtill j>j . D/= 

. SjjiLx t_s jlkJl ^iba i Df— ^1 J 
Wl / E F[X ] iliilS L« li) (jj^ul U£L> LuLua. U-Ujj « i.^ : 1 1 Jll> 

Ajjki) AajjiSII AjxjJ ji. fl.iila.Li / ' t /_! pJaeVl ^jllal! ^lill (.h,r>l : JaJl 
^jiiiUll Clul£ |j>) jix«a IgJ (jjftjm / . (ilAaLJl AjjJij ^ O"^ - *) 

>-all (> jjSI / 1 * /—I —1 jJieVl ^ jlUl 

^ • Q(V2,V3) = Q(«r) uj^ ^ ae Q(V2,V3) op = to JH, 

« Q(V2,V3) = Q(V2+V3) : J WjO) ^jfi-*15-i yfl u Jli. o- : ik* 

2 2 

V3 = — or — a 
2 2 

JC. JJJ«jil t5 jii (331 jL .ia.jj) . lilli (> (34^J 



Field Theory j>L*Jt^j^ii ,....;»<) 



o\*<FcEczLc:K J> dn=o K <. L i E <. F JjS=Jl <^l£ Ijj (Y) 
d^s^sS Aut(K;F) <> ^ ^ A(£)c:4(I) 

. tLlj L ^ j2 Aut{K ;F) <> 4u5>Jl s^jll A(Z ) * 1115 £ 
t £ _! lSlvL Aii* jlixl ^ uli t F_J UjiVi L^ii. K <jl£ til (r) 

.F cz E <zK 

c orfilSLfis* I jIU. I3j*j U«J L i E ^ F —1 ckt^* uhvi^ rfid&A cp. lil (£) 

. [F:F] = [L:F] ^ 

Aj» nVi Ajjja. ejxj // t F — 1 hi" A Tj»jiU blJlal F (°) 

. F —5 luuiia UjU <jj^ E H :H-> E ^ cjjIjJI JSaJi jli t Aut(E;F) 
Aut{G ;F) I jJU ' e>4 j tjli < F J*^ J»*-j ^ynU ail. jsIjoj F 0) 

. 4kj..n I _j!U. 3 jxj ia.jJ V (V) 
. AjII^j] jjS) Aj1« JiaJ 4jlL» I jlU. Sj-j (A) 

. F _J tuuuL Jjl, F Jia. 2 Al F olii-l csi (*\) 

F jl£ I jj F —1 UnU bloS-J ojSj FJ^t>2 Uj^ll aJ F jIjU ^1 • ) 
. ^U. jjjlSiSl . (\ .) « (A) « (o) t (£) t (r) jjjliill : JaJI 

J ^lj&j . Q _S (jHS uJ a K . K =Q(V2,V3) u^J : iV Jli> 
: {1,V2,V3,V6} >j Q Jc. is: o-U Jc \*** *lLcb 

1YV 



tui5 Q(V2) «d jbj -V6 V6 * ->/3 >/3 f-jj tfili ft 
G£ Q(>/3) ^Jyj -V6 V6 « -V2 Jc V^^ciill ft 
^ Q (V6) ^ jbj -V3 V3 « -V2 V2 ^ t5 ill ft 3 

^Vl ^ ^jij 4 {l,ft,ft,ft 3 } J lyij jS5j 

(s^jll r ljl) {1, ft , ft 2 , ^ } <-> Q 

{l,ft} <->Q(>/2) 
{\,(p 2 } oQ(V3) 

{1,0,} oQ(V6) 
{1} oQ(V2,V3) 

. JuJt iiul51l JLJI 4 j&i cjUjja jj» ^jVl CJS 4 j£i Aj3 j»Jl Sj- ji! 

JjLJl j ^.jll SjbiaJ (lattices) "c^ill" CJ Ki .Ual Jlill ^ 

. ^-Lsll ^ AjjjSI! J jiaJl jjiljj ^»Slt <yjS3l j! (jj^ "oj* Ja^V . 

l«i ji 4 >Vl V (lattice) "^l^il!" ^1 JiiJi 1 j* ^ -ul ^ I 



Field Theory j^jt^jij ( iDult^a)t) 




0} 




(H )M ii: ^ c^lill JLJI ^ K H ) 

. p r a jyA\r. .lift t F 4ila JSaJ « J* tifrii* tjiJlal AT (jfLJ : tA Jlla 

<ii>a. <J p< . —j i n 4& jll t> Ajjib Aut(G\F) J\ ^ & jj 

. ore A" <x (or) = ar'' 

• /?' " ja ^ j^\jc jjc jjSj li^jj t [K :F] = n u%3j <■ ^F 
OjSj £ jli JUL, . F X p '" -X jjiaJI ij^S iSaLB JL>. j& A" uj^j 



diia. i <7 pr jA tijtj F £JZ K — 1 Ola JJSJJ- JJ jVl JaJ O^ 1 J 

JS^V tj^j • {p p , )'(«) = or'" JJ^V .aeK ^1 cr pr (a) = a pr 

j i f-il ift ^ J<i>) t ji<-iift j9 r " cSljjj (ji (Jn"i-> oil qa ^gjll (7 r 1 » _yu-ai 

. r JVl ^ Aut(G;F) J G pr sJl j JU1L, . n ^ 
oj£ J w Aut(G;F) d* ' 0H/(i4Kf(G;F)) = [£ :F] = n j 

[K:F] = \2 £ o*j ' K :=GF(p n ) « F :=Z p : U Jli 

ajx. ali-ii (jLajJaj* ^liull J jlail j <JjjaJl _>°jll A£iilll vlfLi . (Z 12 ,+) 

! JUI LSb 



Field Theory j>uc}i^j>>^j ( tiO,t»*2)t) 




F = Z p =GF(p)=K [ap] 



Jj^ 4 djlolj*!! *Lkc.b Aut(K ;F) = [(T p ] <^a ajj jxjll 

: J&JI 

• [ff 4 ] = {l,o; 4 ,ff .} 

t> *£>ll —j ^ UilS Aut(K;F) IjlU ' 0>a j 

bu uVlj • ^ :=Q(V2,V3,V5) oSJj . £ ^ jn ^ Aut{K;F) 

6W(^(^;Q))= (m) [*:Q] = (') 

Qd(mfi,S)))= (j) 0n/(A(Q)) = M 

in 



Ot/(/i(Q(V30)))=— (j) Ord {XiQirJl))) = {-*) 

Ord{X(K)) = ( c ) Ord(A(Q(j2+y[6))) = (j) 

: M 

[Q(V2,>/3,V5):Q] = 8 (0) ^jii. ttJ ^ £ . Jli.) (i) 
OrJ(^w?(^;Q)) = [is: :Q] = 8 

oil . Q «dja Aut(K;Q) <J 5^ (^) 

OrJ(^(Q)) = 8 

4 q(S)=^T5 ^ p 3 4 1 ojj^i uj^ A(Q(V2,V3)) ( j ) 

Jtfl .c^ JL> ^ 3 (Q(>/2,>/3)) 
0^(A(Q(V2,V3))) = 2 
4 l^ajjaj (5fu> U£) t 1 : ^ jj-alic 4*jJ ^ jjSij A(Q(-v/6)) (— a) 
^ ^(QCVS)) ' ^ 4 (V3) = -V3,^ 4 (V2) = -V2 : ^ 4 
. #(n/5)=^/B * ^ 7 (V3) = ->/3 t (p 1 {Ji) = ^j2 : ^Vl£Aij*- ^ 7 . 1^3 

0n/(A(Q(V6))) = 4 

^5 ' ^jrf t3#- ^4 ' 1 : cj* J—lie. ^uj j> A(Q(>/30)) ( j ) 

4 C^ti JS^ <p 5 (Q(y/2)) 4 (p 5 (S)=^l5 4 (p 5 (S)=^]3 : ^Vl£ Ai 
. ^ JL. ^(Q(>/3)) 4 <p 6 (S)=-j5 4 (p 6 {4l)=^[2 : ^ISfcj^l ^ 

0re/(A(Q(^))) = 4 jul 

in 



Field Theory j^uit^u^&j (tiiiiii,*-^ 

CH(%qj2+f6)))=2 

Ord )) = 1 ' 1 ^ j t> uj^" ) ( c ) 
Q ^ X 4 - 1 G Q[X ] Jj^Jl S j££i I jlU S j : JH> 

( JL^U ALli jj^ " aj ^) X 4 - 1 = (X - l)(X + 1)(X - i )(X + i ) 

. (M(Aut(Qi)M=2uj^j ([Q(i ) : Q] = 2 o& (°-°-^ ) 2 

^(Q)=Q * <ft) = -i <p j^ 1 j^-*^ o)* J^Wj 

.-Mj^j Aut{GF{129);GF(9)) Sj-jH y>.a-: at JH. 

0^(^^(GF(729);GF(9)))=0^(^«?(GF(3 6 ),GF(3 2 ))) 

= 3 

(T 3 ,(x) = x i2 =x 9 VxeGF(729) 

Aut(K l ;F) = Aut(K 2 ;F) c& * W ^ 2 < u 1 ^ 

Uiu . Q(>/3) =5 Q ' Q(V2) DQ U Jbl.SL.VI : 
^ M r (Q( V2 ); Q) = (Z 2 , +) = A ut (Q( V3 ); Q) 

a = e 3 ^ Q(# ) z> Q jIjSuSU i jiu " a>8 j ^ : at Jll. 

nrr 



e 3 = cos Hz sin — 

3 3 

2 2 

^ = Q(— ^ + = QO" >/3 ) — 1 ^*jfijj*J*jt\ m ji^ 1 

^jVi JiaJl Q u] ^ ^w*(Q(tf);Q) = ^u?(Q(or)) J jSia) 
: tjli IjlU Sj^j ^ jl£ lij . a = i a/3 . ((r-i -x) <k . Q(a) 
-3 = <p(-3) = (p(i a/3) 2 = (<p(i V3 )) 2 => p(i VI) = ±i V3 

l£ lij t p 2 (l) = l d ^ -Q i> Q(a) _1 o-lJ {1,/V3} J 

: jls (p(i y/3) = -i y/?> 

<p\i a/3) = p(#>(z >/3)) = y/3) = i>/3 

(p(x) = x » #>(z a/3) = a/3 f J ti s • ^ 2 = 1 u ! ls^ 

(Z 2 ,+) ^ IjSU flj-j oli Jl^Lj ,2^xeQ^ 

. Q Jc X 4 -3X 2 + 4e Q[Z] jj^JI 

: 4 - 3X 2 + 4e Q[Z ] J jJaJl Sj££ t3jL!u JS^ : JaJ) 

X 4 -3X 2 +4 = 0=>X 2 =^^ = A ± ^ 

2 2 2 

3 a/7 
2 2 

nrt 



1 Field Theory j>2a«Njo>i*> (iDUJl^Ut) 



v 3 yfl. . 2 „. 2 3 V7. 

A = A J — l 1 = x + iy x +2ixy -y — — I 1 

v 2 2 2 2 

.2 . . 2 _ 3 /1N \ 9 9 3 \ 4 4 9 \ 



* ~y =^),\x 2 -y 2 =-,\x 4 -2x 2 y 2 +y 4 =- ] 

)(x 2 + y 2 f=4 



2x^^(2) /%y^ l4xy=l 

1 yfl 1 

=>x 2 + v 2 =2=>2jc 2 = -=>jc v =±- 

(i) 2 2 ( 2 ) 2 



=> X = 4 /— + — 1 = — +— J 

2 2 2 2 2 2 

jla X 2 = ~-i jKljj lWU 

2 2 2 2 

Q(V7,i) > X 4 -3X 2 +4e<Q[X]^r ej ^ t 3^u Ji^oj] 

7 = ^>(7) = p((V7) 2 ) = (^(V7)) 2 => ^(V7) = ±V7 
-1 = p(-l) = <p{i 2 ) = p(* f => p(i ) = ±i 

<p 2 :<p 2 (-j7) = y[7,(p 2 (i) = -i, 
(p,:(p,(4l) = -jl,(p i {i) = i, 



(pj(x)=x \/x e Q,j =1,...,4 

' Q c> Q(V7,0 fcljill u-lJ {1,V7,/,V7/} u!^t>j 
^(c) =c Vc e {1, >/7,i },j = 1.....4 

(o-)— Y) Jll.^^lj . (Z 2 ®Z 2 ,+) ^ J£L££ ti' ' 

Q,>JSr 3 -2 K c& •■ *±Ji* 

? ^ ; Q) ij- jit J£L££ ij* j (^) 
^ (K ;Q) t> j- J 51 j ' K <> Aji>ll JjS^l ^p^i J^i ^jl (_=>) 

. AjJ_)aJ) J-»_)^J JjiaJl _jJaLij tajJaj-a 

X 3 -2 = (X -\l2){X 2 +\l2X +^4) = 

-3/2 X ^ ~^ ± ^~ 4 ^ = ^[- l± ^] 

2 2 

4 ((*-°-Y) j^A) I jlu ^1 A5) ^ t>j [Q(V2,» >/3) : Q] = 6 J 

• d* 

Aut(Qfi,iS);Q ^ as- ciiu* J J[ * Qd(Aut(QSf2,iS);Q)=6 

nn 



Field Theory j>L*)ijo>iii c * ti»ti ( , ."^ 



+ 2 _ 1-2/V3-3 _ 
2 4 2 

-1-/V3 2 _ l + 2tV3-3 _ -l + iVJ 



^ : the identity mapping : q> x (-s/2 ) = -v/2 , ^, (1 VI) = i V3 

% : <p 2 {1/2) = V2( ~ 1+ 2 ^ ), p 2 (/ V3 ) = i ^ 
-i - • R 

cp, : ^ 3 (V2) = V2( ^-),^(/ >/3) = / V3 

9> 4 : cp< ( V2 ) = V2 , ^ 4 (/ VJ ) = -/ >/3 

p 5 : p 5 (V2 ) = V2( ~ 1+ 2 ^ ), ^ 5 (f >/3 ) = -i ^ 

p 6 : <p 6 ( V2 ) = V2( " 1 "^ ) > p 6 (1 V3 ) = -i V3 

i4 ^ (Q(V2 , 1 >/3 ), Q) 0- V> * j- j ujSV , ^ 2 } J ^ 



= ^i-aVS-3 =z j/2 ^ 



4 2 

Aut(®0,iS),ty t>^> sj-j^-sl J^-tff cjlii' 

nrv 



(jli JUlUj t 6 ijju^i i = 1, 6 tlua. (p j <i > j cj ^olj 

. S 3 JSUia ^ JUL, « Z 6 JSLaV Aut(Qll2,iyf3),Q) 

M 




{fi.P2.P3} {Pl,P 4 > {Pl»P 5 } {Pl,P 6 > 




<}3 JaJl J jLJl 4^ 



Field Theory j_jia.it 50,1^3 (Cjun^ai) 



p(l) = l=> <p(n) = n VneZ 

: ^ 

1 = <£>(1) = (p(mm _1 ) = ^(m )^(m "'), m e Z \ {0} 

11 / -i \ 
=> — = = #>(m ) 

m (p{m ) 

#>( — ) = (p{nm "') = w ) 

m 

=— , m e Z\{0},ne Z. 
m 

^1 i jJilj- JjLJ oV Jll. j> . Q(-\/2) Z> Q JlJo»VI jiSctl : OA Jlla 

2 = (p{2) = (p((^2) 3 ) = (p(V2)) 3 =5. (p(^2)f -2 = 
=> (p(V2) - V2 )((^(V2)) 2 + <p(*l2).ll2 + «/4) = 

(p(\Il) = Zl2 : JA Q (V2) ^ 4H~U ^ > JaJl 

• Q(^2) ja Aut(Q02))-i dulSB JfcJ oj^j 

((r-x-x) ji.^jti) 
: aVIj • p«/2) 0^ Q(0 Q(V2,0 



2 = <p(2) = <p((M2Y) = (?(V2)) 4 
=>p«/2) = V2(cos 



+ 2A:^ 



■ + z sin- 



+ 2kx 



),k =0,1,2,3 



4 4 

. Q0' ) Oou Q(-s/2,Z ) _i Cjlxjjjj^ji A*jJ ^Ua J 

: jli t ^(-^2 ) = i y/2 i #>(z ) = / : AjI&W Ua jc I jj 
^ (Q(V2 , i ); Q(i )) <jla JKiLj • Ord (<p) = 4 « ^^(Q(^2,0;Q[0) 
: jV Q(V2,z ) ja {\,(p 2 } _1 ^lill JUI . 4 l^j ^jSIj jjSS 
( p\i) = ( p((p( < i)) = (p{i) = i, 

(p\4l) = (p{(p{^2^2)) = (p{(p(tj2).<p(tl2)) 

= q>{i </2 i 4/2) = p(i )p(z )(p{^2)(p{^2) 
= i.i.itl2.it/2=j2 

on J>Ji ^wrXQ(>/2,0; ( Q(0) 6* ^j^ 1 J 11 ^ 

^ JajkiJl ^ 3^ .nil jl^Vl • »Usi u^-^J- Q(0 ' Q(V2,0 
alji JSaJl ^ JSaJl jl^ixl ^Ja jj J jSaJl A£jui ^ iajkaJl 



{l,cir,a 2 ,(2r 3 } 
2 



{1} 



Q(V2,0 

2 

Q(V2,n 

2 

0(0 



1£. 



Field Theory J>«*)ijvj>&j 2Jt> 



^ j> k d&\'4 . (>^) o >-» ^ ^ f tjSji : n* 

. aJI^I sj-j Aut(K;F) d J* d*j* ' F J* X " -\ 

X"-1 = 0=>X = (cosO + z sinO)^ 

2kn . . 2kn , A . 1 
= cos + i sm = 0,1,..., n -1 

lit . .In 

K=Q(X l ) Aut(K;F) j^Uc . X,=cos — +z sin — jljJ 



cr j eAut(K;F),cr j (X l )=Xi 



& JUL, 



(<J j o(J h )(X 1 ) = C7 h (Xn=X^ 

= <T h {Xf) = (<T J 0(T Ji )(X l ) 

,4uf (GF(64);GF(2)) Sj-jJl (isomorphism class) : lU£s 

Aut(GF(2 6 );GF{2)) ox* : Ja» 

: ^ ^ o-J ^W- ^ GF(2 6 ) 3 GF(2) p .-i-Y) j> 
CW (A ut(GF(2 6 );GF (2))) = [GF (2 6 ) : GF (2)] = 6 
(u-n-Y) c> J4 v4^(GF(2 6 ))=^(GF(2 6 ),GF(2)) : (r-^-Y) <> 
jli ^ o-j ' lW^jj* f ^4ji ^ b Aut(GF(2 6 )) 

Aut(GF(2 6 );GF(2)) = Z 6 
A ut (GF (729);GF (9)) s j- jll JSUSSll J^a 0^ : JLLiM- 



Aut(GF(3 6 );GF(3 2 )) : S j- jll JSLS1I J^a MjUa-M : JaJl 

[GF(3 6 ):GF(3)] = [GF(3 6 ) :GF(3 2 )].[GF(3 2 ) :GF(3)] 

uli^o-j O'-v-Y)^ IjlUl^i GF(3 6 ):dGF(3) c GF(3 2 )=>GF(3) 
2 - [GF (3 2 ) : GF (3)] = Ord (A ut (GF (3 2 );GF (3))) 

6 = [GF(3 5 ) : GF(3)] = Ord {A ut (GF(3 6 );GF(3))) 

Od(AiU(GF(fXGF(?>)))=Otd(A^ 

/Ore/ {A ut(GF (3 6 );GF (3 2 ))) 

Ord(Aut(GF(3 6 );GF(3 2 ))) = 3 J J 
^(GF(3 6 );GF(3 2 )) = Z 3 jli ^Ittb, 

F cjU jja jj-jjJ j . F 6* J jiaJl ji . Aut(E;Q) ^ jl 

f j^j^j! ^ c> • Q(0' Q(V^) * 0(72)^ 1*1 fcJSJl JjLJI c^ 1 

X 4 +\ = (X 2 -J2X +\)(X 2 +42X +1) rJJ^ViJaJl 

: ^ X 4 + 1 jli-al jli (j-a j 

vr _V2±V2-4 -V2±V2-4 +V2±V2/ 



I Field Theory jjixJic^yJai ( CJU«^SK) 



Q(V2,0 > Q> X 4 +\ Ji* J& JMLj 

Aut(E;Q) = Aut (Q( 4l , i);Q) oj^j 
OjSj ((£-Y-Y) t (o-o->)) 0^(^(£;Q)) = [£:Q] = 4 Oj^j 

(p„(p x i4l) = --l2,(p x {i) = i 

^ 2 , (p 2 (V2 ) = >/2 , #> 2 (1 ) = -i 

* Q(V2) iiuiai jui -u 

^ 3 = ^o^ 2 => <p y (42) = -ypi,(p^{i ) = -i 

^ 3 (>/^) = ^(iV2) 

= <p, (i )<p 3 (V2 ) = -/ (-a/2 ) = 1 V2 = 7^2 

Q(V^2) i^iai JLJI oj^j 

Q (Jlilla]t f» jjij>a .la». jJ^ j 

Q 1 <Q>(\/^2) i Q(z ) 4 Q(\/2 ) : ^ <MI ^u>JI J jiaJl 
IjJ . fl, ..... flj < fl, Ji-l u^Ij ifeF[X] u£il : M Jfct 

JSLiG Aut(K;F) j > ' ^ = F(a„a 2 ,...,a n ) c& 

j^ic ibiij t-i j*j Aut(K ;F) Ji J\ J (jA jfj J : >4> 

: i 0eAut(K;F) o^J .^'.y _J 

/ =c n Z"+c„_ 1 X"- 1 +... + c =c„(X -a.X* -a 2 )...(X 
c„,c n _ p ...,c g F , a^,a 2 ,...,a n e K 



/ =<T(/-) = C7( C „)<7(X -a 2 )...cr(X -a„) 

= <x(c„)(X -<7(a,))(X -o-(a 2 ))...(X -<r(a„)) 

=/ («, ) = cr(c„ - - <7(a 2 ))...(a. - <r(a n )) 

y a. = <r(a. ) : t>j 

Q(&>) JS=^ ' ft/ =1 u 1 &>= cos^^- + i sin^^- u%i : 1° 

7 7 

aUs Q X 1 -\ 3^ ^ j* Q(a>) J Vji : iM 

: j) lilfaJ ^JySjj-a jjj! (p (j!)] jVl J . I jlla. jljlal Ljjjl (jli ^IjIUj jL-aifiU 

2?ri 6m' 18m 4 m 

= tf> 3 => (p 2 {a>) - q>(<p(co)) = <p(e 1 f = (p(e 7 )=e 1 =e 1 

4 m 12m 

<p 3 (>y) = <p((p 2 {a>)) - cp{e 7 ) = e 7 

12m 36m 8 m 

=> <p\(Q) = q){q)\(0)) = (p{e 7 )=e 7 = e 7 

24m 10m 

=> #> 5 (ft>) = <p{(p\a>)) = e 7 = e 7 

30 m 2 m 

=> qf{co) = (p((p\(o)) -e 7 =e 1 = (O 

^ 6 (<y) = <p 5 (<p(a))) = <p 5 (a) 3 ) = (p\<p(Q?)) = ?> 4 (a> 9 ) = ^ 4 (ft; 2 ) 
= (p\(p{Q) 2 )) = (z> 3 (a> 6 ) = p 2 (?>(tf> 6 )) = (p\co x% ) = ^(a; 4 ) 
= <p((p(co 4 )) = <p(a? u ) = (p(o) 5 ) = o) i5 -o) 

6 ^ {<p) J ^1 = 1 o ! I j* j 



Field Theory j^iaJi^ojiij (tUiain— 2H) 



[Q(co) : Q] = (A ut (Q (©); Q)) > 6 

: UjjI jli 

X 7 -1 = (X -1)(X 6 +X 5 +X 4 +X 3 +Z 2 +Z +1) 

6) 6 + a) 5 + a 4 + co? + co 2 + o)+ 1 = 
<> csji^ll jj^Jl ij££ ^ X 6 +Z 5 +X 4 +X 3 +X 2 +X +1 J til 

Orrf ut (Q(o)); Q)) = [Q((a» : Q] = 6 
*jj>Jl j-jll ^1 ^ j jS-jj . 6 UIhjj ^m/(Q(«);Q)) cP lis* j 

: .usi i*s . ^M/(Q(fl>);Q)) —J 




• oi <■ co+G) 6 J ia^U j 



<p 3 (co+co 6 ) = cp 2 (cp{co+ co 6 ) = <p 2 ((p(co) + cp{co 6 )) 

= <p 2 (CD 3 + 0) n ) = Cp(cp(C0 3 + 6?)) = (P(C0 9 + 0) l2 ) = <p(0) 2 + CO 5 ) 
= CO 6 + CO 15 = Q)+ CO 6 

[Q(<0)^j:Q] = 3 uVj . QcQ(ffl+^)cQ(<») [f!] ^ J&tj 
& Q^co+af) uVj [0(^:0] r-L [Q(a>+<y 6 ):Q] jVj (? 

: ^ 2 ^ co 3 + co 5 + CO 6 o\* ^ 

cp 2 (co 3 + co 5 + co 6 ) = cpicp^co 3 +a? +co 6 )) = cpicpico 3 ) + cp{co 5 ) + cp{co 6 )) 
= q>(a? + co X5 + co n ) = ^(co 2 + co+ co 4 ) = cp{co 2 ) + cp(co) + <pia?) 
= co 6 + co 3 + co 12 = co 3 + co 5 + co 6 

[Q(<y) [f;2] :Q] = 2 $j .Qc^ + ffif + ^c^ : J^Lj 
uVj [Q(co) [p2] :Q] f-L [Q(co 3 + co 5 + co 6 ):Q] ctij (? »M 
ujii . Q(<y 3 + co 5 + co 6 ) = Q(co) [ipl] d* Q * QO 3 + co 5 + co 6 ) 

• Q{C0) (JA <£j*l\ J jkl! ^ua. lj.la.ji is 

jjM ^jl (Y) a^jILo j> (_^) Y£ JH. J) £_^jlU : 1 1 Jtl» 

_S U*is 6j <s 2 . 30 ^ Z* 31 Aij o! t> • Z* 31 (GF(31))* 

. 30 ji 15 J 10 ji 6 ji 5 J 3 ji 2 ^ ^ 30 
. Z* 3I _J Uj* J o^V 2 jli J^ij 2 5 =1 « 2 3 =8 « ? = 4 

111 



Field Theory j>23e)lSo>lai (£JOl(i»Ji)t) 



t 3 10 =25 « 3 6 =16 ( 3 5 =26 « 3 3 =27 « (3) 2 (=3 2 ) = 9:3 u> 

tfi 3" =30 

. (2 Ul*i U£ Z* 31 Sj-jll Ai5 J jjS ^1 3 u*-^ ) 3 30 = 1 J 
4 3 1 * 3* « 3 1 : ^ Ajjikoll jjM uj^ J^Wj • Kx - 1 4>» 3 J c5 ! 

.3^4 3 21 4 3 12 4 T t 3 17 



*7; 5 +?-l 4 ? 6 +r 5 +? 4 +/ 3 +; 2 +*+l 4f 2 + 2?-l .r 3 +l 

. Z„ 4 Z ? 4 Z 5 4 Z3 4 Z 2 4 C 4 Q 

AjV A,u.ii\U ^tj^.^i lift <J* • bv'.'k UJ^J 2 Ai?. jljlal (jl (j! (jA JJ (V) 

? 2 < 

j* P O^J ' ) '^jZ* OiM l> ° n J* ^ L& 1 ( r ) 

Fix(A: ; ) » Aut(K ; ) j» J* ? ^M*" ; P) I jJU. s^. j L. . JjVl 

f Ua a' J^l£ (£-Y-\) 

. fjj^aic. 16 i>» tjjSLa ^jjijl (£) 



f 1<5 <r-l 
GF(«) —Sa^j^I iibJj-.ia.jl (1) 
« = 8, 9, 13, 17, 19,23,29,31,37,41 or 49 



m 

.[GF(p m ):GF(p n )] = — jl^o^' ^ H 3 » ^ tt] 0) 

^ 2 (X)/ r 

v /[z 5 +x 3 +iy 

. GF(2 30 ) « GF(3 18 ) <> *j3>M J jS^Jl J*js .pi! j^Vl ^jJb r) 
GF(2 30 ) o- *j3>1I J jS=Jl ^ ^1 d*\ ^ j oj^ d Ja ( u ) 

p:GF(/?")->GF(/?") 



a 62 = -1 J . F* =[a] i \ j^- 125 6- uj^ ^ F u%5 (U) 

j p r ckta li] . GF(>") t>u^> I .a: (W) 

1£A 



Field Theory j^bJi^j&j (titt^i^Dt) 



jjOa * F* = [<z] u^j ' * >^ 1024 t> uJbj yz^ F ^! P A ) 

. 16 = G#) « 5 = (a) u!^?' a,fie(GF($l))* (^i ^) 

. (GF (81))* -J Aj* a/3 d J* Cfiji 

^^(Q(V2);Q) (!) 
Aut(Q(l/2,ij3);Q) (-) 
^ W /(Q(V2,/^);Q(^2)) (^) 

JjiJl SjjoS ; F <J&- jJJJf?. ' (jSJj t !iULa. F <jl}5 (Y ^ ) 

f M (c + Cl a + ...+c„X-') = c +c^+...+c„./- 1 ,c / 6 F 
. FJc fii a ^! J-Ssj ^! F(fi) Jc F(a) f > jj^jJ 

a = 3 + yf2 o^-J^io-ii^ Q(3 + V2) * Q(V2) o^Ji (YY) 

/? * AT Oj&j <^ ' Q — 5 ^ t5al ^ jl (i) 

. X Jc J£ ^ J ' F <il J5j ^1 F(JQ 
(basic isomorphisms) ^l^i iijUj^j^ j jjl ci-aj (Y ^ ) ujj-^I (Y£) 
F(flr) — ! -oLS- f jj3j_^jj«i ^jj <> • F (jlc. jjSal j*« (j£J^ /? t ilU. ^ 

f F Jc. j^Ui- /3 « or aJU ^ F(/?) j-. 



<r p :F->F 

a\-^ a p 



Q(V2,V5)zdQ ^biOl I jlU j ^ (W) 
or jb*-» lJjju .are iiT jljlj « LuuiL Jia. jIjU K z> F o^ 1 ( ya ) 
: ^VIS TV „, (or) > j3U a] >jjj ( norm a over F ) F ^ift 

/f 

N K/ {a) := PI 

-. ( trace or over F) F a >i <-*j«j Uii? 

//r creAut(K;F) 

: l • A: := Q(V2, V3) oljS jVl j 
TV (V2+V3) ( M ) A^ v (V2) (i 

TV (2) (,) A^ V (V6) 

/Q /Q 

rr (V2+V3) (j) (V2) 

/Q /Q 
/Q /Q 

Q Jc X 4 -5X 2 + 6g Q[X] Jj^JI 1 I jlU j Ul^, (Y1 



Field Theory j^i^t^jJii ( ii)ttfln.„;i.ti) 

Q(a/3,V5)=>Q JIJ1.VI jiiol (n) 
? 4 ut (Q(S, >f5), Q) WKUG aJ ( i ) 
< ^wKQ(V3,V5),Q) o-^j^i j-j5i ^s^ji (m) 
Q(V3,n/5) <h>JI JjLJl 
auSj U ? On/(^«f(£;Q)) t E = <Q(>/2,V5) <j£J (n) 

? On/ (4 irf(Q(>/lO);Q)) 

lil . jL.-a jpJt Al F Jia. ^ Jj-la. » tjjLSj Jia. £ (jlJ (rr) 
JjSaJl AjjjaJl JjiaJl AliJi ^joijla 4 IQkuJIl (>> AjII^j] Aut(E\F) 

ilul£ lj] . F ^c- Jj^a. sja&I tj^itn <JSa. £" < jL^a JJ-4a5I aJ !laa. .F t jSjJ (V£) 
Jjl) dliaj £ ^ja. Jia. .la. jjV Aji ^ jiS A 4 JSUS Aut{E\F) 

[K:F\ = 2 

JSLin Q(V2,a/5,-\/7) — J ^A- j^jj-iuVi Sj*j J ^! ( r °) 

Vj^ Q(V2,V5,V7) t> A^jaJI JjSaJl JJc i Z 2 ®Z 2 ®Z 2 

. 4 ^ Q J*. Ujliu) 

. F t E (jJJ (J t>» -iaSS Ajio .lie ^a.jj Ajl j^ic O* JJ9 4 t,^,*iu [F ; F] 
(p jl£ ( w 5 = 1 <jl tluaj (jjyia. JJC. L£j<a tilt W <^Jjt£ Ijj (^) 

. [#>] _J CjjIjJI jLxl) Ja.jla t w 4 J) w Jiij Q(W ) -J Ujjajj* jj jl 

km 



GF(4) -J ^Uj^a jj- _p jVl JS*. ( n ) 

<^AU ^1 ii CjLa jjijjx ji a jx j <ji ^ ,jA JJ . Jia. jl.iLcl E Z> F (jlll ( * • ) 

^ oAjJ • j H czAut(E;F) < JS*. ijiol is 3 F oljl(^) 



V <AJuJi\ ^uaUJI 

Hr O^Llnll j^j 

wv VmoIi aJUvi j* ju v-l-Vi 

^ ^ V j\ w .1 t ** \\ 

X n JaJl *Ltfil j SAjSjil! e^ULaxj Sj-mU CjX-LuJI 

xro ^uVi ^j*uji 

jj^JI CjI jiS cjUL. 

vu j^isu jUaiii ^a^uiii 



not 



